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ABSTRACT

This thesis utilises the open-source partial-differential equation solver ‘Basilisk’ and
aims to advance understanding of tsunamis generated by pyroclastic density currents
(PDCs). A two-dimensional numerical model is presented which simulates recently-
published physical experiments exploring tsunami generation by high-mobility granular-
flows (representing PDCs). In the numerical model the granular-flow is approximated
as a Newtonian fluid (a ‘granular-fluid’). This model is compared to the physical re-
sults and a strong agreement is demonstrated, confirming that the approximation is
valid in the context of wave generation. The bottom boundary condition is shown to
exert a first-order influence on the interaction dynamics between the granular-fluid
and water, affecting the energy transfer process and influencing the far-field wave
characteristics. The results suggest that capturing vertical velocity profiles and non-
hydrostatic effects within numerical models of similar processes is important for fu-
ture research. Following the initial comparison, the numerical model is updated to
enable a pre-defined granular-fluid impact velocity and front height. The bottom
boundary condition is shown to influence the interaction dynamics across a wider pa-
rameter space. The results also suggest that a two-dimensional approximation may
be sufficient for capturing the initial wave-generation process, but when significant
amounts of breaking and overturning are involved, a three-dimensional approxima-
tion is required for the accurate evolution of the wave front. Importantly, this ap-
proach also holds the novel advantage of providing the ability to vary the granular-
fluid impact Froude number and dimensionless thickness at impact independently of
the slope angle, which is difficult to achieve in a laboratory setting. For large di-
mensionless thicknesses and large Froude numbers, the slope angle appears to play
a more complex role in the resulting wave amplitude, while for low dimensionless
thicknesses and Froude numbers, there is a clear decrease in wave amplitude with
increasing slope angle. It is hypothesised that these relationships are a combined re-
sult of impact Froude number, dimensionless thickness and slope angle affecting the
time and duration of momentum transfer between the granular-fluid and the gener-
ated wave. Overall, this thesis provides a robust numerical model and high-quality
dataset which highlight the importance of capturing detailed mechanisms of tsunami
generation by PDCs.
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1
I N TRODUCT ION

1.1 Tsunamis

A tsunami can be defined as a wave (or a series of waves) generated by the displace-
ment of a large volume of water, in either an ocean or a lake. Generally, as tsunamis
propagate across deep bodies of water, they exhibit periods within the range T ≈ 102-
104 𝑠 and are therefore characterised by long wavelengths, and can travel up to speeds
of over 800 𝑘𝑚/ℎ𝑟 (Levin, Nosov, et al., 2009). As a tsunami approaches shallower
waters, shoaling leads the wave to decrease in wavelength and increase in amplitude,
while its speed slows. At the shoreline, tsunamis therefore carry considerable energy
and destructive potential, and are capable of inundating hundreds of metres inland (de-
pending on the local topography), posing a significant hazard to coastal communities.

Tsunamis can be generated by any event whereby a significant water volume is
displaced rapidly. The most common and well understood of these occurrences are
earthquakes, where a fault ruptures underwater (normally over hundreds of horizon-
tal kilometres) and generates a sudden uplift of the water surface, leading to tsunamis
of considerable wavelength. There are, however, a number of other plausible mech-
anisms for the generation of tsunamis, which are generally more localised. These
include landslides (subaerial and submarine), meteorite impacts, detonations and vol-
canic sources (Bryant, 2008).

Tsunami warning systems are primarily structured to detect co-seismic tsunamis
in the deep ocean. These systems typically utilise wave detection (using pressure
transducers at a considerable depth) alongside automatic processing of earthquake
location, to initialise numerical simulations of wave propagation and inundation, and
issue timely alarms using communication networks accordingly (Paris, 2015). Un-
like co-seismic tsunamis, where the local tsunami is forewarned by a large earth-
quake, tsunamis caused by volcanic eruptions may occur without apparent warning.
In some cases, if a volcano is known to be potentially tsunamigenic (for example the
eruption of Hunga Tonga-Hunga Ha’apai, January 2022), knowledge of an upcom-
ing eruption could be used to issue a similar warning. However, not all eruptions are
forewarned, and in many cases it is not generally clear if and when that eruption may
generate a tsunami. Due to the ‘point source’ nature of volcanoes compared with
tectonic earthquakes, volcanic tsunamis are generally characterised by shorter peri-
ods, highly dispersive and higher amplitude waves, which rapidly attenuate in energy.
Volcanoes with significant tsunamigenenic hazard potential are therefore often close
to the shoreline, meaning warning time is also limited. In 2018, the volcanic landslide
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Chapter 1. Introduction 2

(flank collapse) associated with the eruption of Anak Krakatau generated a tsunami
which led to over 400 deaths (Williams, Rowley, and Garthwaite, 2019). Warning
systems were not prepared for the event of a tsunami related to a collapsing volcano,
despite numerical modelling carried out by Giachetti et al. (2012), which simulated
this as a potential scenario. In order to improve warning systems and to improve com-
munity preparedness and resilience, it is firstly important to understand the tsunami
generation mechanisms in greater detail. This understanding means models can be
improved, and then applied to different locations.

1.2 Volcanic tsunamis

Around 5% of all tsunamis are generated as a direct result of volcanic eruptions (Tan-
guy et al., 1998) and can expand the radius of destruction well beyond the reach of the
eruption itself (Harbitz, Løvholt, and Bungum, 2014). Volcanic eruptions themselves
can generate waves through a number of mechanisms, including volcano-tectonic
earthquakes, slope instabilities (e.g. volcanic debris flow, landslides, rock falls, lava
bench collapse), pyroclastic density currents (PDCs), underwater explosions, shock
waves and caldera collapse (Paris, 2015). In many cases, when a volcanic eruption is
tsunamigenic, the exact mechanism responsible of the tsunami can be uncertain. Par-
ticularly in the case of historical examples, such as the 1650 AC Kolumbo tsunami
in the Aegean Sea, observations are rare and tsunami deposits can be difficult to in-
terpret (Nomikou et al., 2014; Ulvrova et al., 2016). In this example, it has been
concluded that the tsunamis were likely generated by a variety of mechanisms includ-
ing shallow submarine explosions, discharge of pyroclastic flows into the sea, and
edifice collapse as a the result of magma withdrawal from a shallow crustal magma
chamber (Nomikou et al., 2014).

The following subsections overview some historical and recent examples of vol-
canic tsunamis, generated by a range ofmechanisms (though this list is non-exhaustive).

Underwater explosions

Submarine eruptions, at a relatively shallow depth below the water surface and of
a considerable energy, have the potential to generate tsunamis of significant hazard
(Le Méhauté, 2013; Shen et al., 2021) through displacement of the water surface.
There have been a few relatively well-observed and monitored submarine volcanic
eruptions. Notably, the Myojin-Sho volcano which erupted several times in Septem-
ber, 1952, led to the generation of underwater explosions which generated tsunamis.
Wave gauges at Hachijo Island recorded waves of up to 1.5 𝑚, over 130 𝑘𝑚 from
the volcano (Dietz and Sheehy, 1954; Nakano et al., 1954), while a series of pho-
tographs were also recorded (Miyoshi, 1955; Morimoto, 1960). The subaquatic ex-
plosive eruption near the northern shore of Karymskoye Lake in Kamchatka, Russia,
also generated multiple tsunamis (Belousov and Belousova, 2000). Locally to the
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source (𝑟 < 1.3 𝑘𝑚), wave heights reached up to 30 𝑚 but were rapidly attenuated,
leading to average runup heights of 2-3 𝑚 at locations 3 𝑘𝑚 from the source.

Shock waves

“Meteorological tsunamis” can be produced by phase-coupling with atmospheric
compressional gravity or shock waves (Ewing and Press, 1953; Rabinovich andMon-
serrat, 1996), under certain conditions. For example, it was concluded that some of
the far-field recorded tsunamis associated with the 1883 eruption of Krakatau were
generated by the pressure waves associated with the explosion, but that for the trans-
fer of energy from air to water to have been possible, this must have occurred in
a deep (≈ 5 𝑘𝑚) and long stretch of ocean or sea (Yokoyama, 1987). Shock waves
were, however, unlikely to be responsible for the 15-30𝑚 high waves observed in the
shallow-water Sunda Strait (these were likely to be caused by pyroclastic density cur-
rents), highlighting how wave generation mechanisms are likely to be complex and
occur in parallel (Carey et al., 1996; Maeno and Imamura, 2011). Recently, the 2022
eruption of Hunga Tonga-Hunga Ha’apai sent shock waves worldwide, and small
tsunamis were recorded over 20,000 𝑘𝑚 away from the source (Herrera, Coca, and
Vargas-Espinosa, 2022). Preliminary modelling suggests that shockwave-generated
waves, which were amplified by local topography, are the most plausible mechanism
by which these long-distance tsunamis could have been generated.

Flank Collapse

There have been recent historical events where a volcanic flank collapse has triggered
a tsunami with considerable run up height. Examples include the 2002 flank collapse
of Stromboli which triggered a 10 𝑚 high run up (Chiocci et al., 2008), leading to
significant damage to buildings. Fortunately, tourist facilities were seasonally un-
occupied (Bonaccorso et al., 2003; Fornaciai, Favalli, and Nannipieri, 2019), which
meant low fatalities. The 2018 collapse of Anak Krakatau lead to tsunamis over 2 𝑚
high on mainland Java (although locally to the source, waves reached tens of metres
in height), leading to fatalities of over 400 people (Grilli et al., 2019).

Pyroclastic density currents

Pyroclastic density currents (PDCs) are a dangerous multiphase flow, resulting from
explosive volcanism and are amongst the most hazardous volcanic phenomena on
Earth (Dufek, 2016; Lube et al., 2020). Formed when hot mixtures of fragmented
volcanic ash, rock and gas fail to become positively buoyant with respect to the sur-
rounding air, these ground hugging currents move at speeds up to 150 𝑚/𝑠 down-
slope away from their source (Freundt, 2003; Legros and Druitt, 2000b).

Stratigraphic reconstruction, mapping of PDC deposits and observations of past
events all suggest that in the past these flows have initiated significant tsunamis
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(Nomikou et al., 2016; Sulpizio et al., 2014; Waythomas and Watts, 2003). For
example, the eruption of Krakatau volcano in 1883 triggered a tsunami that gener-
ated localised runup as high as 45 𝑚 and killed 36,000 people, understood to be as
a result of voluminous pyroclastic flows entering the sea (Egorov, 2007; Hart et al.,
2004). The Rabaul 1994 eruption led to run-up heights of 8 𝑚 in Rabaul Bay. A first
small-amplitude tsunami following the initial eruption on the morning of 18 Septem-
ber 1994 was recorded by the Rabaul Volcano Observatory tide gauge, and a series
of tsunamis excited by recurrent pyroclastic density currents were recorded on 19
September (Nishimura et al., 2000). Other notable examples include the Montserrat
1997 and 2003 eruptions, which led to maximum run-ups of 4 𝑚 in Montserrat and 1
𝑚 in Guadeloupe on 12 July 2003 (Narcisse et al., 2004).

1.3 Thesis overview

This thesis focuses on the numericalmodelling of tsunami generation by PDCs, specif-
ically concentrated PDCs (or pyroclastic flows). Specifically, we aim to answer the
following questions:

• Using state-of-the-art numerical models, can we advance upon the current un-
derstanding of how PDCs generate tsunami waves?

• From these numerical insights, can we better understand the important param-
eters that may be involved in wave generation?

For numerical modelling to be used in a hazard assessment context, it is important
these fundamental questions are addressed. Hence, this thesis follows the structure
specified below:

1. Chapter 2 provides a more detailed overview of pyroclastic density currents,
introducing their generation mechanisms and unique characteristics, which dis-
tinguish these currents from other geophysical mass flows.

2. Chapter 3 constitutes the literature review. It begins by discussing some of the
key theoretical and field studies, which consider how a PDC may displace sea-
water. Following this, the literature review outlines previous studies focused
on physical and numerical modelling of tsunamis generated by sub-aerial land-
slides, and PDCs. There is a large body of literature on landslide-generated
tsunamis, but research on PDC-tsunami generation is more sparse. The meth-
ods and conclusions drawn from landslide studies are, however, useful to con-
sider in the context of PDCs. This knowledge base is used to inform questions
and objectives for the present thesis.

3. Chapter 4 overviews the Basilisk Computational FluidDynamics (CFD) frame-
work, and the key solvers used in this thesis.
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4. Chapter 5 presents numerical simulations of a fluidised granular flow entry
into water (from previously published laboratory experiments), using Basilisk,
and provides insights into modelling tsunami generation by pyroclastic den-
sity currents. The effect of boundary condition on the interaction dynamics is
considered, and quantified in terms of its effect on energy transfer from the
flow to the water. Chapter 5 has been published in the Journal of Geophysi-
cal Research, Solid Earth and can be referenced using the citation ‘Battershill
et al. (2021)’. Within this thesis, however, this work is cited as Chapter 5 for
consistency.

5. Chapter 6 expands upon the model presented in Chapter 5, by considering
a pre-defined velocity and front height at the point of impact, through the
implementation of a carefully controlled boundary condition. This updated
model is used to confirm the ability of the numerical model to capture the
physics of wave generation, over a wider range of slope angles and densities.
The influence of modelling in three-dimensions (though constraining to a two-
dimensional wave tank of a fixed width) is also considered, and the results are
compared with those of two-dimensional simulations and available experimen-
tal data from other studies.

6. Chapter 7 considers the influence of slope angle on wave generation in further
detail, by varying the impact Froude number independently from the slope an-
gle and exploring how this affects the leading wave amplitude. This chapter
provides important insights as to how slope angle may influence energy trans-
fer from a fluidised granular-flow to water, and the implications of this for PDC
tsunami generation.

7. Chapter 8 presents discussions and interpretations of the results from this the-
sis, in the context of the literature, and provides suggestions for areas of future
research.

8. Chapter 9 concludes the thesis, overviewing the key conclusions, and the sig-
nificant contributions to research.

Chapters 5, 6 and 7 are written in the form of journal articles and are either pub-
lished, or in preparation for submission. For this reason, these chapters each contain
a short introduction and review of the literature in the context of the specific topic, a
methodology section (which is more applied in nature than the methodology in Chap-
ter 4), followed by a discussion of the results and their implications.
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PYROCLAST I C DENS I TY CURRENTS : AN OVERV I EW

Tsunami generation by pyroclastic density currents (PDCs) is the primary focus of this
thesis, therefore the following sections outline tsunami generation by PDCs in more
detail. This provides context for the complexity of these currents prior to impact with
a water body, and the unique features associated with PDCswhich set them apart from
other highly mobile geophysical mass flows.

2.1 Pyroclastic density currents: a background

Pyroclastic density occurence are generated in a number of different ways; by col-
lapse of eruption columns (e.g. Sparks, Wilson, and Hulme, 1978), by breakup and
collapse of effusing domes above volcanic slopes (e.g. Ui et al., 1999), from inclined
or laterally directed eruptive jets (e.g. Belousov, Voight, and Belousova, 2007) or
from sustained pyroclastic fountaining (e.g. Báez et al., 2020; Sulpizio et al., 2008)
where particulate dispersion loses momentum and does not entrain sufficient air to be-
come buoyant, thus following fountain-like trajectories to the ground. These different
eruption styles are illustrated in Figure 1. The eruption style responsible for gener-
ating the PDCs affects the current concentration, rheology and steadiness. PDCs are
capable of transporting micrometre size ash particles to clasts larger than 1 𝑚 and
can vary in temperatures from a few tens of degrees Celcius up to 800 ∘C (Sulpizio
et al., 2014). A PDC behaves as a particle driven gravity current (see Extra 1. for
a definition), which entrains and intrudes into the colder and less dense atmosphere
surrounding it (Lube et al., 2020).

Extra: 1. Particle driven gravity current

Gravity currents (or density currents) are primarily horizontal flows occurring
in the presence of density gradients in a fluid under the action of a gravitational
field. The difference in density that provides the driving force may be due to
temperature differences, dissolvedmaterial or differences in particulate suspen-
sion (Lodge, 1988). Gravity currents play a central role in a variety of geophys-
ical situations and industrial applications. Geophysical particle-driven gravity
currents frequently occur over sloping bottoms, e.g. in snow avalanches, or
as sediment-driven turbidity currents that propagate from the continental shelf
down the continental slope to the deep ocean, and can therefore exist in a wide
variety of rheologies.

PDCs often consist of stratified layers and span a range of concentration configu-
rations. Lithofacies characterisations of PDC deposits and experimental observations

6



Chapter 2. Pyroclastic density currents: an overview 7

Figure 1: Four key eruptionmechanisms responsible for generating py-
roclastic density currents. (1) Lava dome collapse: unsteady, highly
stratified PDCs. Example: Monsterrat 1998, 2003. (2) Single pulse
collapse from eruption column: unsteady, range of density regimes.
Example: Tonga eruption, 2022 (3) Single pulse lateral blasts: un-
steady, small volume, range of densities. Example: 1980 eruption of
Mt Saint Helens. (4) Sustained fountaining (either column collapse,
or ‘boil-over’ eruptions): quasi-steady, range of density regimes.

have led to the interpretation of two main end-members of PDCs (Dufek, Esposti-
Ongaro, and Roche, 2015; Fisher, 1979; Lube et al., 2020):

• Dilute PDCs (pyroclastic surges), in which most of the mass and momentum
are transported by a dilute, fully turbulent current, whose interaction with the
substrate feeds a relatively thin bedload in which particles are transported by
traction (e.g. Andrews and Manga, 2012; Dellino et al., 2019; Fauria, Manga,
and Chamberlain, 2016)

• Concentrated PDCs (pyroclastic flows), comprising a gas-pore-pressure-modified
granular flow (Wilson, 1980) overlain by a dilute cloud.

A PDC is an overarching term that encompasses both flows and surges, which
are also referred to as concentrated-type and dilute-type PDCs. Figure 6, in Chapter
5, illustrates these two end members of pyroclastic density currents, in terms of con-
centration (concentrated PDCs and dilute PDCs). Often, within the literature, a fully
concentrated PDC is referred to as a ‘pyroclastic flow’, while a fully dilute PDC is re-
ferred to as a ‘pyroclastic surge’. Figure 2 is a schematic representation of pyroclastic
density currents, taken from Breard and Lube (2017), with 2b representing a concen-
trated PDC and 2d representing a dilute PDC. Transitional regimes exist between



Chapter 2. Pyroclastic density currents: an overview 8

Figure 2: Schematic representation of gravity and pyroclastic density
currents. A: Schematic diagram of the anatomy of a concentrated
PDC, representing what was originally understood. B: Schematic il-
lustration of a concentrated PDC, representing the more recent inter-
pretation of the internal structure. C: Typical schematic diagram of
a gravity current with inner and outer regions defined by the velocity
profile. D: Generalised structure of a dilute PDC with a head intergra-
dational into a body with an overriding mixing zone and trailing wake.
Reprinted from Earth and Planetary Science Letters, Volume 458, Eric
C.P. Breard and Gert Lube, “Inside pyroclastic density currents – un-
covering the enigmatic flow structure and transport behaviour in large-
scale experiments”, Pages 22-36, 2017, with permission from Else-

vier.
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these two end members, as well as down-flow transformations from one to another.
The boundary between upper and lower parts of a PDCmay be diffuse, or may have a
relatively sharp interface, i.e. a steep density gradient (Branney and Kokelaar, 2005).
For more detail on the definition of these end members, please see Extra comments
2 and 3. The present thesis focuses on the concentrated end-member; a “pyroclastic
flow”. A more general discussion of the mechanisms of tsunami generation by PDCs
is provided in Section 3.2.

There are no direct observations of PDC interiors from the field, due to the hos-
tile nature of the currents, the unpredictability of eruptive events and the dynamics of
the events themselves (Baxter et al., 2005; Cas and Wright, 1991; Legros and Druitt,
2000b). Experimental study of PDCs using particles and gas encompasses laboratory-
scale studies of concentrated granular currents (Delannay et al., 2017; Roche et al.,
2002; Smith et al., 2020) and dilute ones (Andrews, 2019; Andrews and Manga,
2012), large-scale studies of hopper-fed confined currents (Lube et al., 2015; Lube
et al., 2020, 2019) and of unconfined currents generated from experimental eruptions
(Dellino et al., 2020, 2007).

Extra: 2. Pyroclastic flows - concentrated PDCs

A pyroclastic flow is a concentrated PDC where a large portion of the flow is
governed by particle-particle interaction (i.e. a collisional regime) (e.g. Lube
et al., 2007), and they comprise of a gas-pore-pressure-modified granular flow
(Wilson, 1980) overlain by a dilute cloud (Figure 2b). The complexity of
pyroclastic flows means they are not entirely analogous to other geophysical
flows. They exhibit unique characteristics such as: high fluid to particle
density contrasts, large particle-size distributions and low viscosities of the
fluid phase (Lube et al., 2020). Recent studies on feedback mechanisms
between the solid fraction and pore pressure in PDCs have suggested that
pyroclastic flows are able to generate their own near frictionless basal region
(Lube et al., 2019). It has been proposed that air lubrication develops under
high basal shear when air is locally forced downwards by reversed pressure
gradients displacing particles upward. Lube et al. (2019) suggested that it is
this which limits the influence of basal friction and enables the dense mixture
to propagate for long distances of tens of kilometres on shallow slopes. Other
proposed reasons for this high mobility include the hypothesis that differential
motion between particles and gas in the impact zone of a collapsing pyroclastic
fountain increases the pore fluid pressure within the PDC (Fries, Roche, and
Carazzo, 2021; Roche et al., 2010; Valentine, 2020; Wilson, 1980), which is
then advected downstream by the flow, thus lowering the basal friction.
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Extra: 3. Pyroclastic surges - dilute PDCs

A primarily dilute, single surge pyroclastic density current consists of a lead-
ing edge which typically has an ‘overhanging nose’ and a long trailing body
(Branney and Kokelaar, 2005), see Figure 2d. In many cases the part immedi-
ately behind the nose forms a thicker ‘head’, which travels more slowly than
the body. Lobe and cleft instabilities are generated as a result of frictional and
shear interaction at the base of the current, which causes the current immedi-
ately adjacent to the ground to lag slower than the base of the current (Dufek,
2016). Tranverse vortices (Kelvin-Helmholz billows) develop in the top of
the head and trail behind it, leading to a wake/low concentration mixing zone
above the body. When these parts of the current become less dense than the
ambient air, they loft buoyantly to form a co-ignimbrite, or phoenix plume. As
particles settle out of the dilute regions of the current, they accumulate in a
concentrated bed-load region, which denotes the region of ‘bed-load’ material
(Branney andKokelaar, 2005). Particle volume fractions in the dilute-turbulent
regime lie between 10−3 and 10−2 (Valentine, 1987). The flow dynamics of
the dilute current is dominated by eddies with diameters comparable to flow
height (excluding the wake), down to the Kolmogorov scale (the length, time
and velocity scale in which effects of molecular viscosity in a turbulent flow
are non-negligible). Furthermore, a turbulent regime displays predominately
two-way coupling (Elghobashi, 1994), that is: “the motion of the particles is
affected by the flow of gas around them and the gas flow, in turn, is affected
by the presence of particles” (Lube et al., 2020).

Another complexity associated with PDCs (both surges and flows), which also
sets PDCs apart from other geophysical flows, is the effect of temperature on the
flow dynamics. Temperatures can reach high values of 800∘ C, and hence can have
significant impacts on the buoyancy of the interstitial fluid, the effect of which is still
poorly understood (Bursik and Woods, 1996).

2.2 Summary

This background highlights a number of characteristics, unique to pyroclastic density
currents, which distinguish them from other types of gravity controlled mass flows
or density currents:

1. PDCs originate from a number of potential mechanisms: the collapse of an
eruption column, lava dome collapse or single pulse lateral blasts.

2. PDCs entrain significant volumes of gas during the current formation, as well
as during the propagation of the flow.
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3. These eruption mechanisms lead PDCs to become highly fluidised and mobile,
in which interstitial gas plays a fundamental part in the fluid mechanics of the
flow.

4. Large amounts of momentum are acquired through explosive thrust and conser-
vation of potential energy, also leading to high mobilities (including on shallow
slope angles).

5. PDCs can become highly stratified, leading to layers of differing density and
concentration.

6. Due to the volcanic nature of these currents, temperatures can reach hundreds
of degrees Celsius.



3
L I T ERATURE REV I EW

3.1 Importance of research

Improving the understanding of the tsunami hazard associated with PDCs requires
a multidisciplinary investigation, from theoretical approaches, to the study of sub-
aqueous tsunami and PDC deposits, to the engineering of laboratory experiments and
numerical simulations. In order to better understand the processes, it is also impor-
tant that scenarios are simplified and results are validated using other methods. Field
data are useful as a measure against which the applicability of observations from
other sources (e.g. numerical simulations) must be ultimately assessed, as well as al-
lowing researchers to make inferences about the depositional and physical processes
occurring. Field data, however, do not reveal all the details of the currents and acces-
sibility to deposits is often limited, meaning that laboratory experiments are required
which allow for the case study of physical processes to be repeatably run. Numerical
simulations are also valuable tools, making use of the fundamental laws of physics
to investigate the physical processes occurring in greater detail. Numerical simula-
tions, benchmarked by experimental and theoretical models, also provide a means of
studying more complicated geophysical conditions (e.g., more detailed topography),
a wider parameter range than is achievable in the laboratory and enable the initialisa-
tion of tsunami propagation models. Ultimately, with an improved understanding of
how tsunamis are generated by pyroclastic density currents, hazard prediction models
can be improved. Combining these improved modelling capabilities with identifica-
tion of volcanoes which may have the potential to generate PDCs (and the type of
flows associated with them) will enable the simulation of possible worst case scenar-
ios, which provides an opportunity to mitigate and prepare for such events. While
PDC tsunami research is a field still relatively in its infancy, many of the methods
used and conclusions drawn from the studies focused on landslide-generated waves
are relatively transferable or useful to consider. Ultimately, similar approaches and
considerations can be applied in the context of PDCs, with awareness of the fact that
the relevance of certain parameters may differ.

Landslide–generated tsunamis are mainly mitigated with a wide variety of pas-
sive methods, including early warning, evacuation and reinforced infrastructure. For
these methods to be effective, a detailed knowledge of the wave features is required.
This knowledge is generally obtained through generic empirical equations derived
from physical and/or numerical model tests, case-specific numerical simulations, and
case-specific physical model tests (Heller et al., 2016). It is necessary to apply the
same methodology to PDC-generated tsunamis, while adapting for the differences in

12
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rheology and slide characteristics when applicable.

Initially, the following chapter outlines some notable field and theoretical works
which consider the entrance of pyroclastic density currents into water (Section 3.2).
These studies do not all consider wave generation, but nonetheless raise important ob-
servations for the context of this thesis. The following sections (Sections 3.3 and 3.4)
then overview, in detail, previous studies focused on physical and numerical mod-
elling of tsunamis generated by sub-aerial (initiated above the water surface) land-
slides and pyroclastic density currents. Tsunamis generated by submarine slides are
not discussed here, since the process is less analogous to tsunami generation by sub-
aerial PDCs, but it is suggested the reader refers to Løvholt et al. (2015) for a review
of this literature if desired. In the present literature review, key questions and areas
for future research are highlighted throughout. The review is then summarised in
Section 3.5 and the knowledge gaps and potential opportunities are used to inform
the aims of this thesis.

3.2 Theoretical tsunami generation mechanisms by PDC

As overviewed in Section 1.2, there have been a number of significant historical ex-
amples of tsunamis generated by pyroclastic density currents, but the mechanisms by
which waves are generated are poorly understood. Theoretical or field studies on the
entrance of PDCs into the sea conclude that there are several possible water surface
displacement (and, ultimately, wave generation) mechanisms.

Cas and Wright (1991) conducted an assessment of the literature on subaqueous
PDCs and their deposits to determine the behaviour of PDCs upon entering the water.
They argued that if PDCsmaintain their structural integrity and flow into the sea, then
their deposits should be preserved in the associated basinal successions offshore and
the rock record should therefore be abundant with them. However, they found that
very few examples of subaqueous pyroclastic deposits have been found with evidence
of hot emplacement and which have been wholly submerged. The wave generation
potential was not discussed, but it was concluded that when PDCs enter the sea they
are generally disrupted explosively and/or rapidly ingest water, behaving as water
supported mass flows. They concluded most PDC deposits visible in ancient marine
successions were therefore emplaced in shoreline or shallow water settings (approxi-
mately 10-150𝑚). They stated that deposits further offshore aremost likely a result of
water-supported mass flow transportation and deposition (debris avalanches, debris
flows, turbidity currents), and cannot therefore be considered “PDC emplacement”.
Another key suggestion from their study was that the behaviour of PDCs upon reach-
ing the water is dependent on a number of key factors, including the bulk density
of the flow, angle of incidence with the water, the fluidisation of the PDC and the
positioning of the vent. They suggested that these factors were likely to determine
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whether the PDC travels across the water surface or rapidly penetrates the water col-
umn. A number of different scenarios were proposed, varying these key parameters
and suggesting how the flow-water interaction would change accordingly. In some
instances (for example a low angle of incidence, low bulk density and high velocity
flows with low friction), it was suggested that the flows travel predominantly over
the surface of the water forming “ignimbrite pods” as flows spread radially. This
behaviour is consistent with the deposits formed in the 1883 eruption of Krakatau. A
number of other scenarios were discussed, such as high bulk density flows entering
the water at a higher angle of incidence. It was concluded that in these situations,
the PDC is likely to undergo hot emplacement in the shallow setting (i.e. where the
water depth is tens of metres), but rapidly ingests water and becomes a cold, water
supported mass flow of significant energy. Notably, the submarine mass flows asso-
ciated with the entry of PDCs into the sea are understood to have broken telegraph
cables nearly 20 𝑘𝑚 offshore during the 1902 eruption of Pelee (Lacroix, 1904). It
was hypothesised that for all PDCs (dense or light, high or low angles of incidence),
the currents may split into two upon interaction with water; a low density overflow
and a dense clast underflow. Cas and Wright (1991) aimed to classify the various
circumstances using individual case studies, but it must be noted that many simplifi-
cations had to be made as the data set was limited (only 30 cases of subaqueous PDC
deposits had been found in the rock record at the time of this study). Notably, Cas and
Wright (1991) highlighted the complexity of PDC-water interaction, and suggested a
range of possible dynamics are likely to be apparent.

Legros and Druitt (2000a) expanded upon Cas and Wright (1991) and theoreti-
cally and experimentally explored the emplacement of pyroclastic density current de-
posits. The authors considered suggest four main possible scenarios for when PDCs
enter the sea:

1. The PDC is more dense than water and able to conserve its heat under water for
some distance, perhaps due to insulation by a steam layer. This mechanism is
capable of displacing a large volume of water, and the PDC would eventually
transform into debris flows and turbidity currents by water ingestion.

2. The PDC is slightly lighter thanwater and travels as a surface current depositing
hot material only in the zone of shoreline displacement. This mechanism is also
capable of displacing a large volume of water.

3. The PDC is much lighter than water, which leads to a smaller displacement
zone.

4. Irrespective of flow density, the ingestion and vaporisation of water is so rapid
that the PDC is destroyed explosively at the shoreline, and the destruction ex-
ceeds supply rate. Debris flows and turbidity currents are generated. This
mechanism leads to little to no displacement of water.
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The study also hypothesised that if the flow entrains water, the heat could cause vapor-
isation and thus lower the density of the flow and reverse the flow buoyancy (i.e. the
flowwould travel along the surface of the water). Legros and Druitt (2000b) therefore
suggested the existence of two key mechanisms whereby hot ignimbrite (pyroclastic
flow deposit) is emplaced below sea level: i) by dense laminar flows that travel under
the sea without significant mixing and ii) by laminar or turbulent flows which ‘push
back’ the sea, depositing ignimbrite (scenarios 1-3). The study primarily considered
scenarios 1-2, the ability of PDCs to displace a significant volume. The authors sug-
gested a mathematical model to describe the entry of a PDC into the sea for different
scenarios (for a flow both denser and lighter than seawater) and tested those models
using a simple laboratory system. In this system, a fluid (more or less dense than the
ambient, depending on the experiment) was fed into a reservoir until the height was
the same as the ambient fluid, and a gate was then released to allow the fluids to mix.
They maintained the same inflow for the duration of the experiment, and any excess
fluid spilled over the “endwall”. Themodels and experiments confirmed their hypoth-
esis that given steady state conditions over a long enough period of time (the authors
proposed a characteristic timescale), the pressures exerted by both light and dense
PDCs are capable of temporarily displacing the sea and enabling the deposit of hot
ignimbrite found on the seabed. Additional gas production experiments showed that
buoyancy production did not affect the displacement distance, although they noted it
is difficult to extrapolate small scale experiments to the field scale system as the ef-
fects of boiling would most likely be far more vigorous. The study was only focused
on a steady eruption scenario and no further investigation of wave generation poten-
tial was considered, although two wave generation dynamics were hypothesised: i)
the PDC pushes water effectively ahead of it or ii) the wave grows higher than the
flow and breaks back over it. In both cases, it was suggested that there would be
considerable entrainment of water in the PDC, causing the front to transform rapidly
into a mixture of particles and water. Overall, the authors concluded that high volume
PDCs of considerable duration can undergo hot emplacement, particularly in areas of
extensive shallow water (a few tens of metres).

A notable theoretical analysis on the generation of water waves by PDCs is that
of Waythomas and Watts (2003). They decomposed the dilute and dense granular
flow type components of the PDC and considered five main wave generation mecha-
nisms: steam explosions, plume shear, plume pressure, pressure impulse and debris
flow (outlined below). Tsunami features such as wave amplitude and wavelength
were estimated for each mechanism, by considering dimensionless parameters of the
associated system, alongside energy and momentum balances.

Steam explosions

Here, Waythomas and Watts (2003) considered tsunami generation steam explosions
generated upon PDC-water interaction. The theoretical work considered the transfer
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of thermal energy and showed that wave generation is possible, but hypothesised that
it would require a unique sequence of events: the solid components need to be suf-
ficiently hot (> 638∘ C), a vapor film surrounding the solid components of the flow
must collapse systematically, the geometry of the liquid-solid contact must be such
that maximum heat transfer is enabled, and the propagation speed of the interaction
must be rapid (Waythomas and Watts, 2003). Under the conditions most favourable
for steam explosions, their analysis concluded that only 0.05% of available thermal
energy would be transferred to a coherent water wave. They therefore concluded that
violent boiling would be the most likely thermal consequence of PDC-water interac-
tion.

Plume pressure

Tsunami generation by a plume pressure mechanism is similar to the idea of a storm
surge beneath a low pressure system (Dean and Dalrymple, 1995) whereby normal
stresses on the free surface of a large water body are known to locally raise the water
level. InWaythomas andWatts (2003), normal and shear stresses of PDC components
less dense thanwater travelling across the water surface were considered. The theoret-
ical analysis showed that the plume pressure mechanism is not capable of producing
a noticeable tsunami wave, although it was noted that the plume characteristics were
assumed fixed in time, and it was not clear how additional unsteadiness may influence
the results.

Plume shear

The idea of a plume shear mechanism is analogous to the wind wave problem, with
the ignimbrite ash plume (containing both ignimbrite ash cloud and dilute surge com-
ponents) effectively shearing the water surface (Waythomas and Watts, 2003). The
analysis showed that when the wave height magnitude was modified for the duration
of plume motion over the water surface, tsunami amplitude and shear were expected
to be similar to or less than those of a moderate ocean swell.

Pressure impulse

Tsunami generation via pressure impulse mechanism was also considered, since ex-
perimental results investigating the entrance of a PDC into water had identified pres-
sure impulse generated waves (Freundt, 2003). A pressure impulse is defined as “the
integral of a large transient pressure acting over a short time interval”. The analysis
treated the PDC as a series of objects rapidly striking the surface of the water, but it
was assumed that the collective impact of hot pyroclasts has a random distribution
and thus will result in waves which cancel each other out. Such a continuum hypoth-
esis may not be entirely valid over the scales of interest. A PDC can be treated a
multiphase flow with wide distributions in particle size and density. In mixture mod-
elling of multiphase flows, the suspension is treated as a homogeneous single-phase
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system and the influence of the individual particles is taken into account in the values
of physical properties of the overall system (Manninen, Taivassalo, and Kallio, 1996).
Whether it is entirely valid to assume that the impact of the flow can be accounted for
by integrating the impact of each individual particle over the entire impact domain is
certainly an area for discussion and further investigation.

Debris flow

Lastly, the idea of a dense debris flow entering and deforming under the water was
also investigated theoretically byWaythomas andWatts (2003). This analysis consid-
ered the dense basal portion of the PDC, consisting of a clast rich, hot, poorly sorted
assemblage of pyroclastic fragments, lithics and ash. The PDC was treated as analo-
gous to a debris flow. The flow was treated as a block which slowly decelerates as
it moves across a horizontal surface. Any deformation effects during transformation
and sub-aqueous effects were ignored following Watts (2003), who showed that the
volume and motion of a debris flow entering the splash zone were directly related to
the wave that evolves from this zone. Hence, the violent dynamics of the splash zone
were not considered. The theoretical analysis concluded that the tsunami wave gen-
eration potential is several orders of magnitude higher than for the steam explosion
generation mechanism, transferring 1-10% of its energy from the PDC to the water
wave for the range of parameters considered.

3.3 Physical modelling

3.3.1 Landslide tsunamis

The simplest approach to modelling tsunami generation by a subearial landslide is
the consideration of a sliding wedge, or block, on an inclined plane (e.g. Walder et
al., 2003). Although this may be applicable for idealised scenarios, or cases where
the landslide is rigid and non-deformable, this approximation does not take into ac-
count complex landslidemotion and interplay with water. This thesis considers PDCs,
which are more comparable to deformable, granular slides. For these reasons, the ex-
perimental modelling of landslide tsunamis covered in this section primarily focuses
on the entry of sub-aerial granular-slides (or highly mobile materials) into water. In
order to improve hazard assessment, a strong understanding of the coupling between
slide characteristics and wave features is required, which leads to a considerable num-
ber of physical studies focused on determining generic empirical equations or relation-
ships to describe the wave parameters as a function of the slide impact characteristics.
Given the volume, complexity and also relevance of this body of research, the fol-
lowing section provides an extensive discussion of previous literature in this area,
highlighting the key conclusions, as well as identifying limitations.
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a) Unseparated flow regime
(no impact crater). Low Fr.
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b) Separated flow regime
(backwards collapsing 
impact crater 
forms). High Fr.
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c) Separated flow regime
(outwards collapsing 
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Figure 3: Schematic demonstrating separated versus unseparated flow
interaction regimes, as referred to by Fritz, Hager, and Minor (2003b).
The generation of an impact crater is also depicted in sub-figures 𝑏
and 𝑐. Additionally, the schematics demonstrate the transition of the
slope to a constant water depth 𝐻𝑖; this is representative of the typical
experimental setup within studies discussed in the literature review.
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Fritz, Hager, and Minor (2003b) explored landslide generated impulse waves, by
performing dense (1600 𝑘𝑔𝑚−3, including porosity) granular rockslide (4 𝑚𝑚 cylin-
drical grains) impact experiments in a two-dimensional physical laboratory setup, at
a fixed angle of 45∘. The slope transitions abruptly to a constant water depth when
reaching a depth of 𝐻𝑖 (as visualised in Figure 3). The slide motion was initiated us-
ing a pneumatic landslide generator (Fritz andMoser, 2003). These experiments were
unique, as the pneumatic landslide generator allowed the control of slide characteris-
tics (at the point of release from the landslide generator), thus enabling an accurate
reproduction and independent variation of slide parameters. Without the appropriate
tools, this is challenging to achieve in the context of laboratory experiments. Al-
though these experiments provided a great level of control compared with previous
approaches, it is important to note that the granular slide still evolved over a ≈ 0.5 𝑚
run out length on the ramp, meaning the slide parameters at the point of impact were
not directly controlled. Digital particle image velocimetry (PIV) was applied to the
landslide impact and wave generation and complex flow phenomena in the first stage
of impulse wave initiation were observed: high-speed granular slide impact, slide de-
formation and penetration into the fluid, flow separation, hydrodynamic impact crater
formation, and wave generation. During this first stage the three phases were sepa-
rated along sharp interfaces changing significantly within time and space. The slide
impact and wave generation flow fields were classified into ‘unseparated’ and ‘sepa-
rated’ flows, where separation refers to the separation of the flow from the boundary
(see Figure 3 for a depiction of these phenomena). At high impact velocities, flow
separation occurred on the slide shoulder resulting in a hydrodynamic impact crater
(which led towater displacement significantly exceeding the landslide volume), while
for lower impact velocities, no flow separation was observed and water displacement
volume was equal to landslide volume. In summary, this study highlights the com-
plexities of the hydrodynamics of the wave generation process, and the non-triviality
of volume displacement of water by a granular-slide

Fritz, Hager, and Minor (2003a) expanded on this study, by exploring the wave
generation process in more detail. A flow separation criterion based on the impact
Froude number:

𝐹𝑟 = 𝑢𝑓 /𝑔𝐻1/2
𝑖 (3.1)

(with 𝑢𝑓 the front velocity, 𝐻𝑖 the constant water depth and 𝑔 the gravitational accel-
eration), and the dimensionless slide thickness:

𝑆 = ℎ𝑓 /𝐻𝑖 (3.2)

(with ℎ𝑓 the front height), and the dimensionless slide volume:

𝑉 = 𝑉𝑠/(𝑏ℎ2
𝑓 ) (3.3)
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(with 𝑉𝑠 the initial volume of the slide and 𝑏 the slide width) was used to distinguish
between the separated and unseparated flow regimes in the impact and wave gener-
ation area. In the separated flow regime, two types of impact crater were defined
which were based on 𝐹𝑟 and 𝑆. The backwards collapsing crater was characterised
by a surface closure during crater collapse forming an air cavity (Figure 3𝑏), while
the outward collapsing impact crater was characterised by no cavity, with water be-
hind the generated wave rushing back towards the ramp under the influence of gravity
(Figure 3𝑐). The water displacement volume was shown to exceed the landslide vol-
ume by up to an order of magnitude. 𝐹𝑟 was determined to be the dominant parameter
controlling the time of maximum water displacement, alongside the maximum water
volume displacement and rate.

Further to these studies, Fritz, Hager, and Minor (2004) performed experiments
using the same laboratory setup, with the aim to explore near-field characteristics of
the landslide generated impulse waves in more detail. They observed different wave
types, depending on the initial conditions (slide mass, slide impact velocity, still wa-
ter depth and slide thickness). The slope angle was also not varied in these studies and
remained constant at 45∘. The main wave characteristics were related to the granular-
slide parameters driving the entire wave generation process. The authors identified
four wave types: weakly nonlinear oscillatory waves, non-linear transition waves,
solitary-like waves and dissipative transient bores, which were classified based on 𝐹𝑟
and 𝑆. The impact Froude number was again identified as the dominant parameter
determining the resulting wave amplitude, as well as the period and wavelength of
the second and leading wave. They demonstrated that the wave attenuation strongly
depended upon the wave type and the wave characteristics. Using these observations,
the authors derived an empirical relationship for the maximum wave crest amplitude,
based on 𝐹𝑟 and 𝑆, which matched the wave amplitude determined in the 1:675 scale
model of the Lituya Bay cross section (Fritz, Hager, and Minor, 2001). Both Fritz,
Hager, andMinor (2003a) and Fritz, Hager, andMinor (2004) were important studies,
demonstrating how wave characteristics and interaction dynamics can be related to
dimensionless slide impact parameters.

Zweifel, Hager, and Minor (2006) performed similar experiments (using an iden-
tical laboratory setup, but varying the granular-slide density between 590 𝑘𝑔/𝑚3 and
1730 𝑘𝑔/𝑚3) and identified the impact Froude number as the dominant parameter
controlling wave amplitude for slow impacting granular-slides (𝐹𝑟 < 2.25), whereas
the water depth and the slide thickness governed the maximum possible wave am-
plitude for large impact Froude numbers (𝐹𝑟 > 2.25). The four wave types deter-
mined by Fritz, Hager, and Minor (2004) were also identified in this study, depend-
ing on the Froude number. The authors also considered the effect of slide density
and demonstrated that for low impact Froude numbers, lighter slides are associated
with buoyancy-enhanced slide resistance (for the same front height and velocity at
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impact), which leads to a steeper wave crest formation. This led to a vertical ex-
tension of the slide front, which generated a steeper wave crest (and thus a larger
near-field amplitude), compared with dense slides. For the range of Froude numbers
considered, the authors demonstrated that the effect of the granular buoyancy on the
momentum transfer controlled by relatively slow slide motion was significant, and
more important than the ‘relative density’. The authors suggested that this may lead
to different durations and amounts of momentum transfer from the slide to the water,
which in-turn affects the wave characteristics.

Heller and Hager (2010) advanced on these studies of granular-slide generated
impulse waves, by presenting all 2D wave parameters considered relevant for cal-
culating the effects of impulse waves (still water depth, slide impact velocity, slide
thickness, bulk slide volume, bulk slide density and also including slide impact an-
gle as a variable), and determining a relevant parameter combination to describe the
wave features in the form of an impulse product parameter 𝑃:

𝑃 = 𝐹𝑟𝑆1/2𝑀1/4𝑐𝑜𝑠(6/7𝛼)1/2 (3.4)

with 𝑀 the relative slide mass 𝑀 = 𝑚𝑠/(𝜌𝑤𝑏ℎ2) and 𝛼 the slope angle. The au-
thors observed that the wave features increased with decreasing slope impact angle
𝛼, provided that the remaining dimensionless parameters remained constant, which
agreed with some previous studies (e.g., Huber and Hager, 1997), but disagreed with
others (e.g., Panizzo, De Girolamo, and Petaccia, 2005). The contradicting studies
did, however, use different experimental setups, and did not have the advantage of
carefully controlling impact parameters independently. Grain diameter was consid-
ered (it was varied between 2𝑚𝑚 and 8𝑚𝑚), but concluded negligible in terms of its
effect on wave generation (within the range of parameters considered). The wave fea-
tures (including the maximum wave features in the slide impact zone, as well as the
wave transformation in the wave propagation zone) were shown to be well predicted
by 𝑃. Heller and Hager (2010) highlighted, however, the limitations in applying
empirical relations to real geometries, discussing how deviations from the idealised
geometries considered in physical and laboratory experiments may result in non neg-
ligible effects due to, e.g., refraction or wave reflection. The results were compared
to the 1958 Lituya Bay landslide tsunami (which had a similar range of governing
dimensionless parameters, and was relatively two-dimensional due to the positioning
of the Lituya glacier), and showed some notable discrepancies. The wave height or
the wave amplitude, respectively, were also compared with 11 existing approaches
for the 1958 Lituya Bay case. They highlighted that similar model studies resulted
in considerable differences, demonstrating the challenges involved in determining a
universal parameter to describe wave features.

Viroulet, Sauret, and Kimmoun (2014) investigated the collapse of initially dry
granular media (glass beads, of diameter 1.4, 4 and 10 𝑚𝑚 and aquarium sand of



Chapter 3. Literature Review 22

diameter 4 𝑚𝑚), which was initialised next to the water surface and released, col-
lapsing into water and generating impulse waves. Granular-material was glued to the
slope to ensure a no-slip boundary condition. The slope angle was varied between
20∘ and 65∘. Their experiments considered the effect of slope angle and the granular
material on the initial amplitude of the generated leading wave and the evolution of
its amplitude during the propagation, for low Froude number impacts (𝐹𝑟 ≈ 0.2-0.8).
The results from this study suggested that within this parameter range, the internal
properties of the granular media and the associated interplay with the surrounding
fluid were important, and non-trivial parameters for the generation of waves at low
velocity impacts. In addition, the authors showed an increase in leading wave am-
plitude associated with slope angle (taking into account the parameter 𝜃 - 𝜃𝑐, where
𝜃𝑐 is the critical angle of avalanche for the respective media/grain size), but this was
primarily due to the increased velocity and reduced friction losses associated with
higher slope angles. At large slope angles (𝜃 - 𝜃𝑐 > 30 ∘), however, the amplitude was
shown to saturate, while the energy of the wave (including the wave train) continued
to increase. This highlights the complexity of momentum transfer and it was noted
that understanding the exact dependence of the energy of each wave with the slope
angle or the initial mass of granular material remains complicated. It was also shown
that the roughness of the slope drastically reduced the amount of energy transferred
into the generated wave train, although determining the quantity of energy lost by
friction and how it is transferred in the several waves remains a challenging issue.

Another key and relevant study from this time is that of Zitti et al. (2016). The
authors physically modelled waves generated by snow avalanches, and performed de-
tailed consideration of momentum transfer for 𝐹𝑟 < 2. They used a mass of buoyant
particles (expanded clay, at a bulk density of 500 𝑘𝑔𝑚−3), initially at rest, which was
then released into a water flume down a 30∘ sloping ramp, and its impact with the
water surface was analysed in detail. The wave amplitudes and heights were, how-
ever, on average a factor of 2 lower than those observed in experiments conducted by
Heller and Hager (2010), for the same density ratio, at low values of 𝐹𝑟. This meant
that different exponential relationships were required to describe the maximum am-
plitude of the waves. The first hypothesis for the discrepancy between the results of
this study and Heller and Hager (2010) was scale effects: the authors suggested that
physical models based on particles with a small-scale factor are more prone to scale
effects than models based on a larger scale factor, which arise mostly from surface
tension and fluid viscosity. Special care was taken to mitigate the effects of scale
(e.g., considering large water depths), the authors did not exclude this for a potential
reason for the discrepancy and noted that this would require further investigation. In
addition, it was noted that Heller and Hager (2010) primarily explored higher slide
Froude numbers, and the points with closest match to Zitti et al. (2016) were the low-
est values of Fr. Another explanation the authors considered was that impulse waves
arose from different initiation mechanisms related to the slide Froude number. For ex-
ample, they referred to Zweifel, Hager, and Minor (2006), who found that buoyancy
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forces played a key role in the momentum transfer between the granular-slide and the
water when 𝐹𝑟 < 2. These observations highlight how different energy/momentum
transfer mechanisms may dominate in different regimes, interaction dynamics, or for
flows of different rheologies.

Miller et al. (2017) generated long and thin, dry granular-slides that propagated
down a fixed 30∘ slope generated waves, and aimed to investigate the fraction of
landslide mass that activates the leading wave, and to test the applicability of exist-
ing empirical equations for predicting the maximum wave amplitude. Grains were 3
𝑚𝑚 in diameter and the water depth was varied between 0.05 and 0.5 𝑚 to vary the
Froude number (impact velocity was a constant 4.5 𝑚𝑠−1). Similar to Heller et al.
(2016), the results also suggested the existence of an effective time over which the
slide transfers momentum to the water and determines the size of the generated waves.
Due to the long landslide duration, the leading wave propagated out of the near-field
zone before the entire landslide mass had impacted the reservoir, and, therefore, only
a fraction (the effective mass) of the total landslide mass actually acted to generate the
wave. The authors showed that for large slides relative to the water depth, the leading
wave was generated by the landslide pushing the water out of the impact zone, fol-
lowed by deposition of the remaining slide material, leading to a breaking bore wave.
In contrast, small landslides relative to the water depth transferred momentum to the
water over a longer period of time, until the wave speed exceeded the slide velocity,
releasing a long and non-breaking solitary-like wave. These results also highlighted
how different impact conditions can lead to different wave generation mechanisms,
and thus modes of momentum transfer. The physical model observations were shown
to be in good agreement with the results of existing empirical equations (Heller and
Hager, 2010) when the effective mass was used to predict the maximum near-field
wave amplitude, the far-field amplitude, and the runup. Following from this study, a
momentum-based predictive approach for determining themaximumwave amplitude
was developed by Mulligan and Take (2017), that considered the effective length and
timescales of momentum transfer. A simplification of the hydrostatic momentum
equation was presented by considering fluid acceleration, which resulted in an ex-
pression that was independent of length and time scales during wave generation. The
results were in strong agreement with the physical experiments of Heller and Hager
(2010), as well as the semi-empirical formula for the product impulse parameter. It
was noted specifically, however, that the equations presented were only applicable to
dry or near-dry granular sub-aerial slides, and not highly mobile slides or fluid suspen-
sion (the authors suggested the hydrostatic assumption of momentum transfer would
likely become invalid). Furthermore, it was highlighted that the equations were de-
veloped for landslides that impact water at an angle and are valid for moderate slopes
(30∘).

The work of Bullard et al. (2019) expanded upon these previous works, by con-
sidering tsunami generation by high mobility granular-slides. The authors initially
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hypothesised that granular-slides with higher mobility have higher impact velocities,
and therefore longer time and length scales over which the slide momentum is im-
parted to the water (due to larger impact Froude numbers), and therefore were likely
to generate larger waves compared to past experimental work on slides with lower
mobility. Waves were generated in a series of 41 laboratory experiments by releas-
ing 4 different slide volumes of highly mobile material down a 6.73 𝑚 long slope
into a depth-varying reservoir (between 0.15 and 0.65 𝑚), at a fixed angle of 30∘,
to achieve a wide range of dimensionless slide parameter values. Water was used
as the sliding material, as with zero internal shear strength the authors assumed it to
representative of the upper limit of high granular-slide mobility. The experimental
results indicated that in the near-field the maximum wave amplitude is dependent on
the slide thickness and velocity (which is, itself, a function of the landslide source
volume) and is relatively independent of the reservoir water depth. The authors also
acknowledged that after landslide tsunamis are generated, wave breaking controls the
maximum amplitude as they propagate along the flume. With knowledge of the ef-
fective length and time scales of wave generation, a maximum velocity relationship
for highly mobile slides was developed. This was applied to the hydrostatic momen-
tum equation in Mulligan and Take (2017), and again, the equation was simplified to
be independent of the length and timescale. The new expression provided the most
accurate estimates of the relative maximum amplitude for the highly mobile slides
and indicated the importance of the high slide velocity over the time scale of transfer
of momentum to the fluid.

Notably, the study of De Lange et al. (2020) considered high-mobility debris flow
generated tsunamis in a three-dimensional (1.9 x 0.9 𝑚) water reservoir, and inves-
tigated the effects of a range of compositions (including gravel, sand, clay and wa-
ter), the sub-aerial slope angle (the submerged slope remained constant at 10∘) and
volumes on wave celerity and amplitude. It was observed that generally, upon de-
bouching in the reservoir, the debris flow pushed the water forward and transferred
0.1-38% of its energy to the leading crest, causing the crest to steepen and accelerate.
When the wave exceeded the sub-aerial debris flow velocity, the debris-flow detached
from the leading wave, which happened more rapidly for debris flows with low mo-
mentum and energy. When waves rapidly detached from the debris flow, smaller
waves were observed to follow the wave crest, which was hypothesised to be due
to the momentum transfer which was not sufficient to oppose the resisting force of
the water in these cases. The authors concluded that the debris flow velocity was
the best predictor for wave celerity and wavelength, while the far-field amplitude of
the leading crest showed a relatively weak correlation to debris-flow characteristics,
though was best estimated using debris-flow momentum. In addition, the authors
tested the applicability of published (semi-empirical) equations for predicting near-
field tsunami amplitude generated by dry landslides, and showed that the equations of
Heller and Hager (2010) and Mulligan and Take (2017) performed relatively well for
debris flows (though adjustments are necessary to better improve the relations), when
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the far-field water depth was considered. The results showed that the assumption of
momentum exchange proposed by Mulligan and Take (2017) remains valid for satu-
rated debris flows, following the suggestion by Bullard et al. (2019) which suggested
that this relationship may not hold true for debris flows (or buoyant slides). Impor-
tantly, it was highlighted that prediction of the near-field leading crest amplitude re-
mains challenging, and the authors proposed that three-dimensional effects and the
influence of a sloping bed may be important. They suggested that the effective mass
and momentum of the debris flow are related to the detachment time (between the
leading wave and the submerged debris flow), highlighting that the near-field wave
characteristics are a function of both the impact parameters and the wave generation
dynamics, which non-trivial to define. Specifically, it was noted that a sloping basin
coupled with a high mobility slide may lead to a longer detachment time compared
with dry granular material, or steep slope angles, thus increasing the opportunity for
energy transfer.

Robbe-Saule et al. (2017) considered the impact of an experimental gravity-driven
collapse of a subaerial granular column into water (with no propagation down a ramp).
They showed that two distinct regimes were observed depending on the aspect ratio
(height:width) of the column: both the amplitude and the width of the leading waves
were found to be proportional to the initial mass of grains for a small aspect ratio
of the column, while for a larger aspect ratio the waves amplitudes plateau to reach
a constant value. The authors suggested that this was because the leading wave is
generated before the collapse is fully completed. Again, this highlighted how mo-
mentum transfer is, in many cases, non-trivial. The authors therefore concluded that
the characteristics of the wave generated by a granular collapse highly depend on ini-
tial conditions. Huang et al. (2020) performed similar experiments to Robbe-Saule
et al. (2017) with a larger set-up, and observed the same three wave regimes observed
by Fritz, Hager, and Minor (2004). These regimes were also shown to depend on the
aspect ratio and volume of the column. Further to these studies, Robbe-Saule et al.
(2020) showed that the impact Froude number 𝐹𝑟𝑓 based on the horizontal velocity
of the granular front at the water surface 𝑢𝑓 , was the relevant parameter controlling
the wave generation: the amplitude of the leading wave relative to the water height
scaled linearly with the Froude number. The authors also highlighted that the density
of the falling grains had a negligible influence on the wave amplitude, and suggested
that the volume of grains entering the water was therefore the relevant parameter in
the wave generation. Following this, Sarlin et al. (2021) utilised the same experimen-
tal setup of Robbe-Saule et al. (2017), and reported experimental results of waves
generated by a gravity-driven granular collapse into water, and characterised three
non-linear wave regimes depending on the Froude number. They showed that the
wave amplitude relative to the water depth increases with the Froude number in the
three regimes, but with different scalings depending on the regime. These results also
indicate that scaling variations may differ for different wave generation dynamics or
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conditions.
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Water body geometries: Most of the experiments outlined here have referred to
those carried out in two-dimensional wave tanks or flumes (where the wave does not
spread radially and is confined to a longitudinal 𝑥 direction by the tank walls), but it
is also important to consider the effects of water body geometry on the conclusions of
these studies. Research in this area is, however, relatively sparse, due to the practical
difficulties of three-dimensional laboratory experiments as well as time and cost ef-
ficiency compared with two-dimensions. Here, some of the key contributions to this
body of research are highlighted. Huber (1980) presented an extensive and system-
atic comparison of 2D and 3D subaerial granular-slide generated impulse wave exper-
iments, and this was re-analysed by Huber and Hager (1997) who included additional
data from snow avalanche and glacier carving studies. Huber (1980) stated that the
near-field wave amplitude differs negligibly between 2D and 3D near to the impact
zone (𝑥/𝐻𝑖 = 5), and adopting this assumption, Huber and Hager (1997) developed a
3D prediction formula, which relied on a 3D data set and a generalisation of observa-
tions from 2D to 3D. The predictive equation for the maximumwave height by Huber
and Hager (1997) was dependent mainly on the slide volume without accounting for
the effects of slide Froude number, relative thickness or width at the impact- despite
these parameters being significant in other experimental works. When applied to the
Lituya Bay case study by Fritz, Mohammed, and Yoo (2009) it was shown that that
the empirical formula of Huber and Hager (1997) overestimated the wave height by a
factor of 1.8, which was attributed to the high launch position in the laboratory exper-
iments (leading to smaller thicknesses) and the lack of incorporation of slide velocity
or slide duration. Following this study, Heller (2009) used this 2D to 3D method
of Huber and Hager (1997) to transform 2D prediction formula (those of Heller and
Hager, 2010) for subaerial landslide tsunamis to 3D, which included empirical equa-
tions for amplitude and shoreline run-up. Again, here it was assumed that near-field
wave amplitudes are identical for 2D and 3D geometries. While several field cases
studies (e.g., Daniele, Tazio, and Alberto, 2015; Fuchs and Boes, 2010) reported ac-
curate prediction of wave features using this approach, the results also appeared to
generally overestimate wave amplitude. Panizzo, De Girolamo, and Petaccia (2005)
also developed an empirical equation, but conducted 3D block model tests, consider-
ing a rigid slide released into water along varying slope angles (16∘ to 36∘). A spring
system stopped the slide abruptly upon reaching the slope toe, leading to the deforma-
tion of a dimensionless time of characteristic landslide motion. Froude number and
relative slide volumes were varied, and empirical equations (including the character-
istic time) were presented to describe the wave height. The slide Froude number was
incorporated in the definition of the characteristic time.

A notable study was that of Mohammed and Fritz (2012), who conducted large
scale experiments on wave generation for a sub-aerial granular slide, in a 48.8𝑚 long
and 26.5𝑚wide wave basin at water depths of 0.3 - 1.2𝑚, using the novel pneumatic
landslide generator of Fritz and Moser (2003), which controlled landslide parameters
at impact. This study presented a predictive equation, which incorporated the slide
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Froude number and the relative slide thickness at impact. The slide Froude number 𝐹𝑟
or thickness 𝑆 at impact was shown to affect the recorded wave profiles, determining
whether they were either nonlinear oscillatory or nonlinear transition type of waves.
The leading wave crest amplitudes were mainly dependent on the impact Froude num-
ber 𝐹𝑟 and thickness 𝑆 at impact, while the length of the slide affected the leading
wave trough and trailing waves. They also considered wave generation efficiency,
and showed that this increases with increasing landslide Froude number and relative
landslide thickness at impact. However, the efficiency decreased with increasing vol-
ume by increasing the relative landslide length 𝐿𝑠. The authors also found that 3D
landslides were less efficient wave generators comparedwith 2D cases, because of the
increased landslide deformation in 3D compared with 2D and the spread of the unidi-
rectional landslide energy across the radial wavefront. When results were compared
with the empirical equations of Huber and Hager (1997) the wave amplitudes were
overestimated in comparison, apart from highly super-critical cases. Again, this was
attributed to the differences in initialisation and the lack of consideration of Froude
number, relative thickenss andwidth at impact. When comparedwith the equations of
Panizzo, DeGirolamo, and Petaccia (2005), wave amplitudes were underestimated by
a factor of two, which was suggested to be a result of different slide run out durations
(in Panizzo, De Girolamo, and Petaccia, 2005 the spring system significantly reduces
the underwater slide motion). In addition, while Mohammed and Fritz (2012) con-
sidered deformable slides, Panizzo, De Girolamo, and Petaccia (2005) did not, which
may have complex implications for momentum transfer. Overall, the observations
from this study and the comparisons with previous works highlight that the duration
over which the slide transfers energy to the water is non-trivial, and that differences in
initialisation may affect the empirical equations. In addition, the results demonstrate
the challenges in defining universal scaling relations.

Heller et al. (2012) experimentally investigated landslide-tsunamis in different
water body geometries with 𝜃𝑑𝑖𝑣 (the angle of divergence of the lateral walls) = 0
(2D), 15, 30, 45, 60, 75 and 90∘ (3D). The experiments considered rigid slides made
of PVC and found that the wave heights in the far field in intermediate geometries
(between 2D and 3D) were closer to the ones observed in 3D than in 2D. In addi-
tion, they showed that the 2D and 3D wave amplitudes deviated by a factor of 6.7
after a relatively short distance 𝑟/𝐻𝑖 = 12.5. Their results therefore suggested that
the assumption of Huber and Hager (1997) that wave amplitude differs negligibly
between 2D and 3D near to the impact zone (𝑥/𝐻𝑖 = 5) was partly leading to over-
estimation of wave amplitudes. They further highlighted the need to study the effect
of the water body geometry in more detail with different slide characteristics, wave
types and larger water depths to avoid scale effects. Following this, Heller and Spin-
neken (2015) therefore aimed to improve the physical understanding of the effect of
the water body geometry on landslide–tsunamis and impulse waves, again only con-
sidering rigid slides. In particular, the authors aimed to extend the parameter range of
Heller et al. (2012), and to consider data from the splash zone (𝑟/𝐻𝑖 = 3.0), not just
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the far-field. The authors systematically compared two and three-dimensional physi-
cal models. They showed that for large values of 𝐹𝑟, 𝑆 and𝑀, the 3D wave heights in
the slide impact zone/near-field can be as large as in 2D, suggesting that under these
conditions, the assumption of Huber and Hager (1997) may be valid. However, it was
shown that 3D and 2Dwave heights along the slide axis differed for small 𝐹𝑟, 𝑆 and𝑀
(considering identical initial conditions) by up to a factor of 2.7 in the near-field, and
typically by an order of magnitude in the far-field. This, again, partly explained why
amplitudes predicted byHuber andHager (1997) andHeller (2009) were often overes-
timated. Amplitude delay relationships were determined, and showed that the waves
decay with 𝑥−0.30 and 𝑟−1.0 in 2D and 3D, respectively. An additional observation
was the presence of four wave types in 2D, whereas only the two least non-linear types
were observed to occur in 3D. In this study, the authors presented a novel method to
transform wave parameters (wave height, amplitude and period) from 2D to 3D for a
range of block slide characteristics. Heller et al. (2016) then performed a composite
physical-numerical analysis, by investigating two distinct 2D–3D test pairs in signif-
icantly more detail; these pairs involving weakly-dispersive and strongly-dispersive
waves. In the physical modelling, a set of very detailed measurements were obtained,
including slide kinematics, fluid pressures, fluid velocities, water surface elevations
and visual observations. The slide kinematics, combinedwith themeasured fluid pres-
sures, provided novel instantaneous slide–water interaction power graphs. Notably,
and of significant relevance, experiments revealed that for this case, the majority of
the energy was transferred within 0.5 𝑠 only, and that the pressure magnitude mostly
depended upon the slide velocity.

3.3.2 Pyroclastic density current tsunamis

Experimental studies of tsunamis generated by pyroclastic density currents are sparse,
compared with those focused on landslide generated tsunamis. While some studies
focused on high mobility granular-slides such as Bullard et al. (2019) may have trans-
ferable conclusions, the physical modelling is performed using water rather than flu-
idised granular (or volcanic) flows.

Freundt (2003) addressed the interaction of a PDC with water, but primarily fo-
cused on thermodynamic behaviour in the slide-water interaction zone. A series of
experiments were conducted, where granular slides of heated ignimbrite ash (20 -
400∘C) and of bulk density near that of water, ran down a smooth chute and enter a
water-filled tank at an angle of 26∘. For lower temperatures, the majority of material
penetrated the surface andmixed with water, creating a forward-directed ash fountain,
a turbulent mixing zone and a water-supported mass flow. As the temperature was
increased, most of the slide was redirected across the surface of the water, mixed with
the water and generated steam explosions. These observations highlight the effect of
buoyancy on the interaction between a granular (volcanic) flow and water. No water-
supported mass flow was generated in this latter case, but waves were generated as a
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result of steam explosions and shearing of the water surface. Although waves were
recorded during these experiments, their characteristics were not explored in detail.

More recent experiments on tsunami generation have pioneered research in the
impact of cool, fluidised granular slides (representing the dense basal component of
a PDC) into water and their effect on wave generation (Bougouin, Paris, and Roche,
2020). In these experiments, fluidised, micro-meter (d = 65 ± 10 𝜇 𝑚) spherical
glass beads were released from a lock and propagate down a ramp (with a continuous
supply of air flow to maintain pore fluid pressure), before interacting with water. This
fluidisation is used to replicate the high mobility/low friction behaviour and the inter-
stitial gas pore pressure of dense PDCs inferred experimentally and in the field (e.g.
Fries, Roche, and Carazzo, 2021; Lube et al., 2019; Roche et al., 2010; Valentine,
2020; Wilson, 1980), while also helping to overcome scaling issues (Rowley et al.,
2014; Smith et al., 2018). A scaling relationship was derived, which used granular-
slide parameters to predict wave amplitudes away from the shoreline. This scaling
relationship performed well for the setup considered, and showed that the dimension-
less wave amplitude could be predicted by:
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with 𝑢𝑓 the front velocity at impact, 𝐻𝑖 the initial water depth, ℎ𝑓 the height of the
slide front 10 𝑐𝑚 from the head at impact, 𝑣 the volume per width 𝑣 = (𝐻0 − ℎ𝑟)𝐿𝑖
(where 𝐻0 is the initial column height, ℎ𝑟 is the remaining granular slide in the reser-
voir and 𝐿𝑖 is the width of the reservoir), 𝜌𝑓 the effective density of the grains and 𝜌0
the water density. It must be noted, however, that in this study only one slope angle
was considered.

Notable features of the mixing zone included the generation of a vertical granular
jet (where grains and water are propelled rapidly away from the interaction zone),
a leading wave and a turbulent mixing zone, similar to those observed by Freundt
(2003). The vertical granular jet was shown to redirect a small amount of material
across the surface of the water, while the remaining slide formed a gravity current
on the slope underwater. Spilling behaviour in the breaking wave was also observed.
The equivalent experiments were conducted using dense salt water flows and yielded
similar results to cases when fluidised grains were used (results for salt water flows,
for the same slope angle, collapsed on the same curve). The Newtonian fluid-like
behaviour of fluidised granular-slides proposed by Roche et al. (2008) is one possi-
ble explanation for this. Another reason proposed for the similarity in results was the
small particle size, which made the granular slide nearly impermeable on impact. A
Newtonian-fluid approximation means studies using dense water-based flows (such
as Bullard et al., 2019)may therefore be appropriate for modelling tsunami generation
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by fully fluidised granular-slides (e.g. PDCs with high mobility and pore-fluid pres-
sure). With respect to slope angle, the experiments of Bougouin, Paris, and Roche
(2020) showed a better collapse of their experimental data when they took into ac-
count the vertical component of the front velocity, contrary to the horizontal com-
ponent of front velocity as suggested by the experimental landslide literature. The
authors suggested that the trend of features is likely non-monotonic with slope angle.
They also noted that the predictive models derived from landslide literature until that
point, did not take into account other physical mechanisms whichmay affect the wave
features, such as the deformability of the slide and the ability of water to penetrate
the granular material.

3.4 Numerical modelling

The modelling of tsunami propagation and coastal impact typically utilises a simpli-
fied wave propagation model, combined with a relevant initial tsunami source. For
the wave propagation, variations in vertical inertia are commonly assumed negligible
due to the large horizontal scales considered, although in more recent years, model
development has allowed for the incorporation of non-hydrostatic and dispersive ef-
fects. The process of initialising a source is relatively well understood for tsunamis
generated by earthquakes, and is typically parameterised using the idealised method
of Okada (1985), which considers an instantaneous free-surface displacement. Land-
slides and PDCs are, however, far more complicated events, spanning a wide range
of rheologies, kinematics and generation mechanisms. As evident by the physical
literature on landslides and PDC-generated tsunamis, the geometry, submergence,
material, and kinematics of a slide, prior to impact with a water body all lead to com-
plex (and non-trivial) relationships with the wave characteristics, also making initial
conditions for tsunami generation by landslides (or similar), more challenging to de-
scribe. Tsunamis of this nature have therefore been modelled numerically with a wide
variety of approaches (Yavari-Ramshe and Ataie-Ashtiani, 2016). In one approach, a
time-dependent solution for the slide kinematics can be applied to a simplified wave
propagation model, either through the application of a bottom or lateral boundary
condition (e.g., incrementally increasing the height of the seabed) or by solving the
landslide as a depth-integrated second coupled fluid layer (e.g., Imamura, Yalciner,
and Ozyurt, 2006; Maeno and Imamura, 2007; Pareschi, Favalli, and Boschi, 2006;
Paris, Heinrich, and Abadie, 2021). Such approximations to the physics lead these
models to be most applicable to modelling deeply submerged underwater landslides/-
submarine mass failures, where waves are shallow and violent breaking or rotational
effects are limited. Similarly, an empirically derived water surface displacement can
used as an instantaneous initialisation (e.g., Novikova, Papadopoulos, and McCoy,
2011). A key example of this is TOPICs (Tsunami Open and Progressive Initial Con-
ditions System) developed by Grilli and Watts (2002), an initialisation method based
on experimental modelling. Such methods, however, continue to neglect a significant
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amount of important physics (Lane et al., 2016). Another commonly adopted ap-
proach is the modelling of the detailed landslide kinematics and interactions with the
water, utilising a full three-dimensional (3D) multi-material Navier-Stokes solver, or
an approximation/subset of these equations (e.g., the Euler equations). Once tsunami-
genesis is complete, this solution can be then introduced as a source condition (i.e.,
a free surface deformation with depth-averaged velocity) for a more simplified prop-
agation model. Alternatively, both the detailed slide kinematics and deformation,
alongside the associated tsunami propagation, are modelled (sometimes in fully cou-
pled mode) within the same system.

Model backgrounds

The shallow water wave equations (overviewed in Section 4.2.1), typically known as
the Saint-Venant equations, are often used to solve for the tsunami propagation (De
St Venant, 1871). The equations are derived using conservation of mass and momen-
tum in vertical slices, and assuming a hydrostatic vertical pressure profile. As a single
layer the Saint Venant equations are therefore only consistent for a vertically-constant
velocity profile (i.e. a “plug flow”). This assumption is inherently limited under
certain conditions, for example where there is a highly rotational and depth-varying
velocity field in the slide or at impact. Other circumstances where a single-layer,
depth-integrated model may become a poor approximation include complex water
surfaces (i.e. wave breaking) and steep topographies, where strong non-linearities
may be present. The addition of multiple (hydrostatic) depth-averaged layers can lift
some of these limitations, although the hydrostatic assumption continues to heavily
limit Saint-Venant systems (Popinet, 2020).

Over time, computational power has increased and spatial scales at which non-
hydrostatic effects are considerable can now be resolved. The recent coastal and
ocean-scale numerical models have therefore been developed to start accounting for
these effects. Early developments in the non-hydrostatic description of the motion
of fluid layers are typically referred to as Boussinesq or extended-Boussinesq wave
models (Boussinesq, 1897; Green and Naghdi, 1976; Peregrine, 1967; Serre, 1953).
These equations are closely related to the Saint-Venant system, using source terms
on the right-hand-side of the mass/momentum equations to include the effects of non-
hydrostatic pressure. This work has occurred in parallel with the development of
numerical methods more applicable to non-hydrostatic problems. Combining non-
hydrostatic effects with the introduction of multiple depth-averaged layers (through
a consistent vertical discretisation of the incompressible free-surface Euler equations)
presents significant advantages, enabling efficient applicability across a wide range of
geophysical scales: from breaking waves, to large (ocean) scale tsunami propagation.
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Solving the full, three-dimensional Navier-Stokes equations (or a subset of these)
allows for even further complexity within numerical models, and is particularly use-
ful when modelling processes such as wave breaking where the fluid dynamics are
highly complex. With this added complexity comes a trade-off with computational
efficiency, meaning that often, the wave generating source is solved and then used
as an initialisation for a more simplified wave propagation model. A plethora of
approaches exist for modelling such systems, some of which are discussed in the fol-
lowing sections. For further background to the mathematical equations and method-
ologies governing the models relevant to and used in this thesis please refer to Section
4.2.

3.4.1 Landslide generated tsunamis

Numerical models of laboratory experiments

There is a wealth of literature surrounding the numerical modelling of tsunamis gener-
ated by sub-aerial landslides. Model validation typically relies on analytical solutions,
laboratory experiments, or field cases. The following subsection therefore overviews
some recent and notable literature, where different numerical approaches are used
to model physical laboratory experiments. Some of the studies highlighted are ex-
amples of numerical model validations, while others are more focused on extending
the range of parameters/experimental setups explored in the laboratory and drawing
novel insights.

The study of Viroulet et al. (2016) presented three-phase numerical simulations
of a granular-collapse into water (modelling the experiments of Viroulet, Sauret, and
Kimmoun, 2014), based on a finite-volume method for solving the incompressible
Navier-Stokes equations. Different rheologies (Newtonian fluid and Bingham fluid)
were considered for the slide, with a minimum cell size of 2𝑚𝑚. Notably, the authors
used the software Gerris (Popinet, 2003a; Popinet, 2009), which is the predecessor
to the Basilisk flow solver used in the present thesis (overviewed in more detail in
Chapter 4). They modelled the equivalent physical experiments of Viroulet, Sauret,
and Kimmoun (2014), and showed that the approximation of a viscous fluid for the
granular medium gave satisfactory results for the prediction of the amplitude of the
first wave in some particular configurations, but did not satisfactory reproduce the
wave train generated and the evolution of the slide. The Bingham fluid, on the other
hand, showed relatively good agreement with the laboratory experiments for the en-
tire free surface evolution. The largest discrepancies were shown for smaller slope
angles (𝜃 = 30∘), where the numerical simulations overestimated the leading wave am-
plitude for both the Newtonian fluid and Bingham fluid. The authors hypothesised
that this was due to velocity of the slide, which was the lowest in this configuration,
which meant that under these conditions, interactions between the granular material
and the generated waves were more important. Given the conclusions of this study, it
was therefore suggested than an experimental and numerical effort would be required
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to understand the physical mechanisms that take place during a sub-aerial collapse,
which incorporates a detailed exploration of energy transfer to the waves during a
granular collapse into water.

Mulligan, Take, and Bullard (2019) conducted a numerical study in the context
of tsunamis generated by high mobility landslides, by modelling the laboratory ex-
periments of Bullard et al. (2019), which used water moving at high velocities to
represent a high mobility sliding mass. Mulligan, Take, and Bullard (2019) com-
pared landslides with low and high mobility, also using the non-hydrostatic multi-
layer numerical model SWASH (Zijlema, Stelling, and Smit, 2011) to model both
the slide and the tsunami-propagation. The results from their study suggested that
different mobilities led to waves with different initial shapes, that evolved differently
as they propagate away from the landslide source region. The results indicated that
the landslide with low mobility had a smaller initial wave that propagates away from
the source with little change in amplitude or shape along the flume. In contrast, the
much larger wave generated by the high mobility landslide significantly evolved in
amplitude and shape with distance from the region of impact. The numerical study
suggested that the bottom boundary condition may play an important role in capturing
a better agreement, but the effect of this was not explored in detail. This study high-
lights from a numerical perspective, how slide characteristics can hold a first order
influence on the development on the wave features, and the hydrodynamics of inter-
action. The results also highlight the importance of multilayer numerical models for
capturing dispersive behaviour and the evolution of waves in the context of tsunamis
generated by granular-slides.

Rauter et al. (2021) modelled impulse wave generation by idealised landslides, by
solving the Multiphase Reynolds Averaged Navier-Stokes equations in OpenFOAM
(Weller et al., 1998), an open source Computational Fluid Dynamics (CFD) software
which is used for simulating multi-phase flow. The slide was modelled as water (a
viscous fluid), with a no-slip condition for the slope and the bottom of the tank. This
study also compared results and validated the approach with the experimental data of
(Bullard et al., 2019), and was shown to well simulate the process. Broad parametric
tests were performed (with a modified simulation setup to change slope angle), which
explored how different properties predict the wave characteristics. The results found
that a simple scaling relation involving the landslide mass or volume performed well,
showing a first order dependence of the wave amplitude of these parameters; similar
to what was observed in the physical experiments. The scaling relation proposed was
slightly improved when incorporating the Froude number, while the authors found no
significant correlation between slope angle and amplitude. Notably, these numerical
experiments aimed to control the impact parameters explicitly, by prescribing an in-
let boundary condition with a fixed velocity and height. The geometry was changed
depending on impact angle, and the length of slope runout prior to impact varied as
ℎ/𝑠𝑖𝑛(𝜃), where ℎ is the height of the initialised slide above the water, constant, and
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𝜃 is the impact angle. This was a novel approach, and similar to the setup of Fritz and
Moser (2003) A scaling relation based on the Froude number and the slide thickness
also performed well, but it was noted that the Froude number and slide thickness are
significantly harder to identify and predict than the total landslide mass and volume.
The study found that there was an upper limit of the tsunami generation duration, af-
ter which the first wave crest could not be influenced by the landslide. Finally, the
authors highlighted that these results may not fully translate to granular or buoyant
slides, so careful interpretation must be made.

Paris, Heinrich, and Abadie (2021) considered two approaches to numerically
modelling tsunamis generated by granular-slides in a laboratory setting. The first was
a depth-averaged model for both the slide and the water (AVALANCHE), which mod-
elled the slide as a viscous fluid (following an adaption of the equations of Savage and
Hutter (1989) for one-phase granular flow) and simulated the tsunami using a com-
bination of the Saint-Venant and Boussinesq equations. The second approach com-
prised a three-phase (air, water and grains), three-dimensional, laminar, and Reynolds
averaged Navier-Stokes simulation using OpenFOAM. Both models were validated
by comparing to two, 2D physical benchmarks (which consider both sub-aerial and
submerged initial slides). The sub-aerial benchmark was that of Viroulet et al. (2016),
while the submerged case refers to the experiments of Grilli et al. (2017). It was
shown that when calibrating the viscosity, the waves generated by granular-slides
were well reproduced, but generally the slide dynamics were not properly calculated
(particularly for the Navier-Stokes model, where the landslide front generated a large
bulbous shape when submerged, thus slowing the slide). Sensitivity studies were car-
ried out, varying the initial slide configuration and the slope angle. It was shown
that the largest waves were associated with a sub-aerial slide initialisation close to
the free surface, and for lower submergence, waves were smaller. With respect to
the slope angle, the depth-averaged model showed that for both Reynold’s values
considered, the higher the slope angle the larger the generated wave (due to increased
front velocity at impact), for all submergences. Conversely, the Navier-Stokes model
showed wave amplitudes to increase continuously with slope and Reynold’s number
for the sub-aerial case, with the amplitude for the partially-submerged setup reaching
an asymptotic value at 45∘, and the full submergence showing a reversed relationship.
The authors hypothesised that this difference between models was because the simu-
lated slide in the Navier-Stokes model was slowed down by its bulbous shaped front
once underwater, as well as the bottom friction. It was also noted, however, that the
triangular shape of the slide violates the shallow water hypothesis, meaning further
studies are necessary to reinforce the conclusions from the depth-averaged model.
In addition to these observations, the influence of turbulence was also considered for
three different slope angles and submergence. The authors showed turbulence to play
a complex role, in some cases enhancing the wave field and in others reducing it. This
appeared to relate to the horizontal versus vertical momentum transfer, which related
to the slide dynamics in the generation zone. This was not explored in detail. This
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study again highlights the complexities of accurately reproducing slide behaviour in
numerical models, and indicates again the complexities associated with slide geome-
try/submergence, slope angle and boundary conditions.

Water body geometries: Finally, some numerical studies which considered the
influence of water body geometry on wave generation are over-viewed. Three dimen-
sional geometries often come with large spatial and monetary costs in a laboratory
setting, while numerical simulations are often limited by computational resources.
With the development of multilayer, depth-averaged codes, the numerical cost can be
significantly reduced. In addition to the physical experiments discussed in Section
3.3 (of waves generated by idealised, rigid slides in multiple geometries), Heller et al.
(2016) modelled a set of intermediate geometries with 𝜃𝑑𝑖𝑣 (the angle of the lateral
flume walls) = 7.5∘, 15∘, 30∘ and 45∘, using Smoothed Particle Hydrodynamics (or
“SPH”, a mesh-free Lagrangian numerical method suitable for complex flows with
interfaces and multiple phases, see Liu and Liu (2003) for further details). Larger
distances were not investigated due to the large computational cost of SPH. The sim-
ulated wave amplitudes in a two-dimensional geometry slightly over-estimated the
experimentally observed values, with maximum deviations of 10%, while in three-
dimensions the numerical amplitudes deviated by up to 35%. The authors hypothe-
sised that these discrepancies were due to the challenges in appropriately modelling
the slide kinematics. When considering intermediate water body geometries, it was
shown that for 𝜃𝑑𝑖𝑣 = 7.5∘, the wave amplitudes along the slide axes lay approxi-
mately halfway between the values observed in 2D (𝜃𝑑𝑖𝑣 = 0∘) and 3D (𝜃𝑑𝑖𝑣 = 90∘),
and the values were practically identical to those in 3D for 𝜃𝑑𝑖𝑣 = 45∘. They noted that
this behaviour may not be predicted adequately with a simple shallow-water energy
flux conservation, highlighting the need for models which capture such effects. The
authors noted that due to the computational cost associated with the model, future
studies should consider larger domains and higher resolutions, or couple SPH simu-
lations for tsunami-genesis with a more simplified wave-propagation model.

Ruffini, Heller, and Briganti (2019) therefore expanded on the study, by mod-
elling idealised water body geometries with increasing side wall angles 𝜃𝑑𝑖𝑣 = 0∘

(2D), 7.5∘, 15∘, 30∘, 45∘ and 90∘ (3D), with the aim to quantify the effect of fre-
quency dispersion and provide new semi-theoretical equations accounting for the ef-
fect of the water body geometry to support landslide-tsunami hazard assessment. Ini-
tial water surface displacements were generated using idealised cases (of non-linear
Stokes, Cnoidal and solitary waves) and real time-series information (from previous
laboratory experiments). SWASH, a multilayer non-hydrostatic model, was used to
simulate wave propagation (up to a maximum distance of 35 times the water depth
from the wave generation zone). The 3D results were then validated by consider-
ing diffraction theory (assuming a wave source of finite width), and wave heights
along and outside the slide axes were correlated with Green’s law, then modified
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with empirical pre-terms. These semi-theoretical equations could be then used to pre-
dict idealised wave heights and amplitudes in real water bodies, based on 2D wave
parameters estimated with the method of Heller and Hager (2010). Further to this,
simulations of experimental landslide-tsunami time series were performed to explore
the effect of frequency dispersion. Wave decay was found to increase with 𝜃, and
it was shown that the effect of the lateral energy spread on wave amplitude decay
was larger in intermediate geometries and 3D, than the effect of frequency dispersion
in 2D. The authors concluded that while frequency dispersion may be negligible for
solitary- and cnoidal-like waves for initial landslide tsunami hazard assessment, it be-
comes more important to consider for Stokes-like waves in deeper water. Although
these findings are in the context of waves generated by non-deformable slides, the
results demonstrate i) the influence of water body geometry on wave characteristics
and propagation, ii) how experimentally/empirically derived initial conditions can be
used to initialise a wave propagation model and iii) how multilayer, non-hydrostatic
numerical models can be leveraged to explore larger scales, while preserving much
of the important physics.

Numerical studies of natural cases

There are limited studieswhichmodel field events that do not rely on a depth-averaged
approximation or amultilayer approach, due to the computational cost associatedwith
modelling such scales.

Notably, Horrillo et al. (2013) created amodel for a landslide generated tsunami in
the Gulf of Mexico, by solving simplified three-dimensional Navier Stokes equations
with a Volume of Fluid approach, where the water and slide are separated by a sharp
or diffusive interface. In this context, the simplification was derived from the large
aspect ratio of the tsunami waves (wavelength/wave-height) and the selected com-
putational grid that has a smaller aspect ratio. This allowed the authors to assume a
horizontal fluid surface in each individual cell containing the interface (air-water, air-
slide, and water-slide). Observations from this experiment indicated that choosing
a sharp or diffusive interface seems to have no remarkable effect at early stages of
the tsunami wave propagation. The tsunami initial wave evolution also appeared to
be primarily controlled by the early landslide kinematic characteristics (initial slide
acceleration, shape/ volume, and slope) and not by the posterior slide deformation.
The authors concluded that by the time such a deformation occurs, the slide would
have reached deeper water and its effects on the tsunami characteristics become in-
significant, as also highlighted by Grilli and Watts (2002).

There are a number of examples of field-studies which utilise depth-averaged ap-
proaches, for either the tsunami generation, propagation, or both. These include the
numerical model built by Giachetti et al. (2012) to simulate the possibility of the Anak
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Kraktau landslide and the tsunami propagation associated with it. This computer
model utilised the code VolcFlow (Kelfoun and Vargas, 2016) to simulate both the
potential Anak Kraktau flank collapse/landslide and subsequent tsunami propagation.
VolcFlow is able to dynamically model lava flows and can be generalised to model
other mass flows. Both the landslide and seawater were simulated using the general
shallow water equations of mass conservation and momentum balance, with a ratio
of wavelength to water depth of about 10 used to justify this approximation (Harbitz
et al., 2006; Kelfoun et al., 2009; Ulvrova et al., 2016). The authors measured the
resulting wave profiles and amplitudes at multiple locations away from the source,
and compared how these varied with rheologies. Kelfoun, Giachetti, and Labazuy
(2010) suggested that the rheology used to simulate the landslide propagation may
be important when dealing with second-order variations of the profile and amplitude
of the triggered waves. The results from Giachetti et al. (2012) found that profiles
were, however, similar for all rheologies: the authors suggested that this was a result
of the initial geometry and dynamics of the collapsing volume which was rapid, di-
rectional and already partially submerged. This result suggests that the definition of
slide rheology may be important in some circumstances, but less-so in others. In a
similar manner to many of the experimental studies, these results suggested that the
collapse duration, rate and volume are the important parameters governing resulting
wave amplitude.

Anak Krakatau subsequently collapsed in 2018, with tsunami wave heights and
amplitudes close to those predicted by Giachetti et al. (2012). Since the collapse,
there have been a number of studies associated with the numerical modelling this
event, which demonstrate the range of approaches. Grilli et al. (2019) used data from
wave gauges to model the event using the three-dimensional, non-hydrostatic, mul-
tilayer solver NHWAVE to model the landslide propagation and generation, and the
two- single layer dispersive model FUNWAVE (Wei et al., 1995) to model the sub-
sequent wave propagation. The authors estimated a collapse scenario and explored
both a granular and a Newtonian fluid rheology for the landslide model. A good
agreement with field data was observed for the arrival time and elevation of the first
few waves at tide gauges, as well as for the slide depth at the shore, which confirmed
the relevance of the estimated collapse scenario. This highlights the importance of
using Boussinesq-type models in accurate modelling the generation and propagation
of waves generated from point source. The results from this study also suggested that
the wave heights and profiles were not significantly sensitive to finer details of the
collapse scenario assumed for Anak Krakatau (i.e., both small changes in volume and
differences in rheology).

The Anak Krakatau landslide event was also simulated by Heidarzadeh et al.
(2020) using the COMCOT model (Cornell Multi-grid Coupled Tsunami Model, Liu,
Woo, and Cho, 1998) for the tsunami propagation, and estimates of the initial sea sur-
face elevation as the landslide source. The study considered a forward modelling
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trial-error approach and narrowed down the source lengths and initial amplitudes
to 1.5-3.0 𝑘𝑚 and 100-200 𝑚 respectively. These estimates matched well with ob-
servations, and the amplitude of the final model was consistent with predictions of
the empirical equation of Fritz, Hager, and Minor (2004) . Following this, Paris et
al. (2020) modelled the landslide using a two-dimensional depth-integrated model
AVALANCHE, which solved the Savage Hutter equations (for modelling granular-
avalanches) with a Coulomb friction, followed by the Saint-Venant and Boussinesq
equations for the tsunami propagation. The results of Paris et al. (2020) were in strong
agreement with both Grilli et al. (2019) and Heidarzadeh et al. (2020). These studies
highlight two of the main methods for simulating landslide tsunamis. In the first in-
stance, (e.g., Grilli et al., 2019; Heidarzadeh et al., 2020), the landslide is simulated
separately (either analytically, numerically, or empirically) and then introduced into
a tsunami propagation model as an initial water surface perturbation. In the second
approach (e.g., Paris et al., 2020), the tsunami generation and propagation take place
in the same model.

Esposti-Ongaro et al. (2021) performed a numerical benchmark study on the the
2002 eruption of Stromboli and the associated (submarine) landslide-generated tsunamis.
Although this study considered submarine slides, rather than sub-aerial, the methods
used and conclusions drawn are still of key relevance to this work. Two numeri-
cal codes were compared: the NHWAVE three-dimensional non-hydrostatic model
and the multilayer-HySEA model, with varying numbers of layers both in hydro-
static and non-hydrostatic formulation. Both rigid and deformable slides were con-
sidered. The results from this study showed that the waveform is highly sensitive to
the source description and rheology: here, the comparison between a rigid landslide
model and a granular landslide model produces sensibly different results in terms of
wave amplitudes, frequency and attenuation. Furthermore, it shows that the use of
non-hydrostatic models, coupled with a multilayer approach (where vertical velocity
stratification is considered), allow for the most accurate hazard estimation, compared
with hydrostatic models (when comparing with wave gauges). It was highlighted in
this study that non-hydrostatic multilayer models also exhibit the optimal trade-off
between accuracy and computational requirements, for the considered problem. The
authors commented in this study that future work would report on the use of a similar
methodology to analyse waveforms produced by the entrance of pyroclastic flows
into the sea.

3.4.2 Pyroclastic density current generated tsunamis

Accurately modelling the generation of waves by PDCs becomes a significant mod-
elling challenge, given the wide range of PDC behaviours prior to interaction, the
complexity and non-linearity of the interaction dynamics and the limited access to
field benchmark data. Numerically modelling the interaction of a PDC with water
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and the resulting wave generation associated with it relies upon very large simplifica-
tions to be made not only in the modelling of the PDC itself, but in the physical pro-
cesses occurring upon PDC-water interaction (i.e. turbulent mixing, wave breaking,
density stratification) and the sub-aqueous transport of the PDC following the initial
entry to the water. To be investigated numerically, all of these processes therefore re-
quire careful comparisons and validations using experimental results and theoretical
work/analysis of field data. Most of the numerical studies so far carried out on the
generation of tsunami waves by PDCs are therefore highly limited by the assumptions
made. While there have been a significant amount of studies focusing on tsunami gen-
eration by landslides, literature on numerical studies of PDC tsunamis is sparse. At
the time of writing this review, there have been no numerical studies which model
laboratory experiments which specifically consider tsunami generation by PDC. This
in itself is an important area for future research, and has been limited thus far by the
sparsity of physical data. The following section is therefore an overview of numerical
studies of PDC-generated tsunamis, in field context.

The extensive field data set associated with the 1883 eruption of Krakatau makes
it an appealing case study for numerical modelling, as it provides validation to help
constrain the source mechanism (or mechanisms) associated with the tsunami. No-
manbhoy and Satake (1995) computed the generation and propagation of tsunamis
from three mechanisms which had been previously proposed: emplacement of large
volumes of pyroclastic flows, large scale caldera collapse and submarine eruptions.
For the PDC modelling, a linear decrease in bathymetry due to the emplacement of
submarine PDC deposits prior to caldera formation was used as an initial upward
water displacement and the nonlinear shallow water equations were then solved for
the tsunami propagation. For the caldera collapse model, the initial water heights
used corresponded to the depth of the caldera formed. The initial displacement of
the water was downwards, i.e. negative. Finally, for the submarine explosion model,
initial displacements used were the same as the caldera collapse model except that the
initial displacements were positive, i.e. upwards, forming a dome-shape. The com-
parison showed that the submarine explosion model of 1 to 5 minute duration best
explained the generation of the largest tsunami. This modelling was highly simpli-
fied, however, and neglected a large amount of the important physics of each process.

Maeno and Imamura (2007) numerically modelled waves generated by pyroclas-
tic flows in the caldera-forming eruption at Kikai caldera, Japan (7.3 𝑘𝑎). The nu-
merical model considered the dense, basal part of a PDC (i.e. pyroclastic flow). The
study used a two-layer shallow-water model for the initial wave generation in a wide
channel with a non-horizontal bottom. The model integrated the Euler equations of
mass and momentum continuity in each layer, with kinetic and dynamic conditions
at the free surface and interfaces. The model assumed hydrostatic pressure distribu-
tion, negligible inter-facial mixing and a unity density and velocity distribution, but
accounted for inter-facial shear stress between the layers and horizontal diffusion. A
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single-layer shallow water model was used for the far-field tsunami propagation. The
PDC parameters chosen were based on experimental results analogous to PDCs en-
tering the sea (e.g. Mcleod, Carey, and Sparks, 1999). The volume flux of the dense
component of a PDC was varied, and run-up heights and inundation were considered.
Results of the numerical computations concluded that the tsunami was largest in mod-
els with the largest volume flux (108 𝑚3/𝑠), and that the tsunami height and run-up
drastically decreased as the volume flux was lowered, leading to no run-up in most
coastal areas. The source conditions for a tsunami which could stir up marine sedi-
ments at significant distances (as observed in the geological record) were investigated.
Using results from the numerical simulations and considering the non-dimensional
boundary shear stress, it was concluded that a caldera collapse (modelled in Maeno,
Imamura, and Taniguchi, 2006) was the more likely mechanism for generating waves
large enough to move the submarine sediments, rather than a tsunami generated by
pyroclastic flows. Although this modelling was highly simplified, the methodology
demonstrates how field-evidence can be use alongside numerical simulations to in-
fer tsunami sources. With improved initialisation and understanding of PDC-tsunami
generation mechanisms, this type of methodology can be further improved.

Using the same numerical model as Maeno and Imamura (2007), Maeno and Ima-
mura (2011) explored effects of the dense and the light parts of the PDC on wave gen-
eration, separately, in the context of the Krakatau case study, and again, compared
their results with other possible tsunami sources. The PDCs were erupted from a
circular source which assumed both waxing and waning phases. The shape of the
initial displacement was varied depending on the type of PDC (the “light type” dis-
placed the water from above and the “dense type” displaced water from below), but
essentially it involved the displacement of a water volume equal to that of the PDC.
Caldera collapse was performed using a simple piston-like plunger model for the free-
surface displacement, in which collapse duration was assumed to be up to 1 hour. The
phreatomagmatic explosion hypothesis was examined using simple empirical models
for underwater explosions in shallow water, with explosion energy between 1016 and
1017 J. The authors concluded, by comparing with historical records in coastal areas
(including a tide gauge record at Jakarta), that a pyroclastic flow entering the sea was
the most plausible mechanism of the 1883 Krakatau tsunami. The computed tsunami
heights associated with a PDC volume of 5 𝑘𝑚3 were shown to be broadly consistent
with field data, and demonstrated a better agreement than the other suggested mecha-
nisms. Although this study did allow for variable density by investigating the effects
of buoyancy, the source, impact and wave generation mechanisms were highly sim-
plified. A number of physical considerations, including mixing, overturning, highly
rotational and depth varying velocity fields, and the non-triviality of volume displace-
ment (as frequently highlighted in Section 3.3), may mean that it is not necessarily
valid to equate the PDC volume to the total volume of water displaced. Although
it is always necessary to include assumptions, it is important that it is understood to
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what extent the more specific details of the PDC dynamics play a role in wave gener-
ation. As also evident from the physical experiments literature, the interaction style
may heavily influence the wave type, which has implications for the tsunami devel-
opment and propagation.

The case study of the LBA (Late Bronze Age) eruption of Thera, (South Aegean
Sea, Greece) demonstrates another example of how numerical models can be used
alongside field evidence to improve understanding of how volcanic eruptions are ca-
pable of generating tsunamis, when observations or wave gauge data are limited or
non-existent. The tsunami generated by the eruption has been suggested as contribut-
ing to the demise of the Late Bronze AgeMinoan culture by causing widespread dam-
age to coastal areas, particularly on the island of Crete. The source of the tsunami
has, however, been a subject of debate:

Minoura et al. (2000) hypothesised a caldera collapse mechanism and provided
a numerical simulation which computed maximum 6 -11 𝑚 runup heights along the
northern coastline of Crete. The numerical simulation of Minoura et al. (2000) used
TUNAMI N2 (Tohoku University’s Numerical Analysis Model for Investigation of
Near Field Tsunamis), which takes an initial water depth and surface profile and
solves the nonlinear shallow-water wave equations (Imamura, 1996) for the wave
propagation. These simulations were supported by the field study and additional in-
verse tsunami modelling of Bruins et al. (2008). Pareschi, Favalli, and Boschi (2006)
also simulated the tsunami, and used “worst-case” input conditions, comparing both
caldera collapse and PDCs as potential source mechanisms. This numerical model
considered non-linearity and dispersion using the fully non-linear Wei formulation
(Wei et al., 1995). Here, the PDCs were hypothesised as a massive debris flow, and
the debris movement at each temporal step was transferred directly to the water col-
umn. Pareschi, Favalli, and Boschi (2006) concluded that both PDCs or caldera col-
lapse may be responsible for the generation of tsunami waves, and all simulations
show that the impact was relegated mainly to the southern Aegean.

Novikova, Papadopoulos, and McCoy (2011) also modelled tsunami amplitudes
for both caldera collapse and the PDC hypothesis. This study used advances in initiali-
sation techniques and used the software package GEOWAVE which is a combination
of TOPICS (Tsunami Open and Progressive Initial Conditions System) and FUN-
WAVE. TOPICS provides the initialisation for water surface elevation and velocity
using a variety of curve fitting techniques (Grilli and Watts, 2002). The propagation
and inundation of tsunami waves were computed with FUNWAVE, a model based
on the fully nonlinear Boussinesq equations (thus accounting for frequency disper-
sion). The results of both scenarios also contradict those of Pareschi, Favalli, and
Boschi (2006): Novikova, Papadopoulos, and McCoy (2011) showed wave height to
have been highly variable along the coast of Northern Crete, from 0 𝑚 to 28 𝑚, while
Pareschi, Favalli, and Boschi (2006) suggest more consistent runups of a few tens
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of metres. Novikova, Papadopoulos, and McCoy (2011) attributed these discrepan-
cies to be a result of differences in the physical parameters determining the tsunami-
genic factors during the eruption that were applied to computational modelling. For
example, in Novikova, Papadopoulos, and McCoy (2011) the dynamics of massive
slide masses were implicitly considered when generating the initial water displace-
ment, whereas in Teresa Pareschi, Favalli, and Boschi (2006) the water displacement
was considered as a direct transfer of elevation from the PDC to the water. Both ap-
proaches, however, are still significant simplification of the true processes occurring.

After recent extensive seismic and bathymetric surveying, tied with numerical
modelling (using VolcFlow), Nomikou et al. (2016) determined that the regional scale
tsunamis generated by the LBA eruption were indeed a result of PDC inundation, aug-
mented perhaps by mass slumping of rapidly deposited pyroclastic deposits off the
seaward slopes of the island volcano. Assuming a pyroclastic flow source, inverse
modelling of a 9 𝑚 high wave at the Minoan archaeological site of Palaeokastro im-
plied awave up to 35𝑚 high at the source. Although this was considered as a potential
overestimate (shoreline run-up can overestimate deep-water wave height by a factor
of 2 ormore due to effects of shoreline configuration, substrate roughness and of wave
diffraction, resonance and edge effects (Nomikou et al., 2016)), even half the inferred
initial values were consistent with the occurrence of a sediment layer interpreted as
a tsunami deposit on Santorini 10–12 𝑚 above sea level (McCoy and Heiken, 2000).
They concluded that submarine explosions during the LBA eruption would have been
confined inside the caldera during the phreatomagmatic phases and probably radiated
little energy outside the caldera. They also determined that the caldera collapse hy-
pothesis for tsunami genesis would not only require a rapid collapse (contrary to field
evidence which showed that it collapsed over an entire day, Nomikou et al., 2016),
but it would require the caldera to be already flooded and connected to the sea during
collapse, which they also showed is not the case. Notably, the discrepancies highlight
the importance of capturing the dynamics of interaction in numerical models.

3.5 Summary and gaps in the literature

It is evident from the theoretical literature and studies considering how a PDC may
interact with water, that there are a number of plausible mechanisms by which the
shoreline may be displaced. These interactions are related to the density and proper-
ties of the PDC, as well as the angle of incidence at the shoreline, which may lead
the PDC to propagate into the water column or across the water surface. Further-
more, these mechanisms of interaction are hypothesised to determine to what extent
a PDC will mix with water, versus ‘push back’ the shoreline, which has implications
for wave generation.
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There is a strong base of research for tsunamis generated by landslides (of low
and high mobility), in physical modelling experiments. The conclusions from these
studies often highlight the complexity of the hydrodynamics of wave generation by
moving slides, and demonstrate the difficulties in determining a universal scaling re-
lationship for predicting wave features from slide parameters. Broadly, the studies
demonstrate that the volume, rate and duration of water displacement are the impor-
tant drivers in determining the resulting wave amplitude, but quantifying how these
parameters relate to the initial slide parameters at impact is complex. It is clear from
the literature that different wave generation mechanisms and regimes lead to differ-
ent types and amounts of momentum transfer, or wave characteristics. For example,
a tall collapsing column of large-diameter (e.g., 4 𝑚𝑚) grains which is already in
close proximity to water, or even partially submerged (e.g. Robbe-Saule et al., 2020),
may interact very differently with water compared with a thinner, high mobility wa-
ter slide which has a large down-slope velocity component (e.g. Bullard et al., 2019;
Miller et al., 2017). Buoyancy effects were highlighted by Zweifel, Hager, andMinor
(2006), who demonstrated that light slides in their experiments interacted differently
with water to dense slides, leading to increased uplift and as a result, a steeper wave
front. In addition, four key wave types are frequently observed throughout the stud-
ies overviewed, which depend on the impact Froude number 𝐹𝑟 and the relative slide
thickness 𝑆: weakly nonlinear oscillatorywaves, non-linear transitionwaves, solitary-
like waves and dissipative transient bores. In 3D geometries, on the other-hand, only
two main wave types were observed. These observations help to explain the frequent
suggestions among the literature that different scaling relationships are likely to be
observed depending on the type of granular-slide (e.g., high mobility versus low mo-
bility, small grains versus larger grains, submerged versus fully submerged).

Physical experiments specifically focused on or transferable to PDC generated
waves are more sparse. In particular, the experiments of Freundt (2003) were re-
viewed, who ran slides of hot, volcanic ash into water and suggested that buoyancy
plays a key role in determining the type of interaction, and thus, wave generation.
Wave characteristics were, however, not explored in detail. More recently, the ex-
periments of Bougouin, Paris, and Roche (2020) used fully-fluidised granular slides
(using 66 𝜇𝑚 glass beads) to generate waves, and determined a scaling relationship
between the slide parameters and resulting wave amplitude. The results from this
work show that different scaling relationships are observed for fine grained, fluidised
granular-flows compared with coarse, dry granular-flows. In addition, the authors
suggest (under the conditions considered), the slide Froude number at impact, the rel-
ative mass and thickness of the slide and the slope angle are the important drivers of
the resulting wave amplitude. However, these conclusions only arose from a set of
initial conditions where only the initial column height of the fluidised granular mate-
rial was varied.
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In all the physical experiments (for landslides and PDCs), isolating and under-
standing the role of slope angle remains a challenge. The velocity and the height of
the evolving slide are highly coupled with the slope angle. In the context of both
PDCs and landslides, topography is likely to be variable, and the slope angle at im-
pact and during the wave generation zone is not necessarily the same as the slope
angles the slide has been propagating on prior to impact. Furthermore, in the context
of pyroclastic density currents, slope angle becomes even less coupled from the front
height and velocity due to the properties and initial conditions associated with PDCs
(e.g., high mobility, explosive generation, collapse of an eruption column), which
can lead to large velocities on near-horizontal slopes, for example. It is therefore
important to understand how the slope angle at impact plays a role in the wave gen-
eration process, independently from the Froude number. It is difficult to achieve this
in laboratory experiments, where there is often a significant amount of propagation
down-slope prior to impact (including cases where the slide is initialised with a height
and velocity, such as Fritz, Hager, and Minor, 2003b). In addition, the landslide liter-
ature only generally considers large slope angles (> 30∘). These limitations provide
opportunity for further research, particularly in the context of numerical experiments,
where such parameters are easier to control. This has been achieved in Rauter et al.
(2021), where the authors presented a novel approach to modelling laboratory ex-
periments using the OpenFOAM numerical flow solver, which allowed the impact
conditions to be carefully controlled. The work was, however, focused more specifi-
cally on broader scaling relations, and did not explore the role of slope angle in detail.

There is also a wealth of literature which considers the numerical modelling of
waves generated by granular-slides. First, numerical models of laboratory experi-
ments were considered. For these smaller scales, numerical studies typically use
equations and solvers which capture the depth-varying velocity field and complex
free surface motions. Again, these studies highlight the complexity of momentum
transfer, and how different impact conditions lead to different generation regimes,
scaling relations and wave types (e.g., Mulligan, Take, and Bullard, 2019; Rauter et
al., 2021). The influence of numerical model choice (including the choice of turbu-
lence model) was considered by Rauter et al. (2021), and shown to have a complex
effect on wave amplitude. For example, a depth-averaged model (which used a com-
bination of the Saint Venant and Boussinesq equations) yielded different results to the
3D Navier-Stokes (OpenFOAM) model. This was not explored in detail and remains
an opportunity for further research. Esposti-Ongaro et al. (2021) and Mulligan, Take,
and Bullard (2019), also highlighted the importance of capturing non-hydrostatic ef-
fects alongside a multilayer approach in landslide wave generation models, demon-
strating that the resulting wave amplitudes may differ significantly depending on the
methods used.

Literature surrounding numerical modelling of PDC-generated tsunamis is more
limited. From a numerical modelling perspective, studies are generally larger scale
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and model highly simplified scenarios of historical PDC-tsunamis. Non-hydrostatic,
or hydrostatic, multilayer models (which consider depth-varying velocity within the
pyroclastic flow and water) have not yet been applied, at the time of writing this re-
view, to tsunami generation by PDCs. These advances are likely to be an important
step in advancing the present modelling capabilities. In the larger scale studies, mod-
els usually utilise depth-averaged approaches, which solve the Saint Venant equations
with dispersive source terms. Generally, for the tsunami generation, an initial surface
displacement is initialised using empirically derived formulae (e.g., Nomanbhoy and
Satake, 1995; Novikova, Papadopoulos, and McCoy, 2011), or the wave generation
process is modelled using a two-layer approach (for the PDC and the water, e.g.,
Maeno and Imamura, 2011; Nomikou et al., 2016). While depth-averaged assump-
tions may be applicable for the propagation stage of a tsunami, and for some cases,
the generation stage (i.e. submarine landslides, earthquakes), they do not capture
important features of wave generation such as a highly rotational and depth-varying
velocity field and complex water surfaces (e.g. wave breaking), which are likely to
be particularly apparent for PDC generated waves. The extent to which these com-
plexities influence far-field tsunami wave characteristics is poorly understood.

In summary, the understanding of tsunami generation mechanisms by PDC is still
in its infancy, due to the complexities and practicalities associated with the modelling
of such phenomena (both out of the water and upon/after interaction) and the limited
access to field data. Tsunamis generated by landslides are far better understood in
comparison to PDCs due to the wealth of laboratory experiments and associated nu-
merical literature. Recent research from this field indicates that more complexity
in numerical models (e.g. non-hydrostatic effects) is needed to accurately predict
wave characteristics. Research from the landslide literature also suggests that scal-
ing relations, which predict wave amplitude from slide parameters at impact, may
be highly dependent on the interaction dynamics, initial configuration and impact
regime. These conclusions are likely to be consistent for PDC generated tsunamis,
but further research is needed to support this.

3.6 Aims of present study

Based on the knowledge gaps and potential opportunities identified within this exten-
sive review of the literature, this study aims to undertake numerical simulations to
investigate the detailed mechanisms by which PDCs generate tsunamis, and the key
controls on the generated wave properties. Specifically, the following objectives are
defined:

1. Numerically model the recent laboratory experiments of Bougouin, Paris, and
Roche (2020) of tsunamis generated by a fluidised granular flow, using the
adaptive, multiphase flow solver ‘Basilisk’.
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2. Develop a numerical model which allows accurate reproduction of the labora-
tory experiments, both quantitatively and qualitatively.

3. Assess the validity of a Newtonian fluid approximation for a fluidised granular-
flow in the context of wave generation.

4. Understandwhat features of the interaction/wave generation the numericalmodel
is able to capture, and how this is affected by themodel parameters (e.g., bound-
ary condition) or dimensionality.

5. Explore a range of density and slope angle configurations and compare to phys-
ical results.

6. Deepen the understanding of the effect of slope angle on energy transfer from
the fluidised granular-flow flow to the water, by using a numerical setup which
enables the impact Froude number to be varied independently from slope angle.



4
NUMER I CAL METHODOLOGY

4.1 Navier Stokes equations of fluid flow

The Navier Stokes equations describe the motion of Newtonian fluids, and are ex-
pressed based on the principles of conservation of mass and conservation of momen-
tum. In incompressible form, the equations can be expressed as follows:

𝜌 (𝜕𝑢
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with the continuity equation for incompressible flow:

𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 + 𝜕𝑤
𝜕𝑧 = 0 (4.4)

where 𝑢, 𝑣 and 𝑤 are the velocity components, 𝑡 is time, 𝜌 is density, 𝑝 is pressure,
𝜇 dynamic viscosity and 𝑔 gravitational acceleration. Only the most simple situa-
tions have analytical solutions, meaning that hydrodynamic problems are generally
solved numerically. The numerical solution of the incompressible, three-dimensional
Navier-Stokes equations demands a high computational cost however, particularly in
the context of problems with large spatial and temporal scales (e.g. coastal engineer-
ing problems). The Navier Stokes equations are often therefore simplified, using
assumptions about the regime of interest (e.g. depth-averaged approximations can be
made if horizontal scales are significant compared with the vertical).

The following chapter provides an overview of Basilisk, an open-source CFD
framework used for the solution of partial differential equations on adaptive Carte-
sian meshes (Popinet and collaborators, 2013–2020). We then introduce some of
adjustments/simplifications to the Navier Stokes equations which can be made, and
overview the associated Basilisk solvers used in the present thesis.

48
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4.2 Basilisk: an adaptive partial differential equation solver

The numerical experiments in this thesis are performed with the adaptive partial-
differential-equation solver ‘Basilisk’, developed as the successor to Gerris by the
same authors (Popinet, 2003a, 2015; Popinet, 2009). Basilisk offers a wide range of
functionalities and solvers for fluid flow. The details of the solvers used in the present
thesis (and the associated equations) are outlined in more detail in the following sub-
sections.

Basilisk is based on an adaptive quad-tree (octree in three dimensions) mesh, also
known as AMR or Adaptive Mesh Refinement, thus allowing neighbouring cells to
vary by one level, where the resolution between the refinement levels differs by a
factor of two. This facilitates local refinement and coarsening, while maintaining
a grid-based system where ‘ghost cells’ allow the definition of numerical methods
according to their neighbors. Problems with a high degree of localisation in space
and time (such as gravity currents) are well suited to AMR, which is particularly use-
ful for improving accuracy at desired locations. A reduced number of cells means a
smaller time and computational cost, which is advantageous for the user, especially
when running large simulations and/or parameter studies. Not only do adaptive nu-
merical methods reduce computational time, but they allow a greater flexibility and
can be used to create variable resolution meshes where, for example, static coastal
details are represented in high resolution while the deep ocean uses a much coarser
mesh (Popinet, 2011).

There are a number of solvers within Basilisk, which can be used depending on
the nature of the problem being considered. Here, we introduce some of the key
equations, and the details of Basilisk’s associated solvers.

4.2.1 Non-dispersive solvers

Large-scale water waves, such as waves at the surface of the ocean, are accurately
described by the inviscid, incompressible Euler equations (a simplification of the
Navier-Stokes equations, which considers inviscid flow)with a free-surface boundary
condition. Unfortunately these equations are mathematically and numerically diffi-
cult to solve (Popinet, 2015). In many geophysical situations the vertical scale may be
far smaller than the horizontal length scale (e.g. earthquake-generated tsunami prop-
agation, where the wave amplitudes and water depths are negligible in comparison to
the length of ocean basins). If this is the case, the Euler/Navier-Stokes equations can
be simplified through depth integration. The resulting ‘Saint-Venant’ equations can
be written in integral form as the hyperbolic system of conservation laws:

𝜕𝑡 ∫
Ω
q𝜕Ω = ∫

𝜕Ω
f(q).n𝑑𝜕Ω − ∫

Ω
ℎ𝑔 𝑧𝑏 (4.5)
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where Ω is a given subset of space, 𝜕Ω its boundary and n the unit normal vector on
this boundary. For conservation of mass andmomentum in the shallow-water context,
Ω is a subset of bidimensional space and q and f are written:

q =
⎛⎜⎜⎜
⎝

ℎ
ℎ𝑢
ℎ𝑣

⎞⎟⎟⎟
⎠

, f(q) =
⎛⎜⎜⎜⎜
⎝

ℎ𝑢 ℎ𝑣
ℎ𝑢2 + 1

2𝑔ℎ2 ℎ𝑢𝑣
ℎ𝑢𝑣 ℎ𝑣2 + 1

2𝑔ℎ2

⎞⎟⎟⎟⎟
⎠

(4.6)

where 𝑢 and 𝑣 are the 𝑥 and 𝑦 velocity components, ℎ the water depth and 𝑧𝑏 the
height of the topography. These equations are also known as the non-linear shallow
water wave equations.

Saint-Venant

The well-balanced, positivity-preserving scheme of Audusse (2005) for the solution
of the Saint-Venant equations (with wetting and drying) constitutes the basis for the
implementation of a quadtree-adaptive Saint-Venant solver, whichwas initially imple-
mented in Gerris (Popinet, 2003a; Popinet, 2011) and follows through into Basilisk.
The solver has been generalised to an adaptive quadtree discretisation and general
orthogonal coordinates. This solver can be extended to multiple layers, by incor-
porating relative vertical transport velocity and viscous friction between layers (see
Section 4.2.2).

An example of where the Saint-Venant solver has been applied in Basilisk is the
Popinet (2011) model of the 2004 Indian Ocean tsunami (caused by a large-scale fault
rupture at the Indian Australian and Eurasian Andaman plate boundaries) using the
fault model of Grilli and Watts (2002) as initial conditions for a Saint-Venant solu-
tion of the subsequent tsunami. Adaptivity means Basilisk is able to track the tsunami
front as it crosses the ocean, in turn refining and coarsening the cells as needed.

Basilisk can also be used to study the propagation of tsunami waves generated
by submarine landslides, such as is achieved in the study carried out by Lane et al.
(2016). The Volume of Fluid method for modelling the interface between two-phase
flows is used alongside a Navier Stokes solver (see Section 4.2.3) to carry out land-
slide modelling, and the subsequent tsunami propagation modelling is then carried
out using Basilisk’s Saint-Venant solver.

4.2.2 Weakly dispersive solvers

Serre-Green Naghdi

The Serre-Green Naghdi equations (also known as the fully non-linear Boussinesq
equations) can be seen as an extension of the Saint-Venant equations, through the
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addition of a momentum source term accounting for situations where waves are non-
linear and weakly dispersive. The Serre-Green Naghdi equations take the vertical
profile into account analytically, and can be seen as an extension of the Saint-Venant
equations to the next order O(𝜇2), in terms of the shallowness parameter:

𝜇 =
ℎ2

0
𝐿2 (4.7)

where ℎ0 is the constant water depth and 𝐿 represents a horizontal length scale. The
context and numerical scheme implemented is given in Popinet (2015). The solver is
built by adding a source term to the momentum equation of the Saint-Venant solver:

𝜕𝑡(ℎ𝑢) + ... = ℎ( 𝑔
𝛼𝑑

𝜂 − 𝐷) (4.8)

where D verifies:
𝛼𝑑ℎ𝜏(𝐷) + ℎ𝐷 = 𝑏 (4.9)

and
𝑏 = [ 𝑔

𝛼𝑑
𝜂 + 𝑄1(𝑢)] (4.10)

with 𝜏 and𝑄1(𝑢) representing linear operators (Bonneton et al., 2011). Here, 𝜂 refers
to the shallowness parameter. Basilisk’s Serre-Green Naghdi solver is useful in cases
where dispersive effects must be taken into account. This is particularly relevant
to volcanic tsunamis, where shorter wavelengths and higher amplitudes mean that
their far-field propagation is particularly limited by dispersion (Paris, 2015; Tinti,
Bortolucci, and Chiavettieri, 2001).

Multilayer, hydrostatic version of Saint-Venant

Another means of accounting for a variable vertical profile is explicitly, through the
inclusion of multiple layers. The multilayer hydrostatic solver is now preferred in
Basilisk, over both Green Naghdi and Saint-Venant solvers, for many applications,
and can be referred to as the “stacked shallow water equations”. The theoretical basis
and main algorithms for this solver are described in more detail in Popinet (2020).
The hydrostatic multilayer model in Basilisk considers 𝑛 layers of an incompressible
fluid, and the properties of each layer are functions of time and two-dimensional space
only. The fluid is bound vertically by a fixed bottom and a free surface (see Figure
4). This leads to the applicability of a semi-discrete (i.e. horizontally continuous,
two-dimensional, and vertically discrete) approximation of the incompressible Euler
equations, with a free-surface and gravity. The hydrostatic, multilayer Saint-Venant
system can be represented as the set of equations:

𝜕𝑡ℎ𝑘 + ∇ ⋅ (ℎu)𝑘 = 0 (4.11)
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Figure 4: Depiction of a system of 𝑛 layers of incompressible
fluid, used in Basilisk’s multilayer solver (both hydrostatic and non-

hydrostatic).

𝜕𝑡 (ℎu)𝑘 + ∇ ⋅ (ℎuu)𝑘 = −𝑔ℎ𝑘∇(𝜂) (4.12)

where in the 𝑥 − 𝑧 reference frame, 𝑘 is the layer index, u𝑘 is the horizontal velocity
component, ℎ𝑘 the layer thickness, 𝑔 is the acceleration of gravity, 𝜂 the free-surface
height (sum of layer thicknesses and bathymetry height 𝑧𝑏) and

𝑧𝑘+1/2 ≡ 𝑧𝑏 +
𝑘

∑
𝑙=0

ℎ𝑙, (4.13)

the height of the interfaces. Equation 4.11 expresses the evolution of layer thicknesses
and equation 4.12 accounts for conservation of momentum. If only one layer is con-
sidered, this set of equations collapses to the single-layer Saint-Venant system. The
multilayer representation allows us capture mass exchanges between the neighboring
layers (where the unknowns are a total height of water and an average velocity per
layer).

The Basilisk framework incorporates a hierarchy of modules, which can be com-
bined to solve an increasingly complex range of equations describing the motion of
layers of incompressible fluids. For example, a Coriolis extension adds the (horizon-
tal) Coriolis acceleration, and a semi-implicit scheme for the evolution of the free-
surface elevation of the multilayer solver can be introduced. A Boussinesq-buoyancy
variation can also be incorporated, to model small changes in density. In this case,
the terms:

− ∇(ℎ𝑞)𝑘 + [𝑞∇𝑧]𝑘 (4.14)

are added to equation 4.12 and account for the hydrostatic pressure deviation due
to small density variations 𝑞(𝑧) and the associated advection of a scalar 𝑇. This is
described by the following equations:
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𝜕𝑡 (ℎ𝑇)𝑘 + ∇ ⋅ (ℎu𝑇)𝑘 = 0 (4.15)

𝑞(𝑧) = ∫
𝑧

0
𝑔Δ𝜌(𝑇)𝑑𝑧 (4.16)

4.2.3 Navier-Stokes solvers

Multilayer incompressible Euler/Navier-Stokes equations with a free-surface

The non-hydrostatic multilayer solver in Basilisk is an extension to the hydrostatic
multilayer solver presented in Section 4.2.2, with the addition of a 𝑤𝑘 the vertical ve-
locity component and𝜙𝑘 the non-hydrostatic pressure. This leads to additional source
terms in additional source terms in equation 4.18, the introduction of another momen-
tum equation (equation 4.19) and equation 4.20, which expresses the conservation of
volume/mass:

𝜕𝑡ℎ𝑘 + ∇ ⋅ (ℎu)𝑘 = 0 (4.17)

𝜕𝑡 (ℎu)𝑘 + ∇ ⋅ (ℎuu)𝑘 = −𝑔ℎ𝑘∇(𝜂)−∇(ℎ𝜙)𝑘 + [𝜙∇𝑧]𝑘 (4.18)

𝜕𝑡(ℎ𝑤)𝑘 + ∇ ⋅ (ℎ𝑤u)𝑘 = −[𝜙]𝑘 (4.19)

∇ ⋅ (ℎu)𝑘 + [𝑤 − u ⋅ ∇𝑧]𝑘 (4.20)

Similar to the hydrostatic multilayer solver, modules can be added to incorporate
effects such as Coriolis acceleration, or Boussinesq buoyancy variation. Basilisk’s
non-hydrostatic multilayer solver developed by Popinet (2020) provides accurate so-
lutions right up to the point of wave breaking, which allows a deeper exploration of
wave breaking parameterisations than what is possible with Boussinesq-style models.
This discretisation of the Euler equations, expressed as a set of conservation equations
for each layer, makes a seamless link between the hydrostatic Saint-Venant equations,
dispersive Boussinesq style models and the incompressible Euler/Navier Stokes equa-
tions. This allows the model to perform at a wide range of scales, from metre-scale
breaking waves, to coastal or global scale dispersive waves (Popinet, 2020).

Two Phase Flow

Although computationally more expensive than multi-layer models, solving the full
Navier-Stokes equations enables us to explore situations where the fluid dynamics are
highly complex and may involve steep velocity gradients or highly three-dimensional
flow. For these types of problems, Basilisk’s incompressible Navier Stokes solver
can be utilised, alongside the generic time loop, a Courant Friedrichs Lewy - limited
timestep, the Bell-Collela-Glaz advection scheme and the implicit viscosity solver.
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The details of this scheme are covered extensively in Popinet (2003b), Popinet (2009)
and Lagrée, Staron, and Popinet (2011).

In many situations, and particularly in the context of this thesis, it is necessary
to model more than one fluid, and the immiscible interface/interfaces between them
(i.e., in wave breaking scenarios). These types of problems can be solved using a
conservative, non-diffusive geometric Volume of Fluid approach (Scardovelli and Za-
leski, 1999), alongside a Navier-Stokes solver. This is a robust and mass-conserving
method of inter-facial tracking, which is particularly important given mass conserva-
tion is the physical basis for the Navier Stokes equations. Originally developed by
Hirt and Nichols (1981), Volume of Fluid (VoF) is a Eulerian method interface track-
ing method which fulfills the conservation of mass/volume.

In VoF methods, 𝐻 is a marker/phase indicator function which has a value of 1
when a cell is full of fluid 1 (the phase being ‘tracked’), and 0 when full of fluid 2.
When the cell contains an interface between the tracked and non-tracked volumes ,
0 < 𝐻 < 1. The material derivative of 𝐻 is therefore zero:

𝐷𝐻
𝐷𝑡 = 𝜕𝐻

𝜕𝑡 + 𝑢 ⋅ ∇𝐻 = 0 (4.21)

The volume fraction is the spatial average of the phase indicator values in each com-
putational cell:

𝑓 = 1
𝑉 ∫

𝑉
𝐻(𝑥)𝑑𝑉 (4.22)

where𝑉 is the computational cell volume and 𝑓 refers to the volume fraction of fluid 1
in that cell. In geometric VoF methods, an approximation to the interface (i.e., where
H changes value) is reconstructed geometrically from the volume fraction (e.g., by
a plane) (Nadim, 2015). In Basilisk, computing the interface normal is achieved us-
ing the Mixed Young’s Centered Method (MYC) (Popinet, 2011). The reconstructed
interface is then advected by computing the volume across each computational cell
using geometric methods.

The Volume of Fluid method is coupled to the momentum equation through the
computation of local density, viscosity and surface tension forces. When considering
two-phase interfacial flow, the density 𝜌 of a cell at a time 𝑡, can be defined in terms
of the densities 𝜌𝑖 of fluids 𝑖 = 1, 2 by the following equation:

𝜌(𝑓 ) = (𝑐𝑙𝑎𝑚𝑝(𝑓 , 0., 1.) ∗ (𝜌1 − 𝜌2) + 𝜌2) (4.23)

where “clamp” ensures a value remains between an upper and lower bound (0 and 1).
The same method is used to define the cell viscosity 𝜇.
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Water:
f = 1, c = 0

Air:
f = 0, c = 0

Geometric, non-diffusive VoF interface

Diffusive interface

Grains:
f = 1, c = 1

Figure 5: Schematic demonstrating the alternative implementation of
three-phase flow, with 𝑐 a ‘granular-fluid tracer’ confined to one side

of the Volume of Fluid interface.

Basilisk also provides the option to transport diffusive tracers (aka “VOF con-
centrations”), associated with the volume fraction fields) confined to one side of the
interface. Here, the following equations are solved:

𝜕𝑡𝑡𝑖,𝑗 + ∇ ⋅ (u𝑐𝑡𝑖,𝑗) = 0 (4.24)

with 𝑡𝑖,𝑗 = 𝑓𝑖𝑡𝑗 (or 𝑡𝑖,𝑗 = (1 − 𝑓𝑖)𝑐𝑗) and 𝑐𝑗 is a volumetric tracer concentration.

Three phase flow

For modelling waves generated by a granular slide, three phases must be considered
(slide, air and water), if solving the Navier Stokes equations for multi-phase flow.
VoF in two phase flow can be modified to accommodate more phases.

Immiscible phases: An example of three phase flow being implemented in Basilisk
is demonstrated by Joubert (2019). This methodology explicitly adds a third phase
to the two-phase Navier Stokes solver, leading to three separate, immiscible phases.
The interface between the fluids is tracked with a VoF method, where the volume
fraction in fluid 1 is represented by 𝑓𝑖 = 1 in fluid 𝑖 = 1, 2, 3, where these values
are constrained by ∑𝑖 𝑓𝑖 = 1. The densities and dynamic viscosities for fluid 1,2
and 3 are 𝜌1, 𝜇1, 𝜌2, 𝜇2 and 𝜌3, 𝜇3 respectively. The local definitions of 𝜇 and 𝜌
are adapted accordingly. Joubert (2019) also adapts momentum-conserving VoF ad-
vection of the velocity components for the Navier–Stokes using a three-phase flow
formulation. This methodology is particularly useful for situations whereby fluids
are highly immiscible (such as air/water/oil configurations), or there is significant
surface tension between the separate phases.

Partly-miscible three-phase flow implementation: For a fluidised granular flow
entering water (the focus of this thesis) the granular flow and the water are able to
mix with one another, but not with the air. For this reason we consider an alternate
approach where the granular-flow (referred to as a granular-fluid) and water are able
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to mix and diffuse with each other, but are both separated from the air by a sharp,
non-diffusive VoF interface.

The Navier-Stokes equations and the Volume of Fluid advection equations are
therefore solved, with an additional diffusion-advection equation considered:

𝜕𝑡𝑐 + u ⋅ ∇𝑐 = 𝐷∇2𝑐 (4.25)

with𝐷 representing the diffusion coefficient and 𝑐 representing a tracer for the granular-
fluid. 𝑓 is the volume fraction tracer in our VoF approach that delineates between air
(𝑓 = 0) and the variable density fluid (𝑓 = 1). The density of the water/granular-
fluid mixture can vary continuously between 𝜌𝑤𝑎𝑡𝑒𝑟 (where 𝑐 = 0) and 𝜌𝑔𝑟𝑎𝑖𝑛𝑠 (where
𝑐 = 1). This is depicted in Figure 5. The same applies to the viscosity. The overall
density 𝜌 and the viscosity 𝜇 are therefore written as functions of 𝑐 and 𝑓 , i.e. 𝜌(𝑓 , 𝑐):

𝜌(𝑓 , 𝑐) = (𝑐𝑙𝑎𝑚𝑝(𝑓 , 0., 1.) ∗ (𝑐𝑙𝑎𝑚𝑝(𝑐, 0., 1.) ∗ (𝜌3 − 𝜌1) + 𝜌1 − 𝜌2) + 𝜌2) (4.26)

and 𝜇(𝑓 , 𝑐) is derived from 𝜇1, 𝜇2 and 𝜇3 in the same manner.

In the context of our numerical experiments, the diffusion term in Equation 5.6
expresses the diffusion of the granular fluid in water. In practice we set the diffusion
coefficient 𝐷 to zero (although varying the coefficient 𝐷 could be explored) but use
a standard, diffusive numerical scheme (in contrast with the non-diffusive, geometric
VoF scheme). The effective diffusion of the granular fluid in water is thus controlled
by the properties of the numerical scheme and the spatial resolution.

In addition to this setup implementation, it was necessary to develop themomentum-
conserving VoF advection of the velocity components for the two-phase Navier–
Stokes solver, for variable density on the ‘water’ side of the VoF interface. The code
providing details of this implementation can be found in in the Basilisk Sandbox (see
Appendix B). This involved adjusting the momentum components to take into ac-
count the density tracer 𝑐. Using this VoF approach to model three phase flow holds
a lot of potential for the numerical modelling of PDC generated tsunamis. It allows
us to explore the effects of density stratification more easily, by enabling the addition
of a third phase which could model (for example) the dense underflow component.

While this chapter has introduced the overall modelling approaches used within
this thesis, the implementation for the specific problem(s) of interest is included in
the methodology sections of the next three chapters.
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NUMER I CAL S IMULAT IONS OF A FLU ID I S ED GRANULAR
FLOW ENTRY INTO WATER : I N S I GHT S I NTO MODELL ING
T SUNAM I GENERAT ION BY PYROCLAST I C DENS I TY
CURRENTS

The following chapter consists of the accepted manuscript published in the Journal
of Geophysical Research, Solid Earth on the 6th November 2021 (Battershill et al.,
2021), reused with permission from John Wiley and Sons.

Abstract

The tsunami generation potential of pyroclastic density currents (PDCs) entering the
sea is poorly understood, due to limited data and observations. Thus far, tsunami gen-
eration by PDCs has been modelled in a similar manner to tsunami generation associ-
ated with landslides or debris flows, using two-layer depth-averaged approaches. Us-
ing the adaptive partial differential equation solver Basilisk and benchmarking with
published laboratory experiments, this work explores some of the important parame-
ters not yet accounted for in numerical models of PDC-generated tsunamis. We use
assumptions derived from experimental literature to approximate the granular, basal
flow component of a PDC as a dense Newtonian fluid flowing down an inclined plane.
This modelling provides insight into how the boundary condition of the slope and the
viscosity of the dense granular-fluid influence the characteristics of the waves gener-
ated. It is shown that the boundary condition of the slope has a first-order impact on
the interaction dynamics between the fluidised granular flow and water, as well as
the energy transfer from the flow to the generated wave. The experimental physics
is captured well in the numerical model, which confirms the underlying assumption
of Newtonian fluid-like behaviour in the context of wave generation. The results
from this study suggest the importance of considering vertical density and velocity
stratification in wave generation models. Furthermore, we demonstrate that granular-
fluids more dense than water are capable of shearing the water surface and generating
significant amplitude waves, despite vigorous overturning.

Plain Language Summary

When a volcano erupts, it ejects large quantities of volcanic rock, gas, ash and debris.
These ejected materials can flow very rapidly down the side slopes of the volcano-
these flows are called pyroclastic density currents (PDCs). When PDCs enter the sea,
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they displace water and can generate tsunami waves with enormous destructive po-
tential. One method of understanding this potential is by mathematically modelling
the flow and its interactions with water, and confirming these model results against
laboratory data. The present study compares numerical model results with published
laboratory experiments of PDC generated tsunamis, to understand how our assump-
tions about the flow and its motion along the boundary can affect the amount of en-
ergy transferred to the generated waves. We approximate a PDC generated tsunami
as a dense, viscous fluid moving down a slope into water. The amount of friction on
the slope and the properties of the dense fluid lead to different interaction dynamics
between the PDC and the water. The interaction dynamics lead to a wide range of
wave breaking behaviours. Our results show the importance of the boundary con-
ditions and fluid properties in correctly capturing experimental observations and in
predicting how PDCs generate tsunamis.

5.1 Introduction

5.1.1 Volcanic tsunamis

Around 80% of tsunamis are triggered by underwater earthquakes which cause a sud-
den and rapid displacement of the water surface. Due to the wavelengths associated
with the large horizontal scale of the fault rupture (tens to hundreds of kilometres), this
displacement results in long period waves capable of propagating across ocean basins
(Center, 2006). Tsunamis can also be generated through sub-aerial and submarine
landslides, meteorite impacts and volcanic eruptions. Volcanic eruptions themselves
can generate waves through a number of mechanisms, including volcano-tectonic
earthquakes, slope instabilities, pyroclastic density currents (PDCs), underwater ex-
plosions, shock waves and caldera collapse (Paris, 2015). There have been a number
of geologically recent examples of such events. In 1996, the subaquatic explosive
eruption near the northern shore of Karymskoye Lake in Kamchatka, Russia, gen-
erated multiple tsunamis (Belousov and Belousova, 2000). Locally to the source
(𝑟 < 1.3 𝑘𝑚), wave heights reached up to 30 𝑚 but were rapidly attenuated, leading
to average runup heights of 2-3 𝑚 at locations 3 𝑘𝑚 from the source. Tsunamis gen-
erated by PDCs entering the sea were observed during the Montserrat 1997 and 2003
eruptions, with maximum run-up heights of 4 𝑚 in Montserrat (Narcisse et al., 2004),
as well as the Rabaul 1994 eruption, where run-up heights reached 8 𝑚 in Rabaul
Bay (Nishimura et al., 2000). The eruption of Krakatau volcano in 1883 triggered
a tsunami that generated localised runup as high as 45 𝑚 and killed 36,000 people,
understood to be as a result of voluminous PDCs entering the sea (Carey et al., 1996;
Egorov, 2007; Maeno and Imamura, 2011).

Globally, around 20% of deaths associated with erupting volcanoes are a result of
tsunamis generated directly by the eruption (Center, 2006). Despite the fact that over
half of these deaths are thought to be a result of pyroclastic density currents (PDCs)
entering the sea, the tsunami generation potential of PDCs is still poorly understood.
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Not only are there limited observations, but experimental as well as theoretical stud-
ies are rare, due to the complexities involved in the modelling and observations of
such phenomena (Paris, 2015).

Both the potential impact and the probability of occurrence of these mechanisms
are often not included in tsunami hazard assessments, which are most often primar-
ily focused on earthquake generated tsunamis. Coastal communities living close to
active volcanoes may be unprepared for the possibility of tsunamis generated by vol-
canic eruptions (Paris, 2015). In 2002 a tsunami generated from lava and flank slid-
ing at Stromboli volcano produced up to 10 𝑚 local runup and damage to buildings,
but tourist facilities were seasonally unoccupied (Bonaccorso et al., 2003; Fornaciai,
Favalli, and Nannipieri, 2019). In July and August 2019, a sequence of pyroclastic
density currents at Stromboli entered the sea, generating wave heights of up to 1 𝑚
near the entrance point (Giordano and De Astis, 2021; Giudicepietro et al., 2020).
Stromboli is only one of several coastal volcanoes that threaten the southern Tyrrhe-
nian Sea. Another recent volcanic event which affected coastal communities was the
December 2018 flank collapse of Anak Kraktau, Indonesia, which generated tsunami
waves and killed over 400 people.

5.1.2 Pyroclastic density currents

PDCs are density currents made up of volcanic gas and particles. They are capa-
ble of transporting micrometre size ash particles to clasts larger than 1 𝑚 and can
vary in temperatures from a few tens of ∘C up to 800∘C (Sulpizio et al., 2014). Cur-
rents of interest in this study are ground-hugging, move at speeds of up to 100 𝑚/𝑠
down-slope away from their source (Freundt, 2003; Legros and Druitt, 2000b) and
generally exhibit runout lengths of 101 𝑘𝑚 or less. PDCs are among the most haz-
ardous volcanic phenomena on Earth (Dufek, 2016; Lube et al., 2020). They form
when hot mixtures of fragmented volcanic ash, rock and gas remain or become neg-
atively buoyant with respect to the surrounding air, forming a particle-driven gravity
current. PDCs originate by collapse of eruption columns (e.g. Sparks, Wilson, and
Hulme, 1978), by breakup and collapse of effusing domes above volcanic slopes
(e.g. Ui et al., 1999), from inclined or laterally directed eruptive jets (e.g. Belousov,
Voight, and Belousova, 2007) or from sustained pyroclastic fountaining (e.g. Báez
et al., 2020). How PDCs form affects concentration, rheology and steadiness. For
the present analysis of PDC-generated tsunamis, we focus on the currents typically
generated on cone volcanoes, which commonly flow downslope and cross the shore-
line (Edmonds and Herd, 2005; Mattioli et al., 2007). PDCs are often subdivided
according to their flow density (particle concentration). Lithofacies of PDC deposits
reflect which type of flow emplaced them, and record transformations from one flow
type to another (Dufek, Esposti-Ongaro, and Roche, 2015; Fisher, 1979; Lube et al.,
2020):
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Figure 6: Diagram depicting the two key end-members of PDC: (a)
a dilute PDC and (b) a concentrated PDC. The present study focuses
on the concentrated end-member and ignores any momentum contri-

bution from the dilute component.

• Dilute PDCs (pyroclastic surges), in which most of the mass and momentum
are transported by a dilute, fully turbulent current, whose interaction with the
substrate feeds a relatively thin bedload in which particles are transported by
traction (e.g. Andrews and Manga, 2012; Dellino et al., 2019; Fauria, Manga,
and Chamberlain, 2016)

• Concentrated PDCs (pyroclastic flows), comprising a gas-pore-pressure-modified
granular flow (Wilson, 1980) overlain by a dilute cloud.

Figure 6 illustrates these two end members. Currents vary in velocity and temper-
ature, and there are transitional regimes between these two end members, as well as
down-flow transformations from one to another. The boundary between dilute-upper
and concentrated-lower parts of a PDCmay be diffuse, or may have a relatively sharp
interface, i.e. a steep density gradient (Branney and Kokelaar, 2005).

There are no direct observations of PDC interiors from the field, due to the hos-
tile nature of the currents, the unpredictability of eruptive events and the dynamics of
the events themselves (Baxter et al., 2005; Cas and Wright, 1991; Legros and Druitt,
2000b). Experimental study of PDCs using particles and gas encompasses laboratory-
scale studies of concentrated granular currents (Delannay et al., 2017; Roche et al.,
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2002; Smith et al., 2020) and dilute ones (Andrews, 2019; Andrews and Manga,
2012), large-scale studies of hopper-fed confined currents (Lube et al., 2015; Lube
et al., 2020, 2019) and of unconfined currents generated from experimental eruptions
(Dellino et al., 2020, 2007). Of particular interest to our study, Freundt (2003) exper-
imentally produce small, hot, pyroclastic flows that enter and interact with water.

The high mobility and near-frictionless behaviour of PDCs observed both in the
field and experimentally is an important characteristic of these currents, but under-
standing the source of this phenomenology is an ongoing area of research. While
Lube et al. (2019) demonstrate the presence of an air-lubrication layer generated by
an internal shear mechanism, other studies show that differential motion between
particles and gas in the impact zone of a collapsing pyroclastic fountain can increase
the pore fluid pressure within the PDC (Fries, Roche, and Carazzo, 2021; Roche et
al., 2010; Valentine, 2020; Wilson, 1980), which is then advected downstream by
the flow, thus lowering the basal friction. Roche et al. (2008) show experimentally
that pore-fluid pressure leads to Newtonian fluid-like behaviour of fluidised granular
flows. They conclude that efficient gas-particle interactions in dense, ash-rich pyro-
clastic flows may promote a water-like behaviour during most of their propagation.
The presence of pore-fluid pressure and the low-apparent basal friction coefficient of
these currents are important considerations in the present study, when approximating
the concentrated, basal component of a PDC.

The following section focuses on the ability of PDCs to generate tsunamis and out-
lines previous work on the subject including field studies and theoretical modelling,
as well as numerical and experimental works.

5.1.3 Pyroclastic density current generated tsunamis: current understanding and
previous works

Stratigraphic reconstruction, mapping of PDCdeposits and observations of past events
all suggest that in the past these currents have initiated tsunamis (e.g. Maeno and
Imamura, 2011; Nishimura et al., 2000; Nomikou et al., 2016; Sulpizio et al., 2014;
Waythomas andWatts, 2003). Geological investigation of sub-aqueous PDC deposits
has concluded that when PDCs enter water they are generally disrupted explosively
and/or ingest water and transform into water-supported mass-flows (e.g. Carey et al.,
1996; Cas and Wright, 1991; Jutzeler et al., 2017).

Theoretical studies also assume that PDCs are capable of passing into, over or un-
der the water. Watts (2003) argues theoretically that the most energetic and coherent
water waves are produced by the impact of the dense, basal, granular flow compo-
nent of the PDC with water, assuming that the violent dynamics of the splash zone
or vertical ejection of debris at interaction have negligible effects on wave genera-
tion. Other phenomena such as steam explosions, flow pressure, shear, and pressure
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impulse were considered, but the authors conclude that these mechanisms would gen-
erate smaller waves. Previous numerical works (e.g. Maeno and Imamura, 2011;
Nomikou et al., 2016), including the present study, accept this hypothesis and only
consider the dense, basal component.

Laboratory experiments allow physical processes to be investigated in a con-
trolled and (relatively) repeatable environment. This is particularly useful in the case
of PDCmodelling, where access to field data is limited. Furthermore, key parameters
for numerical modelling must first be obtained from laboratory experiments.

Earlier experimental studies of tsunami generation by granular flows focus on ini-
tial parameters such as geometry and mass of an analog landslide (e.g. Fritz, Hager,
and Minor, 2004; Heller, 2009; Mohammed and Fritz, 2012). The work of Fritz,
Hager, and Minor (2004) explores landslide generated impulse waves and the associ-
ated generation of hydrodynamic impact craters. It identifies three different regimes
associated with the interaction zone and shows that the amount (and rate) of water
displacement is governed by the slide Froude number prior to impact (see Equation
5.2), the relative slide volume and the relative slide thickness (both with respect to the
water depth). In the separated slide regime identified, a hydrodynamic impact crater
forms, which is either outwards or backwards collapsing in nature.

Freundt (2003) addresses the interaction of a PDC with water, but primarily fo-
cuses on thermodynamic behaviour in the flow-water interaction zone. A series of ex-
periments was conducted, where granular flows of heated ignimbrite ash (20 - 400∘C)
and of bulk density near that of water, ran down a smooth chute and enter a water-
filled tank at an angle of 26∘. For lower temperatures, the majority of material pen-
etrated the surface and mixed with water, creating a forward-directed ash fountain,
a turbulent mixing zone and a water-supported mass flow. As the temperature was
increased, most of the flow was redirected across the surface of the water, mixed with
the water and generated steam explosions. No water-supported mass flow was gen-
erated in this latter case, but waves were generated as a result of steam explosions.
Although waves were recorded during these experiments, their characteristics were
not explored in detail.

More recent experiments on tsunami generation have pioneered research in the
impact of cool, fluidised granular flows (representing the dense basal component of
a PDC) into water and their effect on wave generation (Bougouin, Paris, and Roche,
2020). Fluidised, micro-metre (d = 65 ± 10 𝜇 𝑚) spherical glass beads are released
from a lock and propagate down a ramp (with a continuous supply of air flow to main-
tain pore fluid pressure), before interacting with water. This fluidisation is used to
replicate the high mobility/low friction behaviour and the interstitial gas pore pres-
sure of dense PDCs observed experimentally and in the field (e.g. Fries, Roche, and
Carazzo, 2021; Lube et al., 2019; Roche et al., 2010; Valentine, 2020; Wilson, 1980),
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while also helping to overcome scaling issues (Rowley et al., 2014; Smith et al., 2018).
Notable features of the mixing zone include the generation of a vertical granular jet, a
leading wave and a turbulent mixing zone, similar to that observed by Freundt (2003).
The vertical granular jet redirects a small amount of material across the surface of
the water, while the remaining flow forms a gravity current on the slope underwater.
Spilling behaviour in the breaking wave is also observed. The equivalent experiments
were conducted using dense salt water flows and yielded similar results to cases when
fluidised grains were used. The Newtonian fluid-like behaviour of fluidised granular
flows proposed by Roche et al. (2008) is one possible explanation for this. Another
reason for the similarity in results is the small particle size, which makes the granular
flow nearly impermeable on impact.

According to previous works (e.g. Fritz, Hager, and Minor, 2004; Heller, 2009;
Zweifel, Hager, and Minor, 2006), the wave amplitude associated with wave gener-
ation by granular-flows or rock-avalanches is primarily considered a function of a
number of dimensionless parameters; the Froude number at impact using the water
depth in the channel as the length scale (𝐹𝑟), the slide thickness relative to the wa-
ter depth (𝑆) and the slide mass relative to the water mass (𝑀). The recent study of
Bougouin, Paris, and Roche (2020) suggests a product impulse parameter 𝜁 for waves
generated by highly fluidised granular flows:
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⎝
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sin 𝜃 = 𝐹𝑟𝑆𝑀 sin 𝜃 (5.1)

with 𝑢𝑓 the front velocity at impact, 𝐻𝑖 the initial water depth, ℎ𝑓 the height of the
flow front 10 𝑐𝑚 from the head at impact, 𝑣 the volume per width 𝑣 = (𝐻0 − ℎ𝑟)𝐿𝑖
(where 𝐻0 is the initial column height, ℎ𝑟 is the remaining granular flow in the reser-
voir and 𝐿𝑖 is the width of the reservoir), 𝜌𝑓 the effective density of the grains and
𝜌0 the water density. The dimensionless amplitude scales as 𝐴/𝐻𝑖 = 𝑓 (𝜁), where 𝐴
is the wave amplitude in this setup 2.4 𝑚 from the shoreline. Bougouin, Paris, and
Roche (2020) demonstrate how data for fluidised granular flows and dense salt water
flows collapse onto the same curve, whereas dry granular flows show a notably lower
amplitude for the same value of 𝜁 .

Bougouin, Paris, and Roche (2020) analyze features of the leading wave in the
near-field region and it the primary conclusion is that in the case of fine-grained flu-
idised flows, the mass flux and volume of granular material are the primary parame-
ters affecting the amplitude of the resulting wave. This is analogous to the findings
from sub-aerial and submarine landslide literature, including Fritz, Hager, and Minor
(2004) and the recent study by Robbe-Saule et al. (2020), which shows that the den-
sity has a second order effect on the wave amplitude.
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Numericallymodelling the interaction of a PDCwith water and the resulting wave
generation relies upon many simplifications. This includes approximating the den-
sity stratification and flow dynamics, as well as the sub-aqueous transport of the flow
following its initial entry to the water. Previous numerical studies (e.g. Maeno and
Imamura, 2011; Nomikou et al., 2016) of PDC generated tsunamis assume the dilute
component of a PDC to be negligible in terms of its effect on wave generation and fo-
cus on the dense, basal layer. Generally, these studies use depth-averaged approaches
when considering both the PDC and the water (where vertical velocity stratification
is ignored). Three-dimensional numerical simulation can be used to capture the more
complex physical processes occurring, but has been avoided in simulations of tsunami
generation by PDC, primarily for computational efficiency when considering large
scales. Capturing these physical processes is, however, a desirable next step towards
improving our understanding of this phenomenon and improving the capabilities of
present hazard assessment models.

In the context of volcanic landslide-generated tsunamis, the numerical benchmark
study carried out by Esposti-Ongaro et al. (2021) on the 2002 eruption of Stromboli,
shows that the resulting waveform is highly sensitive to the source description. Fur-
thermore, it shows that the use of non-hydrostatic models, coupled with a multilayer
approach (where vertical velocity stratification is considered), allow for the most ac-
curate hazard estimation. This highlights the importance of exploring similar levels
of complexity in the context of PDC-generated tsunamis.

5.1.4 Context of present study

Modelling and predicting the behaviour of granular flows remains a challenging goal,
since granular flows are characterised by a large diversity of behaviours depending
on their environment and conditions (Delannay et al., 2017; MiDi, 2004). Creating
a generic continuum granular rheology is still very much an active area of research,
challenges including the identification of a relevant variable to describe the transition
from arrest to flow and the understanding of non-local effects. A PDC adds further
complexity, with basal friction effects and transient pore pressure complicating the
modelling further (Breard et al., 2020). Lube et al. (2020) also note that the vertical
velocity profile remains somewhat parabolic as well as transient. Furthermore, the
velocity at the slope boundary is not necessarily zero and there is a broad range of
velocity configurations within these currents.

The present study numerically models the interaction of a laboratory-scale dense
PDCwithwater in a flume (the experiments of Bougouin, Paris, andRoche, 2020) and
the associated waves generated using a two-dimensional numerical model, in order to
investigate the potential of our model to capture some of the more complex physical
processes occurring. This enables us to determine some of the key parameters in-
volved in capturing the important physics. The definition of a boundary condition for
the slope, in particular, is non-trivial. Our numerical study replicates the laboratory



Chapter 5. Numerical simulations of a fluidised granular flow entry into water 65

≈b/H0 ≈ 0.11, Fr 1.8

Small jet observed, gently plunging breaker
Pl
 

Jet observed, plunging breaker

≈b/H0 ≈ 0.11, Fr 2.2

-3

t /T = 4.8,  t = 0.8 s t /T = 4.8,  t = 0.8 s

t /T = 6.1,  t = 1 s t /T = 6.1,  t = 1 s

t /T = 7.3,  t = 1.2 s

t /T = 8.5,  t = 1.4 s t /T = 8.5,  t = 1.4 s

t /T = 7.3,  t = 1.2 s

Figure 7: A comparison between numerical and experimental results
(Bougouin, Paris, and Roche, 2020), at four different times 𝑡/𝑇 (where
𝑇 = 𝐻𝑖/√(𝑔𝐻𝑖). The initial column heights in the experiments are
22.5 𝑐𝑚 and 42.5 𝑐𝑚 in the left and right columns, respectively. The
numerical heights are initialised at 3 𝑐𝑚 lower, to account for the resid-
ual grains left in the reservoir. The resulting Froude numbers are 1.8
and 2.2 in the left and right columns, respectively. More details on the
setup information and outputs are discussed in methodology, Section

5.2.
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experiments of Bougouin, Paris, and Roche (2020), comparing with their experimen-
tal results and confirming that the adopted model is adequate to simulate laboratory
experiments. Bougouin, Paris, and Roche (2020) propose that the granular flow can
be approximated as a dense, single-phase Newtonian fluid from a wave generation
perspective, which is a useful assumption to make numerically when simplifying the
granular continuum rheology. Our numerical model is a useful means of testing this
assumption. The modelling is achieved by numerically solving the Navier-Stokes
equations on an adaptive grid, using the Basilisk flow solver (Popinet and collabora-
tors, 2013–2020). The granular-fluid is modelled as a Newtonian fluid, denser than
water.

The numerical simulation outputs show a strong agreement with the experimental
results. Figure 7 shows a direct comparison for different times, for two initial column
heights and resulting granular-fluid Froude numbers. The Froude number for the
granular-fluid is defined as:

𝐹𝑟 =
𝑢𝑓

√𝑔𝐻𝑖
(5.2)

where 𝑢𝑓 is the depth-averaged 𝑢𝑥 velocity over the height of the granular-fluid front
at the moment of impact (or in the case of the laboratory experiments, the calculated
front velocity), 𝐻𝑖 is the initial water depth and 𝑔 is the gravitational acceleration. In
the numerical snapshots, we present two-dimensional vertical slices at the scale of
the laboratory domain. The red represents the granular-fluid, the yellow the water
and the blue the air. The granular-fluid is miscible in the water, but a sharp Volume
of Fluid interface separates the granular-fluid and water from the air (see Section 5.2
for more details). Features of interaction including the generation of a granular jet, a
plunging breaker and the retardation of the granular-fluid upon interaction with water
are all captured in the numerical model. A characterisation of interaction dynamics
is discussed in Section 5.3.2 and a detailed discussion of the experimental/numeri-
cal comparison is presented in Section 5.3.3. The strength of agreement between
the numerical results and the experiments presented is remarkable, but this is highly
sensitive to the boundary condition. Hence, the present study also investigates the
effect of variability in the boundary condition of the slope (i.e. the boundary friction)
on the vertical (perpendicular to the slope) 𝑥 velocity profile of the granular-fluid,
𝑢𝑥, the wave generation process and the resulting far-field wave characteristics. A
range of slope boundary conditions is explored and a detailed characterisation of the
associated granular-fluid/water interaction dynamics is presented. Furthermore, we
investigate how different boundary conditions and associated interaction dynamics
show different efficiencies of energy transfer from the granular-fluid to the water and
the far-field wave. We first outline the methodology used, followed by an extensive
discussion and presentation of our results in the following section.
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5.2 Methodology

The following sections outline our numerical methodology. Section 5.2.1 gives the
assumptions made and the governing equations solved, Section 5.2.2 provides details
of the Basilisk flow solver and the numerical setup and Section 5.2.3 discusses the
outputs analyzed.

5.2.1 Assumptions made and governing equations solved

We assume the fluidised grains from the experiments of Bougouin, Paris, and Roche
(2020) to behave as a continuum. This takes the form of a dense, viscous and incom-
pressible Newtonian fluid. The dense fluid and the water are assumed to be miscible
with one another, but immiscible with air: they are separated from the air by a sharp
interface. Surface tension is assumed to have negligible effect on interaction dynam-
ics and wave propagation, due to the contrast of scales. The limitations of these
assumptions are discussed in the discussion of results.

These assumptions lead to the applicability of the variable-density, multi-phase,
incompressible Navier-Stokes equations:

𝜕𝑡u+ ∇ ⋅ (uu) = 1
𝜌 [−∇𝑝 + ∇ ⋅ (𝜇(∇u+ ∇u𝑇))] + g (5.3)

∇ ⋅ u = 0 (5.4)

𝜕𝑡𝑓 + u ⋅ ∇𝑓 = 0 (5.5)

𝜕𝑡𝑐 + u ⋅ ∇𝑐 = 𝐷∇2𝑐 (5.6)

with 𝑝, u, 𝜇, 𝜌,𝐷 and g representing the pressure field, velocity field, dynamic viscos-
ity, density, diffusion coefficient and acceleration due to gravity respectively. 𝑓 is the
volume fraction tracer in our VoF approach that delineates between air (𝑓 = 0) and
the variable density fluid (𝑓 = 1). The density of the water/granular-fluid mixture
can vary continuously between 𝜌𝑤𝑎𝑡𝑒𝑟 (where 𝑐 = 0) and 𝜌𝑔𝑟𝑎𝑖𝑛𝑠 (where 𝑐 = 1). The
same applies to the viscosity. The overall density 𝜌 and the viscosity 𝜇 are therefore
functions of 𝑐 and 𝑓 , i.e. 𝜌(𝑓 , 𝑐), 𝜇(𝑓 , 𝑐). The diffusion term in Equation 5.6 expresses
the diffusion of the granular fluid in water. In practice we set the diffusion coefficient
D to zero but use a standard, diffusive numerical scheme (in contrast with the non-
diffusive, geometric VoF scheme used to approximate Equation 5.5). The effective
diffusion of the granular fluid in water is thus controlled by the properties of the nu-
merical scheme and the spatial resolution. The method described is an alternative to
an immiscible three-phase approach, where three fluids are separated by an interface
(e.g. Joubert et al., 2020).
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Figure 8: Setup of the initialised numerical domain, labelling the
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reservoir and the Basilisk initialisation: the reservoir is horizontal in
the laboratory setup, and tilted in the numerical setup. In our numeri-
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𝐿0 = 0.338 𝑚, 𝜃 = 15∘, 𝐻𝑖 = 0.265 𝑚 and 𝐿𝑠 (length of exposed slope)

= 1 𝑚.

5.2.2 Numerical implementation

Equations 3 − 6 are solved using the adaptive partial differential equation solver
Basilisk (Popinet and collaborators, 2013–2020), developed as the successor to Gerris
by the same authors (Popinet, 2003a, 2015; Popinet, 2009). In Basilisk, an adaptive
tree-grid structure is implemented which facilitates local refinement and coarsening,
for computational efficiency. The Navier-Stokes solver has been successfully used in
a number of two-phase problems to model splashing (Thoraval et al., 2012) and wave
breaking in both two and three dimensions (Deike, Popinet, and Melville, 2015). A
two-phase Volume of Fluid (VoF) approach is used to capture the interface between
the air and the variable density fluid. Basilisk uses a conservative, non-diffusive, ge-
ometric VoF scheme (Scardovelli and Zaleski, 1999). The consideration of a dense
granular fluid (rather than a dilute phase) leads us to assume this single velocitymodel.
The momentum equation is solved using the Bell Colella Glaz projection method
(Bell, Colella, and Glaz, 1989), and we adapt the momentum-conserving scheme for
VoF advection to account for variable density on the water/granular fluid side of the
VoF interface.
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In the present study we consider a two-dimensional vertical slice. This two-
dimensional approximation of a three dimensional process will lead to the generation
of more coherent vortical structures, which has implications when considering wave
breaking and overturning that must be considered. Since Basilisk works primarily
with square or cubic domains, the length of the domain 𝐿 is set to be 8 𝑚 and the
domain is rotated by angle 𝜃 = 15∘, to represent the slope (see Figure 8). This is in
order to capture the dimensions of the experimental setup, see Bougouin, Paris, and
Roche (2020) for details. This rotation of the domain leads to the definition of two
coordinate systems; 𝑥, 𝑦 before rotation (where 𝑥 is in the downwards direction of
the slope, with 𝑦 perpendicular) and 𝑥1, 𝑦1 after rotation. The bottom of the tank is
implemented by masking the equivalent part of the numerical domain (i.e. setting the
normal and tangential velocity components of each grid cell to zero).

A maximum grid resolution of 40962 is used, leading to a minimum cell size of
𝐿/4096 ≈ 1.4 𝑚𝑚. For the initial column heights considered, this allows the vertical
velocity profile of the granular-fluid and the interface boundary to be adequately re-
solved (see Figures 28 and 29 in Appendix A).

In order to compare our results with the experiments of Bougouin, Paris, and
Roche (2020), it is necessary to determine the parameters most representative of the
experimental setup. The maximum density of the granular fluid is set to 1400 𝑘𝑔𝑚−3

and the density of the water is 997 𝑘𝑔𝑚−3. We have no information on the equiva-
lent dynamic viscosity of the dense granular-fluid and the boundary condition on the
slope in the experimental setup, since these conditions are non-trivial to define. Sec-
tion 5.3 therefore presents an exploration of this parameter range (and the associated
granular-fluid velocity profiles) in order to determine the most representative con-
ditions and to explore how these parameters control granular-fluid/water interaction
dynamics. We choose a range of viscosities which lead to similar impact velocities
to those observed in the laboratory experiments. This comparison gives us a bench-
mark against which to check depth-averaged or multi-layer approaches (e.g. Audusse,
2005; Popinet, 2020).

We choose to explore a range of friction (boundary) conditions within our numer-
ical model for the granular-fluid. We therefore use a Navier-slip boundary for the
slope boundary condition, viz.,

𝑢𝑡 + 𝑏𝜕𝑢𝑡
𝜕𝑧 = 0 (5.7)

where 𝑏 represents the Navier-slip length of the granular-fluid. The choice of this
Navier-slip length allows us to vary this boundary condition between no-slip, partial-
slip and free-slip. Varying the boundary condition between the free-slip and no-slip
end members allows us to explore the full range of slip lengths to better constrain the
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model.

The Navier-slip boundary condition is set along the bottom 𝑥 boundary (i.e. the
slope). For the implementation of the tank bottom, the velocity field is set to zero
at all time-steps, leading to a no-slip (Dirichlet) boundary condition, as depicted by
the shaded black area in Figure 8. This implementation is limited by the current
capabilities of embedded boundaries in Basilisk, however the primary focus of our
analysis is associated with initial wave generation and propagation before the current
interacts with the bottom boundary. The vertical 𝑢𝑥 profile of the granular-fluid is
dependent on the granular-fluid viscosity and boundary condition. The boundary-
layer thickness (denoted in Figure 9 by 𝛿𝑥) represents the distance normal to the wall
to a point where the velocity of the granular-fluid has reached a certain percentage
of the outer velocity 𝑢𝑚𝑎𝑥, e.g. 99% (Schlichting and Gersten, 2016). There is no
unique boundary–layer thickness, since the effect of the viscosity in the boundary
layer decreases asymptotically as we move outwards from the wall.

5.2.3 Outputs

Following Bougouin, Paris, and Roche (2020), we evaluate the front height ℎ𝑓 and
output the front velocity profile 𝑢𝑥,𝑓 𝑟𝑜𝑛𝑡 at 10 𝑐𝑚 from the head of the granular-fluid at
the time of impact (i.e. 10 𝑐𝑚 from the slope-water intersection). The constant front
velocity 𝑢𝑓 is defined in our numerical experiments as the depth-averaged velocity
at this location. We also consider the energy of the system. We calculate the total
energy:

𝐸 = 𝐸𝑘 + 𝐸𝑔 (5.8)

as the sum of gravitational potential energy;

𝐸𝑔 = ∫ 𝜌𝑔𝑦𝑑𝑥𝑑𝑦 − 𝐸𝑟𝑒𝑠𝑡 (5.9)

and the kinetic energy:

𝐸𝑘 = 1
2 ∫ 𝜌𝑢2𝑑𝑥𝑑𝑦 (5.10)

for the granular-fluid, water and air. The components are calculated at each location
using the respective volume fraction 𝑓 and granular-fluid tracer 𝑔 values. At initialisa-
tion, the kinetic energy is 0 and the total energy of the domain is stored in the potential
energy of the granular-fluid, i.e. 𝐸𝑖𝑛𝑖𝑡 = 𝐸𝑔,𝑖𝑛𝑖𝑡. The constant 𝐸𝑟𝑒𝑠𝑡 is the minimal
gravitational potential energy achievable by the system (often known as Background
Potential Energy), i.e. the potential energy corresponding to a horizontal layer of
granular fluid overlaid by a horizontal layer of water.
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Figure 9: Velocity profiles of the granular-fluid (10 𝑐𝑚 from the head)
at the time of impact, for a range of dimensionless slip lengths 𝑏/𝐻0.
a) 𝐻0 = 18.5 𝑐𝑚, 𝜇 = 0.1 𝑃𝑎 𝑠, b) 𝐻0 = 18.5 𝑐𝑚, 𝜇 = 0.01 𝑃𝑎 𝑠, c)
𝐻𝑖 = 39.5 𝑐𝑚, 𝜇 = 0.1 𝑃𝑎 𝑠, a) 𝐻0 = 39.5 𝑐𝑚, 𝜇 = 0.01 𝑃𝑎 𝑠. Right
graphs show how boundary conditions on the slope affect the boundary
layer thickness 𝛿𝑥 at a time 𝑡. Graphical depiction of slip length 𝑏. 𝑏 =

0 for no-slip and 𝑏 = ∞ for free-slip.

5.3 Results

5.3.1 Vertical profiles of the horizontal velocity component of the granular-fluid, at
impact

Figure 9 shows the vertical profiles of the horizontal velocity component of the granular-
fluid at impact (the time-step at which the granular-fluid first interacts with the water)
as we vary the boundary between the no-slip and free-slip end members. Velocity pro-
files are shown for two different values of dynamic viscosity: 𝜇 = 0.01 𝑃𝑎 𝑠 and 𝜇
= 0.1 𝑃𝑎 𝑠, for initial column heights 𝐻0 = 18.5 𝑐𝑚 and 𝐻0 = 39.5 𝑐𝑚. The dimen-
sionless slip length is defined as: 𝑏/𝐻0.

For a given dynamic viscosity 𝜇 and given column height 𝐻0, the displacement
thickness of the boundary layer 𝛿𝑥 at impact remains approximately the same for all
values of slip length 𝑏, whereas the depth-averaged velocity across the flow front 𝑢𝑓
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is more dependent on 𝑏 (depending on the initial height of the flow). As the dynamic
viscosity of the granular flow increases, the boundary layer thickness 𝛿𝑥 increases.
As the initial column height 𝐻0 increases, the flow front height ℎ𝑓 at impact also
increases, but only a small increase of 𝛿𝑥 is observed. For higher dynamic viscosities
and lower initial column heights (i.e. 𝜇 = 0.1 𝑃𝑎 𝑠, 𝐻0 = 18.5 𝑐𝑚), we observe a
well−resolved boundary layer, as shown in Figure 9. As dynamic viscosity is reduced
(i.e. 𝜇 = 0.01 𝑃𝑎 𝑠), a higher resolution is required to resolve a similar number of
grid cells over the boundary layer.

5.3.2 Snapshots of interaction dynamics

Longer slip lengths (higher basal slip velocities) exhibit notably different interac-
tion dynamics between the granular-fluid and the water, compared with shorter slip
lengths. This leads to different wave generation mechanisms associated with differ-
ent slip lengths, as illustrated in Figure 10. The interaction dynamics depicted are
present across the range of column heights and dynamic viscosities considered, how-
ever Figure 10 presents snapshots from the case where 𝜇 = 0.1 𝑃𝑎 𝑠 and 𝐻0 = 18.5
𝑐𝑚.

The interaction dynamics are differentiated qualitatively by the amount of granular-
fluid directed across the water surface versus down-slope, and the resulting breaking
wave characteristics. The breaking characteristics are described by the amount of
overturning of the free surface.

At the no-slip end-member (where the basal slip velocity is equal to zero), the
granular-fluid is generally directed across the water surface at impact and the break-
ing wavemost often exhibits violent overturning (Figure 10 subfigures a-c). Nowater
surface closure behind the wave front is observed in this case and water rushes back
towards the ramp under the influence of gravity. This type of collapse behind the
leading wave is referred to as an outwards collapsing impact crater, considering the
terminology used in the landslide tsunami generation experiments of Fritz, Hager,
and Minor (2004). This type of interaction does not generally support the immediate
generation of a gravity current and most material therefore remains near the inter-
action zone. In some cases, however, at the no-slip end-member, the granular-fluid
lifts fully off the bottom boundary and then re-attaches to the ramp. This reattach-
ment reduces the amount of overturning observed in the breaking wave. Figure 30
in Appendix A demonstrates an example when no-slip leads to reattachment and the
generation of a gently spilling wave (Figure 30 subfigures a-c).

For higher basal-slip velocities, more granular-fluid becomes directed down-slope
rather than across the water surface. This leads to the generation of a plunging breaker
(Figure 10 subfigures d-f). As the basal-slip velocity is increased further, the wave
steepness and amount of overturning/breaking decreases. Under these conditions, a
backwards collapsing impact crater is observed Fritz, Hager, and Minor (2004). This
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t = 0.2 s after interaction
t/T = 1.2 after interaction

t = 0.35 s after interaction
t/T = 2.1 after interaction

t = 0.5 s after interaction
t/T = 3.0 after interaction

Increasing
slip-length
b/H0

a) b) c)

d) e) f)

g) h) i)

j) k) l)

Figure 10: These snapshots are for the initial conditions 𝜇 = 0.1 𝑃𝑎 𝑠
and 𝐻0 = 18.5 𝑐𝑚. The 𝑏/𝐻0 values shown are specific to these ini-
tial conditions, leading to Fr = 1.8 (Equation 5.2). a) - c) No-slip/low
values of slip: the granular-fluid shears the water surface leading to
violent overturning. d) - f) Low to medium values of slip: the granular-
fluid partly shears the water surface, and partly propagates downslope,
leading to a steep, plunging breaker. g) - i) Medium to high values
of slip: most of the granular-fluid is directed downslope, with some
shearing of the water surface. This leads to the generation of a plung-
ing breaker. j) - l) Free slip: granular-fluid fully propagates downslope,

with little/no overturning in resulting wave.
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type of impact crater is governed by a surface closure resulting in the inclusion of air
in the form of a cavity.

At the free-slip end-member (where the basal slip velocity is equivalent to the free
stream velocity), the granular-fluid appears to initially expel the water upwards, then
punches through the water, also forming a backwards collapsing impact crater (Fig-
ure 10 subfigures j-l). A spilling breaker is generated from the initial uplift, showing
no significant breaking overturning.

For each viscosity and column height, the change in interaction dynamics gener-
ally follows the same pattern as the dimensionless slip length 𝑏/𝐻0 is increased. Fig-
ure 30 in Appendix A shows the equivalent of Figure 10, for 𝐻0 = 39.5 𝑐𝑚 𝜇 = 0.01
𝑃𝑎 𝑠. The values of 𝑏/𝐻0 corresponding to the transition between different interaction
dynamics vary depending on the Froude number of the granular-fluid (see Equation
5.2), but qualitatively similar dynamics are observed. These results and observations
imply that the boundary condition plays an important role in determining the interac-
tion dynamics and the characteristics of the generated wave.

5.3.3 Experimental comparison

Figure 7 in Section 5.1.4 demonstrates excellent qualitative agreement between the
observed behaviour in the numerical simulations and physical experiments. Sections
5.3.1 and 5.3.2 show how the boundary condition influences this agreement, demon-
strating the sensitivity of the velocity profiles and granular-fluid/water interaction
dynamics to the choice of boundary condition. In Section 5.3.3, we explore the qual-
itative comparisons in more detail and discuss the limitations of the numerical model
in capturing the experimental physics. Section 5.3.3 expresses the numerical results
in terms of the product impulse parameter (Equation 6.1), and shows the applica-
bility of this parameter as a predictor of the dimensionless wave amplitude in our
simulations. This also provides a quantitative measure of the agreement between the
numerical results and laboratory measurements over a range of boundary conditions,
viscosities and column heights.

Granular-fluid/water interaction dynamics

The experimental results cover a range of Froude numbers comparable to our numer-
ical simulations, information related to the friction condition is limited. In the lab-
oratory experiment snapshots Bougouin, Paris, and Roche (2020), the details of the
interaction behind the granular-fluid front (e.g. evidence of a hydrodynamic impact
crater) cannot be observed due to vigorous mixing of the granular material. However,
a number of key features associated with the wave generation, the granular-fluid sep-
aration and the propagation of the gravity current may still be identified. As the
granular-fluid impacts water, some momentum is directed across the water surface,
causing the generation of an outwards projecting granular jet. This behaviour is also
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reported in the cool volcanic ash experiments of Freundt (2003). The majority of the
granular-fluid undergoes mixing after impact and forms a water-supported mass flow
which travels down-slope, at a slower velocity to that of the leading wave. For ex-
perimental Froude numbers > 2.0, the wave generated in the initial 0.4 seconds after
interaction displays features of a steeply plunging breaker. As the Froude number
decreases, the plunging breaker becomes increasingly gentle and for lower Froude
numbers (e.g. Fr ≈ 1.6), a spilling breaker is generated. The Froude number con-
sidered uses the granular-fluid front velocity at the moment of impact (i.e. prior to
mixing and deceleration) with respect to the shallowwater wave speed (see Equations
6.1 and 5.2).

Figure 10 shows that high values of partial-slip best reproduce the interaction dy-
namics observed in the laboratory experiments. Work on granular flows with pore
fluid pressure and/or on inclines shows that there is significant slip on a smooth sub-
strate (e.g. Brodu et al., 2015; Lube et al., 2019; Roche et al., 2010), so this inference
is in line with these experimental observations.

Figure 7 shows directly how the numerical results (for a high value of partial slip,
𝑏/𝐻0 = 0.1) capture the generation of the granular jet, the plunging breaker behaviour
with associated splashes and overturning, as well as the approximate shape and ve-
locity of the gravity current in the first 1.2 𝑠.

While the overall comparison is favourable, there are some discrepancies. At the
interaction zone, where the numerical results show the formation of an impact crater,
the experimental snapshots show vigorous mixing. Furthermore, the numerical re-
sults show increased breaking and overturning of the breakingwave at later time-steps
in comparison with the experimental snapshots. We attribute these discrepancies to
the limitations surrounding the immiscibility of air and granular-fluid in our simula-
tions, and the two-dimensional representation of an intrinsically three-dimensional
process. Given that our model assumes the grains to behave as a continuum (in the
form of a Newtonian fluid) confined to one side of the interface, we do not capture
the dynamics of individual grains and we therefore do not capture the same level
of mixing observed in the physical experiments. This means the numerical model
is likely to overemphasise the formation of an air pocket/cavity. Furthermore, the
two-dimensionality of this model leads to enhanced vortical structures, in both the
interaction zone and the breaking wave.

In addition, after the gravity current reaches the base of the tank, some lift is ob-
served from the boundary in our numerical simulations. This is likely a result of the
bottom (horizontal) boundary implementation, which is limited to no-slip. As shown
in the interaction of the granular-fluid with water for no-slip conditions, granular-
fluid lift is often observed. These limitations do not impact our overall conclusions,
however, and the numerical/experimental agreement is of good quality. The wave
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generation appears qualitatively similar and the propagation and shape of the leading
wave are well captured.

In the high temperature experiments of Freundt (2003), all of the granular-fluid
is redirected across the surface of the water, leading to violent overturning, similar to
what is observed in Figure 10 a-c. Localised waves of smaller amplitude are observed,
which are associated with steam explosions occurring near the surface of the water.
Although temperature is not considered in our numerical simulations, we observe a
similar interaction behaviour for the no-slip end member, whereby the granular-fluid
is redirected across the surface of the water, leading to violent breaking behaviour.
This granular-fluid redirection can be attributed to a number of potential factors, in-
cluding changes in density or buoyancy, boundary behaviour and shear. The present
study does not explore the effects of temperature, but this is an interesting area for
future research.

Product impulse parameter and dimensionless wave amplitude

We compare our numerical results with the experiment results of Bougouin, Paris,
and Roche (2020) using the product impulse parameter 𝜁 , which they showed to be a
good predictor of the dimensionless wave amplitude (Figure 11). Our numerical data
match the laboratory results well over a range of column heights, which provides
confidence in the numerical model (and therefore the Newtonian-fluid approxima-
tion of the granular-fluid). The numerical wave amplitudes are slightly higher than
the experimental results; this is likely due to a number of factors, including the two-
dimensional approximation of three-dimensional turbulence, the differences in flow
rheology, the immiscibility between the granular-fluid and air, and the difference in
reservoir geometry (see Figure 8). Furthermore, subtle differences between the nu-
merical and laboratory methodologies for calculating 𝑢𝑓 (we consider depth-averaged
velocity over the height of the flow ℎ𝑓 , where the laboratory experiments use the con-
stant flow font velocity) may lead to small differences in 𝜁 . Finally, the calculation
of wave amplitude in both experimental and numerical methodologies has a degree
of uncertainty.

Across the range of initial conditions considered in our numerical results, a change
in boundary condition leads to a considerable difference in the resulting wave ampli-
tude. Partial-slip boundary conditions lead to wave amplitudes closer to the labora-
tory data points, compared with free-slip conditions. This agrees with our qualitative
inferences, which show partial slip conditions to better capture the interaction dy-
namics observed in the laboratory snapshots. Free-slip conditions lead to little to no
breaking (Figure 10 a-c), which is one reason for these larger amplitudes.
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Figure 11: Normalised amplitude 𝐴/𝐻𝑖 at 𝑥1 = 2.4 𝑚 from the shore-
line as a function of the impulse parameter 𝜁 (Equation 6.1), for the
laboratory experiments (of fluidised glass beads) and the numerical ex-
periments considered in the present study. Results from the numerical
simulations are shown for multiple slip conditions and initial column
heights (represented by the marker style and color, respectively). For
𝐻0 = 39.5 𝑐𝑚 and 𝐻0 = 18.5 𝑐𝑚, markers are shown for both 𝜇 = 0.1
𝑃𝑎 𝑠 and 𝜇 = 0.01 𝑃𝑎 𝑠. Dotted line (- -) 𝐴/𝐻𝑖 = 0.15 𝑙𝑛(𝜁) + 0.88.

While the inferences drawn from this Figure are useful, further analysis on far-
field (𝑥1 > 5𝑚 from the shoreline) amplitudes and overall energetics is required to
constrain further the effect of boundary condition (see Section 5.3.4).

5.3.4 Energy transfer and wave characteristics

Energy evolution and transfer

It has been demonstrated across multiple experimental and numerical studies (e.g.
Deike, Popinet, and Melville, 2015) that wave breaking has a significant effect on
energy dissipation and momentum transfer. In our numerical simulations there are a
number of significant dissipation processes occurring, including wave breaking, col-
lapse of the hydrodynamic impact crater, and air entrainment at the mixing zone. In
the case where a spilling wave is observed and less dissipation associated with wave
breaking would be expected (for some of the high slip conditions, no breaking is
observed), there may be increased dissipation elsewhere in the domain; i.e. in the
impact crater collapse or the propagation of the gravity current. Similarly, in the case
of violent overturning there is no significant impact crater collapse or propagation of
a gravity current. Thus, beyond the initial granular-fluid propagation and water im-
pact, differentiating between energy dissipationmechanisms is non-trivial. Exploring
the energy evolution of the domain (and its components) does, however, allow us to
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0.541

Figure 12: a) Normalised total energy of domain as a function of time
𝑡/𝑇 (where 𝑇 = 𝐻𝑖/√(𝑔𝐻𝑖), for a range of slip lengths 𝑏/𝐻0. b) En-
ergy dissipation rate (relative energy lost per 𝑇) of entire domain as
a function of time 𝑡/𝑇. c) and d) Normalised total energy of domain,
including the normalised gravitational and kinetic components as a
function of time 𝑡/𝑇 for 𝑏/𝐻0 = 0.0 and 𝑏/𝐻0 = 1.081. The back-
ground colors broadly represent the different stages of the simulation:
purple = granular-fluid propagation on slope prior to interaction, pink
= interaction and initial wave generation and yellow = wave breaking

and impact crater collapse.
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determine the amount and timing of energy dissipation associated with the different
boundary conditions and the relative granular-fluid/water interaction dynamics.

Figure 12a shows the evolution of the normalised total energy of the domain and
Figure 12b shows the dissipation rate for a range of slip lengths 𝑏/𝐻0, for the initial
condition where 𝐻0 = 18.5 𝑐𝑚 and 𝜇 = 0.1 𝑃𝑎 𝑠. Figures 12c and 12d present the
evolution of the normalised total energy of the domain, along with the gravitational
and potential components, for 𝑏/𝐻0 = 0.0 and 𝑏/𝐻0 = 1.081. Figure 13 presents
the kinetic, potential and total energy evolutions for the granular-fluid and the water
components, as well as their dissipation rates. Similar evolution patterns can be seen
across a range of initial conditions; an example for 𝐻0 = 39.5 𝑐𝑚 and 𝜇 = 0.01 𝑃𝑎 𝑠
is shown in the Appendix A (Figure 31).

As the granular-fluid propagates down the slope, the total energy of the domain
begins to decrease. This decrease is greater for high friction cases (i.e. smaller val-
ues of 𝑏/𝐻0) and is most clearly depicted in the total energy dissipation plot (Figure
12b), which shows the increased dissipation rate for high friction conditions during
the initial propagation. Figures 13b and 13d show the transfer of potential energy
to kinetic energy within the granular-fluid as it propagates down-slope, with Figure
13h showing that the dissipation occurring at this stage is driven by the granular-fluid.

As the granular-fluid impacts the water and the water surface is uplifted (as de-
picted in Figure 10, 𝑡/𝑇 = 1.2 after interaction), the total energy of the domain con-
tinues to decrease for all values of 𝑏/𝐻0. At the transition between uplift and the
onset of wave breaking (and/or impact crater collapse), the kinetic energy of the do-
main and the kinetic energy of the granular-fluid reach a maximum for all values
of 𝑏/𝐻0 and the rate of change in potential energy decreases, as the granular-fluid
slows down within the collapsing region (i.e. Figure 10, 𝑡/𝑇 = 2.1 after interaction).
When the granular-fluid shears the water surface, the potential energy of the granular-
fluid remains higher than for other interaction styles. The maximum value of total
kinetic energy observed is≈ 20% higher for larger slip conditions (i.e. 𝑏/𝐻0 = 1.081),
since in these cases less energy has been dissipated in the initial propagation, interac-
tion and wave generation stages. Once wave breaking starts and/or the impact crater
collapses, the granular-fluid is slowed and the kinetic energy of the granular-fluid de-
creases abruptly, which corresponds with a decrease of the total energy in the domain.
However, during this stage, the total energy of the water and its components continue
to increase. Generally, the dissipation rate at this stage increases as the amount of
overturning increases in the wave breaking and entrainment of air at the shoreline
during the impact crater collapse.

The total energy of the water reaches a maximum at 𝑡/𝑇 ≈ 10 and is greatest for
lower friction conditions (see Figure 13e). The time of maximum energy in the wa-
ter corresponds to the time at which the dissipation rate of the granular-fluid begins
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Figure 13: a) Kinetic energy evolution of water. b) Kinetic energy
evolution of granular-fluid. c) Potential energy evolution of water. d)
Potential energy evolution of granular-fluid. e) Total energy evolution
of water. f) Total energy evolution of granular-fluid. g) Dissipation
rate of water. h) Dissipation rate of granular-fluid. Results show a
range of dimensionless slip lengths, for the initial condition where 𝜇

= 0.1 𝑃𝑎 𝑠 and 𝐻0 = 18.5 𝑐𝑚.
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to slow, and the potential energy of the granular-fluid flattens, suggesting that the
grains stop imparting significant energy to the water at this stage. It can be observed
that after 𝑡/𝑇 ≈ 20, the energy dissipation rates for all slip conditions begin to tend
towards a steady rate, as breaking ceases and the granular-fluid has undergone signif-
icant mixing.

For later times (i.e. 𝑡/𝑇 > 20 ), the total energy of the water tends towards a
more constant value. When considering tsunami generation potential, this observa-
tion suggests that the wave is carrying sufficient energy to propagate significantly
further, without considerable dissipation, if it were to continue in an infinite domain.
Generally, the total energy of the water is greatest for lower friction conditions, with
a few exceptions where an increase in total energy is observed for values of 𝑏/𝐻0
at 𝑡/𝑇 ≈ 20. We hypothesise this to be a result of granular-fluid propagation: in
these cases, snapshots and energy evolution plots demonstrate that the granular-fluid
remains attached (or reattaches) to the bottom boundary, thus imparting more energy
to the water in the near-field than simulations where the granular-fluid lifts off the
tank bottom. This suggests that energy plots for the separate components, when con-
sidering the entire domain, cannot tell us all the information about the far-field wave
if the gravity current does not behave in a consistent manner between simulations.
For this reason, far-field wave gauges are used to reflect the relationship between the
slip length and the total energy of the generated wave in the far-field, without consid-
ering the energy at the interaction or granular-fluid propagation zone.

In summary, the boundary condition influences the energy dissipated in the granular-
fluid on the slope prior to interaction, and hence the energy available for wave gen-
eration. It also determines the detailed mechanism by which this available energy is
transferred to the generated wave. As viscosity is decreased, or initial column height
is increased, the boundary condition has a less significant impact on the energy dissi-
pation within the granular-fluid prior to impact. The boundary condition does, how-
ever, continue to affect the interaction dynamics (see Figure S3). Therefore under
these conditions, despite similar overall energy in the granular-fluid at impact, sig-
nificant discrepancies still exist between energy evolutions associated with different
boundary conditions (see Figure 31).

Understanding the energy transfer mechanisms also helps to interpret qualitative
observations from Section 3.2 and quantitative results from Section 3.3.2, which
showed that free-slip conditions (associated with efficient energy transfer and little
to no wave breaking) overestimate near-field laboratory wave amplitudes, compared
with partial-slip conditions.
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Figure 14: Effect of boundary condition on the far-field amplitude (𝑥1
= 6 𝑚 from the shoreline) and maximum total energy of the water.
a) Total energy of water variation with slip condition. b) Dimension-
less far-field (6𝑚 from source) amplitude relative to the slip condition
𝑏/𝐻0. c) Total energy of water variation with dimensionless boundary
velocity at impact 𝑢𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦/𝑢𝑚𝑎𝑥. d) Dimensionless far-field ampli-
tude variation with 𝑢𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦/𝑢𝑓 𝑟𝑒𝑒𝑠𝑡𝑟𝑒𝑎𝑚. These relationships are for

𝐻0 = 18.5 𝑐𝑚 and 𝜇 = 0.1 𝑃𝑎 𝑠.



Chapter 5. Numerical simulations of a fluidised granular flow entry into water 83

Far-field dimensionless wave amplitude

Figures 14 a-d show the influence of the slip condition and the boundary velocity, on
the far-field wave amplitude (considered at 𝑥1 = 6 m from the shoreline) and maxi-
mum total energy of the water. These figures are for the initial conditions 𝐻0 = 18.5
𝑐𝑚 and 𝜇 = 0.1 𝑃𝑎 𝑠. The far-field wave amplitude and the maximum total energy of
the water follow an almost identical pattern of dependence on slip length. Between
𝑏/𝐻0 = 0 and 𝑏/𝐻0 = 0.1, there is a sharp increase in both the maximum total en-
ergy of the water and the far-field amplitude. At 𝑏/𝐻0 > 0.2, this increase becomes
more gentle. The maximum total energy of the water occurs at 𝑡/𝑇 ≈ 10, suggesting
that most of the initial energy transfer from the granular-fluid to the wave occurs in
this time. Figure 14b and Figure 14d show how maximum total energy of the water
and maximum amplitude, respectively, vary with the dimensionless slope boundary
velocity. As the boundary velocity increases, it is only once 𝑢𝑥,𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦/𝑢𝑥,𝑚𝑎𝑥 >
0.50 that we observe a significant increase in energy transferred to the wave and like-
wise, a significant increase in the resulting wave amplitude. This result is surprising,
since between 𝑢𝑥,𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦/𝑢𝑥,𝑚𝑎𝑥 > = 0 and 𝑢𝑥,𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦/𝑢𝑥,𝑚𝑎𝑥 = 0.50, we expect
the largest change in the shape of the boundary layer, and thus energy dissipation. We
therefore attribute this behaviour to the change in interaction dynamics; as basal slip
is increased, energy is more efficiently transferred into the total energy of the wave.

These observations enable us to quantitatively determine the relationship between
slip length and energy transfer. For the initial conditions presented, we can infer for
a given slip length, what the resulting energy transfer or far-field amplitude would be.
Upon changing the initial conditions, if the influence of the slope boundary condition
on the granular-fluid velocity profile decreases (i.e. viscosity decreases or column
height increases), the same relationships are generally observed, with less difference
between maximum and minimum total energy or amplitude.

The overall energy dissipated in the interaction and wave generation process can
be a result of viscous friction, air entrainment, mixing processes and the directional-
ity of the granular-fluid front, which influences the amount of overturning associated
with the wave breaking. These observations highlight the importance of exploring
the processes occurring at (and before) PDC-water interaction in more detail, in or-
der to capture more accurate initial conditions when performing a numerical hazard
assessment and exploring a wider range of possible scenarios. Accounting for pro-
cesses such as mixing at the shoreline might also be a vital step in understanding the
characteristics of associated tsunamis.

5.4 Conclusions

Numerical experiments on the entrance of fluidised granular flows into water have
been carried out and compared against laboratory results, in order to explore how the
slope boundary condition plays a role in determining the vertical 𝑢𝑥 velocity profile
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of the flow, the associated wave generation mechanism and the far-field wave char-
acteristics.

It is shown that the boundary condition of the slope heavily determines to what ex-
tent the granular-fluid shears the water surface or propagates down-slope, which has
important implications for the wave generation and breaking process. For low values
of slip, the granular-fluid shears the water surface at impact, leading to considerable
overturning and wave breaking at the interaction zone. For higher slip conditions,
the granular-fluid momentum is directed increasingly down-slope (beneath the water
surface) and the overturning associated with the wave breaking decreases. It is con-
cluded that high values of partial-slip lead to the closest qualitative representation of
the experimental results.

We consider the relationship between the dimensionless product impulse param-
eter proposed by Bougouin, Paris, and Roche (2020) and the dimensionless wave
amplitude 𝐴/𝐻𝑖 (at 𝑥 = 2.4 𝑚 from the interaction zone) and show that the numerical
results display a good quantitative agreement with the laboratory experiments, help-
ing to confirm our Newtonian fluid approximation. Partial-slip conditions appear
to be a closer predictor of dimensionless wave amplitude than free-slip conditions,
which is in agreement with the qualitative comparison.

Energy transfer is considered, in order to understand the far-field impact of the
different slope boundary conditions and associated interaction dynamics in greater
detail. The timing of the different phases of the simulation (e.g. granular-fluid propa-
gation, impact, initial uplift, impact crater collapse and breaking) is inferred from our
outputs. The importance of energy dissipation and transfer processes in influencing
the wave characteristics is demonstrated, confirming why significant differences in
near and far-field wave amplitudes are observed between slip conditions. We demon-
strate a non-linear relationship between the dimensionless slip length (or basal slip
velocity) and the maximum total energy of the water, as well as the far-field am-
plitude: increasing the boundary velocity at the time of impact makes no significant
difference to the energy transfer in the resulting wave until 𝑢𝑥,𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦/𝑢𝑥,𝑚𝑎𝑥 > 0.5.
It is concluded that as basal slip is increased, energy is more efficiently transferred
into the total energy of the wave.

When considering large scales, these observations may have significant implica-
tions for numerical simulations of PDC tsunami hazard. Firstly, these experiments
confirm the assumption that a fluidised granular-flow can be modelled as a viscous
Newtonian fluid, particularly in the context of wave generation. Using this assump-
tion, our experiments demonstrate the importance of using an adequate boundary con-
dition for the slope in order to capture the physics of wave generation and the asso-
ciated far-field wave characteristics. Our results also highlight the sensitivity of the
wave generation process to vertical variations in the horizontal velocity components
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within the granular-fluid, which is dependent on the relative importance of viscos-
ity. This suggests that exploring the impact of vertical velocity stratification within
highly-mobile PDCs may be an important next step when considering large-scale im-
pacts of these flows with seawater. This would require the use of a multi-layer model.
Furthermore, our results confirm that denser-than-water, fluidised granular-flows are
capable of shearing the water surface and still generating waves of significant ampli-
tude.



6
NUMER I CAL S IMULAT IONS OF A FLU ID I S ED GRANULAR
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The following chapter consists of a manuscript in preparation for submission to

the Journal of Geophysical Research, Solid Earth.

Abstract

Tsunamis generated by pyroclastic density currents (PDCs) have considerable destruc-
tive potential, yet the understanding of the wave generation processes associated with
these events is still in its infancy. We approximate a fully-fluidised granular flow as
a Newtonian fluid, as previous studies have demonstrated that this approximation
is reasonable in the context of flow-water interactions and subsequent wave genera-
tion. The present study proposes a numerical model to allow for a carefully controlled
front velocity and height of the granular-flow at impact, and demonstrates that approx-
imating a fluidised granular flow as a Newtonian fluid effectively captures the wave
generation characteristics and associated wave amplitudes observed in physical ex-
periments, across a range of densities and slope angles. In addition, our results show
that basal shear stress has a first-order impact on interaction dynamics for a range of
granular-fluid densities and slope angles. The present study highlights the influence
of time and relative water column displacement by the granular-fluid front during up-
lift of the water surface, on the resulting wave characteristics. Finally, we show that a
three-dimensional approximation has no influence on the impact of basal-shear (and
therefore the interaction dynamics) compared with a two-dimensional simulation, but
that modelling in three-dimensions better captures the breaking process and therefore
the characteristics of the resulting wave observed in the laboratory.

6.1 Introduction

Pyroclastic density currents (PDCs) are one of the most hazardous volcanic phenom-
ena on Earth, comprising large volumes of volcanic ash, gas, rock and debris moving
down-slope away from their source at speeds of up to 100 𝑚/𝑠, in the form of a
gravity-driven current (Freundt, 2003; Legros and Druitt, 2000b). PDCs entering the
sea are capable of generating significant tsunami waves, with considerable destruc-
tive potential. For example, in 1883, the eruption of Krakatau volcano lead to PDCs
which triggered a tsunami of localised runup as high as 45 𝑚, killing over 36,000
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people (Carey et al., 1996; Egorov, 2007). In 1994, the Rabaul eruption generated
tsunamis with run-up heights of 8 𝑚 in Rabaul Bay (Nishimura et al., 2000), while in
1997, PDCs entering the sea lead to tsunami waves with maximum run-up heights of
4 𝑚 in Montserrat (Narcisse et al., 2004).

Globally, there are hundreds of volcanoes capable of generating large pyroclastic
density currents, which are often situated in close proximity to coastal settlements.
The tsunami generation potential associated with PDCs entering the sea is, however,
poorly understood, which means communities are often unaware and unprepared for
such events. This is due to a number of reasons, including the difficulties in observing
or monitoring PDCs (and generated tsunamis close to the PDC source), and the chal-
lenges associated with the experimental and numerical modelling of such complex,
large-scale phenomena. PDCs span a wide range of density, velocity and tempera-
ture configurations, both spatially and temporally, and propagate with low-apparent
friction coefficients, which explains the large run-outs of these currents in the field
(e.g., Lube et al., 2019).

Understanding PDC-generated tsunamis therefore requires a multi-disciplinary
research approach. This includes large scale laboratory experiments to better under-
stand the internal dynamics of PDCs themselves (e.g. Lube et al., 2020), which can
then inform physical modelling experiments of waves generated by high-mobility
granular-flows. Field studies of PDC tsunamis can also be carried out which exam-
ine, for example, submarine PDC emplacement, and historical tsunami deposits (e.g.,
Cas and Wright, 1991; Legros and Druitt, 2000b). For more recent PDC generated
tsunami events, tide-gauge records can be gathered, which allows bench-marking of
numerical simulations. Numerical simulations can enable the investigation of ide-
alised wave generation conditions, to gain a robust understanding of the role of the
key parameters involved inwave generation. In addition, numerical simulations allow
us to model previous events and compare different tsunami generation mechanisms.
Combined, these numerical approaches allow us to model potential future scenarios
and performmore detailed and informed hazard assessment. Thus far, most numerical
studies have utilised depth-averaged approaches, where the the vertical scale (within
either the PDC, or the water) is considered negligible compared with the horizontal,
which leads vertical pressure gradients to be assumed as hydrostatic, and thus vertical
velocity can be removed from the equations. Generally, models utilise Boussinesq-
type equations, taking into account weak frequency dispersion (e.g., Novikova, Pa-
padopoulos, and McCoy, 2011; Pareschi, Favalli, and Boschi, 2006), due to the point-
source nature of PDC generated tsunamis. There is evidence to suggest, however, that
capturing both non-hydrostatic effects and a depth-varying velocity profile also may
be important steps in further improving numerical models, allowing us to more ac-
curately model the wave generation process and the resulting wave characteristics
(Battershill et al., 2021; Esposti-Ongaro et al., 2021; Ruffini, Heller, and Briganti,
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2019).

Recent experiments by Bougouin, Paris, and Roche (2020) have undertaken lab-
oratory work in the study of PDC generated tsunamis, using fully fluidised flows of
glass beads to explore the interaction between fluidised granular flows and water, as
well as the wave generation dynamics. Alongside investigating the dynamics of inter-
action and wave features, the results from this study showed that fine-grained (65𝜇𝑚)
fluidised, granular flows and salt water flows generated similar leading wave ampli-
tudes, which could be predicted by a dimensionless impulse parameter 𝜁 (for a given
slope angle):
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with 𝑢𝑓 the front velocity at impact, 𝐻𝑖 the initial water depth, ℎ𝑓 the height of the
flow front 10 𝑐𝑚 from the head at impact, 𝑣 the volume per width 𝑣 = (𝐻0 − ℎ𝑟)𝐿𝑖
(where 𝐻0 is the initial column height, ℎ𝑟 is the remaining granular flow in the reser-
voir and 𝐿𝑖 is the width of the reservoir), 𝜌𝑓 the effective density of the grains and
𝜌0 the water density. The dimensionless amplitude scales as 𝐴/𝐻𝑖 = 𝑓 (𝜁), where
𝐴 is the wave amplitude in this setup 2.4 𝑚 from the shoreline. Coarse (> 3𝑚𝑚)
dry granular-flows from other studies (e.g., Miller et al., 2017), however, generated
smaller amplitudes and did not collapse on the same curve, which was attributed to
the ability of water to penetrate the granular material. The laboratory experiments of
Bougouin, Paris, and Roche (2020) were modelled numerically in Chapter 5, by solv-
ing the incompressible Navier-Stokes equations for a two dimensional vertical slice,
on an an adaptive Cartesian grid. These simulations did not include any depth integra-
tion, meaning processes such as wave breaking and the rotational and depth-varying
velocity field can be well captured. In this chapter, we assumed the (fully fluidised)
granular-flow to behave as a Newtonian fluid and showed that this model is able to
reproduce the wave generation mechanism and leading wave characteristics. Their
results show that the dynamics of the interaction (which influence the energy transfer
from the flow to the water), are highly sensitive to the slope boundary condition and
the associated vertical velocity profile of the granular-flow at interaction. The work
of Chapter 5 therefore led to the conclusion that capturing vertical density and veloc-
ity stratification within the granular flow and the interaction zone in our numerical
models may be an important step in advancing the capabilities of present numerical
models.

Recently, Bougouin et al. (2021) expanded upon the experiments of Bougouin,
Paris, and Roche (2020) and explored the role of slope angle (which was held con-
stant at 15∘ in the original paper), alongside the role of grain properties and fluidis-
ation in the generation of waves. Their results suggested that increased fluidisation
within the granular flows leads to larger front velocities, flow heights and effective
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volumes entering the water, which generates larger amplitude waves. Fluidised flows
of lower density were considered (600 𝑘𝑔𝑚−3), which displayed similar initial wave
generation mechanisms to dense flows (1400 𝑘𝑔𝑚−3), but (by contrast) rapidly devel-
oped a positively buoyant gravity current after the initial water surface uplift, which
propagated along the water surface leading to the generation of smaller amplitude
waves following the leading wave. The authors also highlighted the complexity of
slope angle in terms of its effect on wave generation, demonstrating that the scaling
law (proposed in Bougouin, Paris, and Roche, 2020) failed to match the experimental
data with various slope angles on a master curve. The role of slope angle in terms
of impact on wave features remains a subject of controversy, with some studies sug-
gesting that the wave amplitude increases with increasing slope angle (e.g. Huber
and Hager, 1997; Paris, Heinrich, and Abadie, 2021; Viroulet, Sauret, and Kimmoun,
2014), while other studies have concluded that the horizontal component of the front
velocity should be considered to predict wave features (Heller, 2009; Robbe-Saule
et al., 2020) by analogy with a moving piston.

This chapter therefore consists of several parts, with the primary aim to apply the
numerical model of Chapter 5, written in the Basilisk numerical software (Popinet and
collaborators, 2013–2020), over a wider range of slope angles and granular-fluid den-
sities. Firstly, we modify the model of Chapter 5 to allow a prescribed granular-fluid
velocity and height at impact. We then utilise this model to explore variable granular-
fluid density and slope angle. Comparing with snapshots and wave amplitudes from
Bougouin et al. (2021) allows us to apply the updated model over a wider parameter
space, and also to determine to what extent the effect of basal shear stress continues
to influence the interaction dynamics, as seen in Chapter 5. We explore the reasons
for complexity of slope angle in terms of its influence on wave generation, also con-
sidering observations from previous experimental works. The role of slope angle in
particular is considered in further detail in Chapter 7. Following this discussion, we
consider the impact of modelling the process in three dimensions, constraining to a
narrow wave tank, by solving the three-dimensional Navier-Stokes equations on an
adaptive, octree grid. We show that capturing three-dimensionality further improves
the model’s ability to capture the characteristics of the leading wave, by reducing the
development of aligned vortical structures in the wave breaking process.

6.2 Methodology

6.2.1 Overview

The present study models the laboratory work of Bougouin, Paris, and Roche (2020)
and Bougouin et al. (2021), of waves generated by fluidised granular-flows, but with
the unique advantage of controlling the front height and the velocity of the flow at
impact. This allows us to compare numerical and physical results (snapshots and
wave amplitudes), with the same impact parameters. This, in turn, enables us to ex-
plore a range of density and slope angle configurations. To achieve this, we adapt the
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Figure 15: Schematic of the numerical setup used in the present study.
As in the numerical setup of Chapter 5, the water and the granular-fluid
are separated from the air by a sharp, VoF interface, but are miscible

with one another.

methodology presented in Chapter 5, where the authors assumed the fluidised grains
from the experiments to behave as a continuum taking the form of a dense, viscous
and incompressible Newtonian fluid. This was initialised as a block, which collapsed
under the influence of gravity and propagates down a slope (with a controlled slope
boundary condition) into water, generating a wave. In the present study, instead of
initialising a block of granular-fluid, the granular-fluid is initialised with a height ℎ𝑓
and velocity 𝑢𝑓 at the point of impact. The dense fluid and the water are assumed to
be miscible with one another, but immiscible with air: the water and granular-fluid
are separated from the air by a sharp Volume of Fluid interface (Scardovelli and Za-
leski, 1999).

Figure 15 presents a schematic of the adapted numerical setup. The first key
difference between Chapter 5 and the present study is the introduction of an input
boundary condition on the left wall, to describe the height and velocity profile of the
flow immediately before impact. This negates the need to define an initial column
height and reservoir, the definition of which in Chapter 5 is different to the setup in
the physical experiments, which may lead to discrepancies in front height and veloc-
ity evolution. One additional advantage of a fixed input condition is that it provides
the ability to set impact parameters, allowing these parameters to be varied indepen-
dently from slope angle. Secondly, the adapted setup allows us to more reproduce
more accurately the initial front height and velocity of the granular-fluid at impact,
for direct comparison with physical experiments.
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In the adapted setup, the length of slope exposed above water 𝐿𝑠𝑙𝑜𝑝𝑒 remains the
same (10 𝑐𝑚 at laboratory scale), and the initial water depth remains constant (𝐻𝑖 =
0.265 𝑚). For a variable slope angle, this leads the length of the slope under water
to vary as 0.265/ sin(𝜃) 𝑚. For the present study, we consider bulk flow densities
ranging from 600 𝑘𝑔 𝑚−3 to 1600 𝑘𝑔 𝑚−3 and slope angles varying from 7.5∘ to 30∘.

We implement a range of slip-lengths for the slope boundary condition, following
the conclusions of Chapter 5, which showed that the flow-water interaction dynamics
varied significantly depending on the bottom boundary. In the present study however,
since we do not define an initial column, the dimensionless slip length is given by
𝑏/ℎ𝑓 , rather than 𝑏/𝐻0. A viscosity of 0.1 𝑃𝑎 𝑠 is used, which was shown by Chapter
5 to best reproduce the front velocities of the granular-fluid at interaction, and also
led to a strong qualitative and quantitative agreement with the physical results.

6.2.2 Limitations to methodology

There are limitations to this methodology which must be considered when interpret-
ing the results. Firstly, numerically forcing the front height and velocity immediately
prior to impact means the shape of the the granular-fluid front differs between labo-
ratory experiments and the numerical setup. In the laboratory experiments, the front
height increases gradually with distance from the head of the flow until it reaches an
approximately constant front height. We consider this difference to have a second or-
der impact on the interpretations from this study: the results continue to show a strong
match with laboratory snapshots (as we show in Section 6.3.1) and the dimensionless
impact parameter remains a strong predictor of the dimensionless wave amplitude
(Figure 19).

In the three-dimensional comparison to the two-dimensional studies, a 𝑧 boundary
is implemented for the tank walls, in a similar manner to the implementation of the
bottom boundary (where the velocity field is set to zero, see Chapter 5). In places,
this leads the granular-fluid/water mixture to ‘stick’ to the boundary, due to the crude
handling of wetting and drying with this methodology. Given we are exploring a
relatively wide tank (0.25 𝑚), and considering cross sections of the wave profile far
from the boundary, we assume that this issue has no significant effect on the wave
features.

6.3 Three-phase Volume of Fluid model, two-dimensional results

6.3.1 Snapshots

Here, we expand upon Chapter 5 and explore the effects of varying the granular-
fluid density and slope angle, using the methodology described in Section 6.2. The
granular-fluid density is varied from 600 𝑘𝑔𝑚−3 to 1600 𝑘𝑔𝑚−3, for three different
slope angles: 7.5∘, 15∘ and 30∘. Figure 16 presents snapshots for 7.5∘ and 30∘ and
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Figure 16: Snapshots from numerical experiments, taken 𝑡/𝑇 = 2.5
after the time of interaction (where 𝑇 = 𝐻𝑖/√(𝑔𝐻𝑖)), for slope angles
7.5∘ and 30∘ and bulk granular-fluid densities 600 𝑘𝑔𝑚−3 and 1600
𝑘𝑔𝑚−3. Each row represents a different value of dimensionless slip
length, varying from no-slip (𝑏/ℎ𝑓 = 0) to a large value of slip (𝑏/ℎ𝑓

= 1.0)
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600 𝑘𝑔𝑚−3 and 1600 𝑘𝑔𝑚−3, with 𝑢𝑓 = 3.3 𝑚𝑠−1 and ℎ𝑓 = 0.017 𝑚, thus presenting
the effect of varying the boundary condition across this parameter space.

General observations

From a purely qualitative perspective, Figure 16 shows that under all initial condi-
tions considered, the boundary condition of the slope heavily determines the interac-
tion dynamics between the granular-fluid and water. These are the same changes in
interaction dynamics identified in the experiments of Chapter 5, and therefore this
observation shows that can be observed for other slope angles (not just 15∘), and a
wide range of densities. For each slope angle/density combination, as slip length is
increased, an increasing amount of granular fluid is directed down-slope, and less is
directed across the water surface. This generally leads to an increase in down-slope
propagation velocity of the immersed granular-fluid and a reduced amount of break-
ing/overturning of the water surface, compared with lower slip conditions. However,
similar to what was observed in Chapter 5, for some no-slip conditions (particularly
for cases with larger densities or slope angles), high shear in the boundary layer leads
the current to initially lift off the slope at impact, before reattaching and then propa-
gating down-slope, rather than across the water surface. As observed in Figure 16b,
this can lead to a gently breaking wave, with similar characteristics to waves gener-
ated under a free-slip slope boundary condition.

Larger slope angles (30∘) also appear to be associated with reduced overturning,
particularly for higher values of slip. A larger slope angle means the current propa-
gates with a larger component of momentum in the negative 𝑦 direction, compared
with shallower slope angles with the same input conditions. This, combined with
the more rapidly increasing water depth for larger slope angles, means the head of
the granular-fluid displaces a smaller relative height of the water column, and over a
shorter time period. This implies a more rapid wave generation timescale, with less
opportunity for uplift of the water surface, leading to a more gently sloping wave
crest. Conversely, for smaller slope angles, the granular-fluid appears coupled with
the leading wave for a longer duration and occupies a significant proportion of the
water column in the wave generation zone (due to the more slowly increasing water
depth). This increases the timescale of displacement and amount of relative uplift of
the water surface, but this also appears to lead to violent breaking (and thus energy
dissipation). These observations are important in the context of conclusions from
Chapter 5, which showed that an increase in down-slope momentum (and thus a de-
crease in relative time and amount of displacement of the water column) leads to more
gently sloping waves. Low-slip (or no-slip) conditions, on the other-hand, lead to in-
creased coupling between the granular-fluid and the water, which was associated with
steeper and larger waves, leading to significant overturning, and ultimately, energy
dissipation. These observations are also in agreement with the landslide-generated
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waves study of Zweifel, Hager, and Minor (2006), where the authors highlighted that
relative displacement of the water column plays an important role in determining the
characteristics (e.g., steepness) of the wave generated.

Another key observation from Figure 16 comes from comparison of densities (left
versus right hand side of the figure). The two left hand columns demonstrate the abil-
ity of the granular-fluid to penetrate the water and to generate significant uplift of the
water surface for densities lower than that of water, i.e. 𝜌𝑓 𝑙𝑢𝑖𝑑/𝜌𝑤𝑎𝑡𝑒𝑟 < 1. Impor-
tantly, this observation suggests that if the granular-fluid has sufficient momentum,
hydrodynamic forces can can overcome buoyancy, at least for a short time. This is
discussed in more detail during analysis of Figure 17 and 18.

Physical-numerical comparison

Figure 17 shows a comparison between numerical experiments and physical experi-
ments for 1) 𝜌 = 1400 𝑘𝑔𝑚−3, 𝜃 = 30∘, 2) 𝜌 = 600 𝑘𝑔𝑚−3, 𝜃 = 30∘ and 3) 𝜌 = 1400
𝑘𝑔𝑚−3, 𝜃 = 10∘ at two different times after interaction. The numerical and physical
results are for the same initial impact conditions, 𝑢𝑓 and ℎ𝑓 . Numerical results are
depicted for both a no-slip condition (to demonstrate re-attachment), and a value of
high partial-slip (𝑏/ℎ𝑓 = 1), since high partial-slip conditions demonstrated the most
favorable comparison in Chapter 5. The physical experiments presented in row 2𝑎
are for a coarser grain size than presented in Bougouin, Paris, and Roche (2020) and
Chapter 5, with a diameter 𝑑 = 143 𝜇 𝑚 (rather than 𝑑 = 66 𝜇 𝑚). The beads in the
𝑑 = 143 𝜇 𝑚 case are made from polystyrene, with a density of 𝜌𝑝 = 1050 𝑘𝑔𝑚−3,
while beads in the 𝑑 = 66 𝜇 𝑚 case are made from glass with a density of 𝜌𝑝 = 2500
𝑘𝑔𝑚−3. The volume fraction leads to the bulk densities of 𝜌 = 600 𝑘𝑔𝑚−3 and 𝜌 =
1400 𝑘𝑔𝑚−3, respectively. Given the small change in grain size and the fluidisation,
we therefore assume this does not influence our assumptions, meaning the numerical
parameters remain the same.

There are strong similarities observed between the numerical and physical ex-
periments, in the initial uplift of the water surface, wave generation and associated
evolution of a gravity current. These similarities are particularly evident for 𝑏/ℎ𝑓 =
1 (i.e. a high value of partial-slip), and the high density cases (1 and 3). For example,
in Figure 17, 1𝑏, the granular-fluid front appears to reach the tank bottom (𝑥 location)
at a similar time to the gravity current in the equivalent physical experiments (Figure
17, 1𝑎). In both cases, this leads to a gently sloping leading wave crest. Similarly,
in Figure 17, 3𝑎 and Figure 17, 3𝑏, similarities between the physical and numerical
results are observed for the gravity current evolution and in the shape of the leading
wave. At a later time-step (𝑡/𝑇 = 3.2), the numerical results appear to display slightly
increased breaking compared with the physical experiments, although the wave crests
are approximately in-phase. In both the numerical and physical results, the gravity
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Figure 17: Comparison between laboratory experiments and numeri-
cal results, for different initial conditions. Numerical results are pre-
sented for a partial-slip condition (𝑏/ℎ𝑓 = 1), and a no-slip condition
(𝑏/ℎ𝑓 = 0). 𝑑 (grains) refers to the grain diameter used in the physical

experiments.
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Some low density granular-fluid propagates with water surface

Figure 18: Comparison between physical and numerical snapshots at
𝑡/𝑇 = 5.6 and 𝑡/𝑇 = 7.5 (post interaction), for 𝜌𝑔𝑓 = 600 𝑘𝑔𝑚−3, 𝜃 =

30∘, 𝑏/ℎ𝑓 = 1.

current front appears to have propagated a similar distance to the wave at this time.

Figure 17, 2𝑎 − 𝑐 shows a numerical-physical comparison for lower density and
a larger grain size. Figure 18 shows the same comparison, for later time-steps. In the
physical experiment snapshots, during the initial water interaction and wave genera-
tion, a gravity current generated from a granular-flow less dense than water behaves
qualitatively very similar to those more dense than water (i.e. water surface uplift, fol-
lowed by the generation of a gravity current which initially propagates down-slope).
After the interaction and wave generation stage, the gravity current appears to rapidly
lose down-slope momentum, and forms a positively buoyant gravity current which
propagates along the water surface, rather than the tank bottom. This current affects
the generation of secondary waves. It is important to note here that the grains used
in the physical experiments are more dense than water (1050 𝑘𝑔𝑚−3), meaning that
this positively buoyant current must be facilitated by aeration within the current. As
this current propagates and mixing occurs, the grains eventually begin to settle in the
water column.

These wave generation features are captured reasonably well in the numerical
experiments ( Figure 17, 2𝑏 and Figure 18), but with more discrepancies than higher
density cases. In the numerical results (for 𝑏/ℎ𝑓 = 1, Figure 17, 2𝑏 ) the granular-fluid
propagates rapidly into the water column at a similar velocity to the physical experi-
ments, also demonstrating that granular-fluidmomentum overcomes buoyancy forces
at this stage. Figure 18, which shows a comparison between physical and numerical
experiments for 600 𝑘𝑔𝑚−3 and 30∘ at later time-steps, clearly highlights how the
shape of the leading wave is captured well in the numerical model, appearing in-phase
with the physical results and of similar amplitude. The first of the small amplitude
waves following the leading wave can also be clearly observed. Although apparent in
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both the numerical and physical experiments, the development of the secondary wave
appears, however, to differ in shape and phase between the numerical and physical re-
sults. We attribute this to the effects of mixing, grain dispersion and buoyancy: upon
mixing with water, the current in the physical experiment will rapidly become more
dense due to the density of the grains, while this physics is not captured in our New-
tonian fluid continuum approximation. This may lead to increased buoyancy forces
in the numerical model at this stage. Overall, both these numerical and physical ob-
servations are important in the context of wave generation by PDCs, highlighting
that substantial wave generation by displacement of a large volume of water is not
necessarily limited to flows more dense than water, and that differences in interac-
tion dynamics between dense and light flows of sufficient momentum only become
salient after the initial wave generation is complete or at least well progressed.

A notable discrepancy between the low density snapshots is the shape and forma-
tion of the initial granular-flow (once submerged) and the following development of
a positively buoyant gravity current. In the numerical experiment, the granular-fluid
moves along water surface, but a reversed buoyancy gravity current as observed in
the physical snapshots is not apparent. Grain dispersion in the physical experiments
rapidly leads to difficulties in making direct qualitative comparisons between the two
results. In the physical experiments, grains are able to mix with the water, which
makes it difficult to exactly differentiate between the bulk gravity current and the wa-
ter. While the numerical snapshots represent fluid density, the physical experiments
are high resolution images from a side view of the tank. The lighting allows easy
identification of the interface between the submerged granular-flow particles and the
water, but not the concentrations or any voids within the ‘bulk’ gravity current it-
self. Additionally, the side view of the tank means a three-dimensional process is
essentially compressed into a two-dimensional plane, which may further influence
the interpretation of concentrations. Particularly with larger grain sizes, the ability of
water to penetrate the granular-flow at impact is likely to increase (Bougouin et al.,
2021), which will lead to further dispersion/mixing of particles at impact. We suggest
the dispersion of grains in the physical experiments be a primary reason for discrep-
ancies between the numerical and physical results in the gravity current evolution, for
high values of slip. This is likely to be increasingly apparent for i) larger grain sizes
or ii) smaller velocities.

For no-slip conditions (i.e. 𝑏/ℎ𝑓 = 0), the qualitative comparison between numer-
ical and physical experiments shows many similarities for larger slope angles (𝜃 =
30∘), in the instances where reattachment of the granular-fluid to the slope bound-
ary occurs (i.e. Figure 17, 1𝑐). When reattachment of the granular-fluid occurs, the
gravity current appears to propagate at a similar velocity to the current associated
with 𝑏/ℎ𝑓 = 1, as well as the equivalent numerical results. For smaller slope an-
gles (𝜃 = 10∘) or lower densities (600 𝑘𝑔𝑚−3), however, the granular-fluid shears
the water surface for no-slip conditions, leading to violent splashing and overturning
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Figure 19: Normalised amplitude 𝐴/𝐻𝑖 at 𝑥1 = 2.4 𝑚 from the shore-
line as a function of the impulse parameter 𝜁 (Equation 6.1), for the
laboratory experiments (of fluidised glass beads) and the numerical ex-
periments considered in the present study. Results from the numerical
simulations are shown for slope angles of 30∘ and 15∘, across a range

of densities. Dotted line (- -) 𝐴/𝐻𝑖 = 0.15 𝑙𝑛(𝜁) + 0.88.

and demonstrating different interaction dynamics to the physical experiments. While
no-slip results show differences with the physical experiments, the observations are,
nonetheless, useful for considering how such flows may generate waves if travelling
across the water surface rather than penetrating the water column.

6.3.2 Product impulse parameter

For a quantitative comparison between the numerical results in the extended parame-
ter space and the physical experiments, the dimensionless wave amplitudes are plot-
ted with respect to the dimensionless parameter 𝜁 proposed by Bougouin, Paris, and
Roche (2020) in Figure 19.

The relationship between 𝜁 and 𝐴/𝐻𝑖 (for high values of partial-slip, following
Chapter 5 is well replicated by the numerical model for 𝜌𝑓 = 600 𝑘𝑔𝑚−3 - 1600 𝑘𝑔𝑚−3

and 𝜃 = 15∘ (blue markers), providing confidence that a Newtonian fluid model for
a fluidised granular flow is valid across a wide range of densities, in terms of the
energy imparted to the leading wave. As in Chapter 5, the numerical wave ampli-
tudes are often slightly higher than the laboratory results, although overall the dif-
ference is not significant. Chapter 5 hypothesised an overestimation of wave ampli-
tude was due to a number of factors, including the two-dimensional approximation
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of three-dimensional turbulence, the differences in flow rheology, the immiscibil-
ity between the granular-fluid and air, and the difference in reservoir geometry (in
Bougouin, Paris, and Roche (2020) the reservoir is horizontal, while in Chapter 5 the
reservoir was sloped). Although apparent, the offset appears to be less significant in
Figure 19 compared with Chapter 5. This improvement is likely due to the updated
methodology in the present study, where the front height and velocity at impact can
be specified, through a controlled boundary condition. This means the influence of
differences in flow rheology between the physical and numerical experiments on the
down-slope propagation prior to impact are not applicable, and the differences in
reservoir geometry no-longer need to be considered. In Section 6.4 we explore how
a two-dimensional approximation may effect wave amplitude, which provides an op-
portunity to further test the hypothesis of Chapter 5 on why wave amplitudes are
likely overestimated.

It is evident in Figure 19 that both the dataset of Bougouin et al. (2021) and Chap-
ter 5 do not fit same relationship between 𝐴/𝐻𝑖 and 𝜁 for 𝜃 = 30∘. Although en-
couraging that the numerical results match closely with the physical results for these
cases, this observation highlights the complexity of slope angle in terms of its role in
momentum transfer, in agreement with conclusions drawn from Section 6.3.1. The
present study focuses on exploring to what extent the conclusions of Chapter 5 hold
true across the parameter space, so an exploration of scaling relations is beyond the
scope of this paper, but we highlight here that this is an important area for future
research.

6.3.3 Summary

In summary, we demonstrate that the Newtonian fluid model for a fluidised granular
flow continues to demonstrate the same change in interaction dynamics with bound-
ary condition for a variety of densities and slope angles, with partial-slip remaining an
appropriate boundary condition. We suggest that the Newtonian fluid model is most
appropriate, however, for high density cases with small grain sizes. The model is
particularly successful at capturing the initial wave generation where hydrodynamic
forces play a more significant role than buoyancy, or where the effects of grain dis-
persion do not have significant influence. Across all parameters considered, the nu-
merical model demonstrated a good approximation for leading wave features and
amplitudes.

6.4 Analysis of three-phase Volume of Fluid in three-dimensions

Here, we consider the impact of modelling the wave generation process in three di-
mensions, determining whether conclusions drawn from the two-dimensional cases
remain valid when considering three-dimensional turbulence.
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Figure 20: Snapshots for a) a no-slip and b) a free-slip three-
dimensional model, 𝑡/𝑇 = 1.9 after interaction, to demonstrate initial
dynamics for a slope angle of 30∘ and a density of 1600 𝑘𝑔𝑚−3. Here,
for presentation purposes, red represents the bulk granular-fluid (i.e.,
the approximate surface where 𝑐𝑔𝑓 = 1), while blue represents the wa-
ter surface, where 𝑐𝑔𝑓 = 0. At these early timesteps, significant mixing

between the two phases is not apparent.

Reattachment
to bottom boundary

Figure 21: Snapshot at 𝑡/𝑇 = 1.9 post-interaction, for a no-slip bound-
ary condition, 30∘ slope angle and a density of 1600 𝑘𝑔𝑚−3. This
figure demonstrates reattachment of the granular-fluid to the bottom

boundary, when modelling three-dimensional turbulence.

6.4.1 Results

For this comparison we introduce a 𝑧 dimension to the numerical setup, and imple-
ment a no-slip boundary at 𝑧 = 0.25 𝑚 (in addition to the boundary representing the
tank bottom), to replicate the dimensions of the wave flume in the laboratory exper-
iments. Figure 20 presents three dimensional snapshots 𝑡/𝑇 = 1.9 after interaction
for a) a free-slip condition and b) a no-slip condition, under the initial conditions ℎ𝑓
= 0.017 𝑚, 𝑢𝑓 = 3.0 𝑚𝑠−1 and 𝜃 = 15∘.
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The free-slip condition leads to a granular-jet (similar to what is observed in the
physical experiments) where water is rapidly uplifted, and some granular-fluid is pro-
jected away from the impact zone. As a result, a backwards collapsing cavity is gen-
erated and the granular-fluid penetrates the water rapidly, propagating down-slope
in the form of a negatively-buoyant gravity current. For the no-slip condition, on
the other-hand, the granular-fluid (red) shears the water surface, leading to a con-
siderable amount of wave breaking and overturning. In this case, no clear impact
crater is observed. It is evident that during the interaction and water uplift stage, the
three-dimensional simulations show the equivalent change in interaction dynamics as
the two-dimensional setups, for both slip conditions. Importantly, these observations
show that boundary condition still has a significant effect on the interaction dynamics
for a three-dimensional case, highlighting that the change in interaction dynamics is
not a result, or a feature associated with, a two-dimensional approximation.

An important observation which arose from Chapter 5 is the process of ‘reattach-
ment’, where the granular-fluid initially lifts off the slope boundary at impact, before
reattaching to the slope shortly after interaction. This behaviour is also discussed in
the Section 6.3.1 of the present study, and is highlighted to be particularly pertinent
for steep slope angles and larger granular-fluid densities. The question of whether
this phenomena was a result of two-dimensional turbulence (which amplifies vorti-
cal structures and may therefore lead to increased shear in the boundary layer), is
not explored in Chapter 5. Figure 21 therefore shows a three-dimensional case for
the equivalent setup to Figure 16d): 𝑏/ℎ𝑓 = 0, 𝜌𝑓 = 1600 𝑘𝑔𝑚−3 and 𝜃 = 30∘, in
order to determine whether a three-dimensional approximation affects the ability of
a current to undergo turbulent reattachment to the slope bottom. It is evident from
this snapshot that three-dimensionality does not appear to influence the reattachment
process, with the interaction dynamics appearing qualitatively similar between the
two-dimensional and three-dimensional models.

6.4.2 Wave characteristics

Figure 22 presents the fluid/air interface for an equivalent two-dimensional and three-
dimensional case (a slice through a cross section at 𝑧 = 0.125 𝑚), at 𝑡/𝑇 = 3.2 and
𝑡/𝑇 = 5.6 post-interaction, one the leading wave has developed. These comparison
cases are for a high partial-slip condition, with ℎ𝑓 = 0.04 𝑚 and 𝑢𝑓 = 3.0 𝑚𝑠−1. In
a two-dimensional approximation of a three-dimensional process, vortical structures
are generally amplified andmore coherent due to the nature of two-dimensional turbu-
lence. At the earlier time-step (𝑡/𝑇 = 3.2), althoughmany of the leadingwave features
and characteristics (e.g., the entrainment of air, shape of leading wave, down-slope
propagation of gravity current) are similar between the two and three-dimensional se-
tups, in the two-dimensional case the leading wave amplitude is larger and the break-
ing/overturning appears slightly more significant. The difference in overturning is
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Figure 22: Figure showing cross sections of VoF interface for 3D case
(at z = 0.125 𝑚 from the tank edge, where the tank is 0.25 𝑚 wide),

compared with the equivalent two-dimensional case.
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particularly evident at the later time-step (𝑡/𝑇 = 5.6), where considerable splash-
ing observed in the two-dimensional simulations is less pronounced in the equiva-
lent three-dimensional case. This has an effect on the overall wave evolution and
resulting wave shape: the crest of the leading wave appears far ‘cleaner’ in the three-
dimensional setup, and thus more similar to the physical experiments. Increased
splashing or overturning in the wave crest is likely to lead to increased uncertainty in
the determination of the wave amplitude, while enhanced vortical structures may lead
to increased uplift, causing a true increase in wave amplitude. This may be another
reason for the slight discrepancy between the physical and numerical results in the
study of Chapter 5. At the generation zone, the difference between the two and three-
dimensional setups appears minimal in terms of the notable features of interaction.

6.4.3 Summary

In summary, for the tank setup, it appears that the two-dimensional approximation
captures many features of the the generation stage well, but does not capture sig-
nificant wave breaking or overturning as well, as hypothesised by Chapter 5. For
cases where breaking is less significant (e.g., smaller front heights, front velocities,
or slope angles), the two-dimensional approximation may remain sufficient, and less
computationally intensive. It must, however, be noted that the two-dimensional ap-
proximation will likely lead to overestimation of wave amplitudes. For cases where
overturning in the leading wave is significant at impact, a three-dimensional approxi-
mation may be required to accurately model the resulting wave characteristics. These
observations also demonstrate that a three-dimensional Newtonian fluid model re-
mains a reasonable approximation of a fluidised granular flow in the context of wave
generation, and the conclusions from Chapter 5 remain true for three-dimensional
turbulence.

6.5 Conclusions

Firstly, this study shows that in two-dimensions, the same change in interaction regimes
with slip-length observed in Chapter 5 is observed for lower values of 𝜌𝑑𝑖𝑓 𝑓 = 𝜌𝑓 𝑙𝑢𝑖𝑑/𝜌𝑤𝑎𝑡𝑒𝑟,
including values < 1, as well as for range of slope angles. The dimensionless wave
amplitudes continue to match well with the physical results, when considering the
relationship between dimensionless leading wave amplitude and the product impulse
parameter, although the amplitudes are still slightly overestimated (similar to Chapter
5). The error margin is, however, less than in Chapter 5, which we attribute to the
new model setup, where impact velocity and height can be well defined. It is there-
fore concluded that the Newtonian fluid model for waves generated by a fluidised
granular-flow remains a strong approximation for the wave generation process and
associated leading wave features across this wider range of parameters. The model
is particularly effective for densities greater than that of water, or small grain sizes,
where water cannot penetrate the grains rapidly during the wave generation zone, and
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hydrodynamic forces dominate. When mixing between grains and water becomes im-
portant (for example, where a positively buoyant gravity current is generated for low
bulk densities in the physical experiments), there is increased discrepancy between
the numerical and physical models- particularly for secondary waves. In addition to
these observations, the results highlight the complexity of momentum transfer to the
wave, demonstrating that relative displacement of the water column by the granular-
fluid (which is likely a function of multiple parameters, for example boundary con-
dition and slope angle at impact) has a significant influence on the resulting wave
characteristics. We suggest this to be an important avenue to consider in future work.

Following this exploration, we consider the impact of modelling the process in
three dimensions (although constraining to a two-dimensional tank, to capture the
laboratory setup), by solving the three-dimensional Navier Stokes equations on an
adaptive, octree grid. The results demonstrate that a three-dimensional Newtonian
fluid model is a strong approximation of a fluidised granular flow in the context of
wave generation. We show qualitatively that when modelling three-dimensional tur-
bulence, increasing slip-length has a significant impact on the interaction dynamics;
again with no-slip leading to shearing of the water surface, and free-slip leading to in-
creased momentum directed down-slope. In addition, wave amplitudes are compared
to the equivalent two-dimensional setup, and it is shown that a three-dimensional ap-
proximation leads to slightly smaller wave crests, with less significant overturning.
We conclude that for cases where breaking is minimal, a two-dimensional approxi-
mation remains a strong, and computationally more efficient solution for modelling
the wave generation process. At later time-steps, however, over where breaking and
overturning is more significant, it is concluded that a three-dimensional approxima-
tion is likely to be more appropriate.



7
I N F LUENCE OF S LOPE ANGLE ON WAVE GENERAT ION BY
A FLU ID I S ED GRANULAR FLOW

7.1 Overview

While research is limited with respect to tsunamis generated by pyroclastic density
currents (PDCs) specifically, there has been considerable development in the field
of tsunamis generated by landslides or granular-slides (including highly fluidised or
mobile cases). Often, studies have focused on determining empirical relations, or
identifying the important parameters involved in wave generation (e.g., Bullard et
al., 2019; Heller and Hager, 2010; Mulligan and Take, 2017). Understanding the
importance of different parameters is a necessary step in improving the accuracy of
predictive models and coastal risk assessments. At their most basic, these events are
wave generation by mass failure and down-slope motion due to gravitational acceler-
ation. The slope angle determines the component of gravitational acceleration acting
in the direction of motion, and hence is an important parameter in determining the
post-failure motion of the mass. Notably, although often identified as a key param-
eter in its influence on wave features, some have considered slope angle (including
Bougouin, Paris, and Roche, 2020; De Lange et al., 2020; Heller and Hager, 2010),
but the effect of slope angle on wave generation and energy transfer is not explored
in depth throughout the landslide literature. This is primarily due to the difficulties
surrounding the ability to vary slope angle independently from other parameters (e.g.,
flow velocity and front height), particularly in the context of physical experiments.

There has been some controversy in the literature surrounding the effect of the
slope angle on wave generation. Some studies have suggested that in the context of
waves generated by sub-aerial granular-slides, the leading wave amplitude increases
with increasing slope angle (e.g. Huber and Hager, 1997; Paris, Heinrich, and Abadie,
2021; Viroulet, Sauret, and Kimmoun, 2014), although many of these studies noted
that this was a result of increased impact Froude numbers (due to large velocities)
and reduced energy dissipation associated with larger slope angles. It is important to
note that 𝐹𝑟, the impact Froude number, is defined as:

𝐹𝑟 = 𝑢𝑓 /√𝑔𝐻𝑖 (7.1)

where 𝐻𝑖 is the initially constant water depth in the far-field and 𝑢𝑓 is the veloc-
ity of the granular-slide at impact. This impact Froude number is commonly un-
derstood to be the dominant parameter controlling wave generation in studies sur-
rounding wave generation by granular slides (e.g., Fritz, Hager, and Minor, 2004;
Fritz, Hager, and Minor, 2003b; Heller, 2009; Zweifel, Hager, and Minor, 2006),
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and represents the velocity of the flow at impact, relative to the shallow water wave
speed in the constant-depth section after the transition from the sloping boundary.
Bougouin, Paris, and Roche (2020) performed laboratory experiments for waves gen-
erated by fully fluidised granular flows, which originated from a collapsing granular-
column, and aimed to fit the results to a universal scaling relationship which allowed
for variable slope angle. This was, however, impossible to achieve in their study,
since again, impact Froude number was coupled to slope angle. Bougouin, Paris,
and Roche (2020) suggested that the slope angle plays a complex role in wave gen-
eration, and that the effect of slope angle on leading wave amplitude is likely non-
monotonous. Other studies have concluded that the horizontal component of the front
velocity should be considered to predict the leading wave amplitude (e.g., Heller and
Hager, 2010; Robbe-Saule et al., 2020), considering an analogy with a moving piston.
This suggests that there is a negative relationship between leading wave amplitude
and slope angle. In particular, the setup of Heller and Hager (2010) allowed a pre-
defined velocity and height close to impact, which could be varied (relatively, com-
pared to other studies) independently from the slope angle. There was still, however,
some significant propagation of the granular-slide on the ramp (which was 0.5-0.8
𝑚 in length) prior to impact in this setup. The study only considered slope angles
greater than 30∘, however, and was focused on dry, coarse granular-flows, present-
ing considerable opportunity for further research. De Lange et al. (2020) physically
modelled debris flows, and explored the effects of debris-flow volume, composition
(gravel, sand, clay, water) and subaerial slope on wave celerity and amplitude in a
small-scale physical model consisting of an inclined outflow slope (of significant
roughness), which ran into a three-dimensional water reservoir. They investigated
variation in the subaerial outflow slope angle, while the submerged slope stayed con-
stant at 10∘, and the results showed relatively good agreement with the predictive
equation of Heller and Hager (2010). However, the authors noted that the influence
of the submerged slope may be complex, particularly in the case of the high mobility
flows they were considering, due to a longer ‘detachment time’. They define this
as the time between first impact and when the submerged debris flow velocity falls
below the shallow water velocity, allowing the leading wave to move away from the
submerged flow. They noted that this requires further investigation, and is likely to
be particularly important for shallower slopes. Rauter et al. (2021), performed numer-
ical experiments with a similar setup to Heller and Hager (2010) (using a boundary
condition as input, for a water flow) and in contrast to many previous studies, sug-
gested there was no clear influence of the slope angle on wave amplitudes, over the
parameter range considered (slope angles varied between 10∘ - 60∘).

The slope angle also leads to complex effects when considering the initial sub-
mergence of a slide (ranging from fully submerged to fully above the water). These
effects are likely to be related to different wave generation mechanisms or regimes.
For example, in numerical work of Paris, Heinrich, and Abadie (2021), sensitivity
studies between depth-averaged and three-dimensional models for waves generated
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by granular slides were performed, varying the initial slide configuration (the level
of submergence) and the slope angle. The depth-averaged model showed that for all
Reynolds values and levels of submergence considered, the higher the slope angle, the
larger the generated wave. Conversely, the three-dimensional Navier-Stokes model
showed wave amplitudes to increase continuously with slope and Reynolds number
for the sub-aerial case (again, this was primarily due to increased impact velocity asso-
ciated with larger slope angles), while the amplitude for the partially-submerged setup
reached an asymptotic value at 45∘, and the fully submerged case demonstrated a re-
versed relationship. The authors also showed that turbulence played complex role, in
some cases enhancing the wave field and in others reducing it. This was related to dif-
ferences in horizontal and vertical momentum transfer, which was determined by the
slide dynamics in the generation zone. Again, these observations highlight the non-
triviality of relating slope angle to wave features. The study of Paris, Heinrich, and
Abadie (2021), and the discrepancies between other works highlight that the relation-
ship between slope angle and leading wave amplitude is complex and, as suggested
by Bougouin, Paris, and Roche (2020), may also be non-monotonic. It is likely to be
heavily influenced by the wave generation mechanism (e.g., shearing the water sur-
face versus rapid downslope propagation), regime or breaking behaviour. Although
this may preclude the development of a universal scaling parameter, deepening our
understanding of the different processes and regimes can help towards understanding
what parameters may be important under different initial conditions.

In addition to slope angle, previous experimental works have also highlighted
the general non-triviality of relating water displacement to impact slide parameters
(such as impact velocity and front height). For example, Zweifel, Hager, and Mi-
nor (2006) considered the effect of granular-slide density (for low impact Froude
numbers < 2) and demonstrated that slides lighter than water are associated with
‘buoyancy-enhanced flow resistance’, which leads to a steeper wave crest formation,
compared with dense slides of the same volume. This leads to a vertical extension of
the slide front in the water column, which involves a comparatively larger vertical wa-
ter displacement during the interaction time, compared with dense slides. The authors
showed that this may lead to different durations and amounts of momentum transfer
from the slide to the water. Observations were also noted in Chapter 5, where we
showed how the dynamics of interaction, which influence the energy transfer from
the flow to the water, are highly sensitive to the slope boundary condition and the
velocity profile of the flow. The results of Chapter 5 were, however, limited to the
experimental setup of Bougouin, Paris, and Roche (2020) and did not explore the ef-
fect of varying parameters such as slope angle or impact Froude number. While these
results are specific to density and buoyancy effects, they highlight how different pa-
rameters may interact in a variety of complex, potentially non-linear ways.

While Chapter 6 explores how this change in interaction dynamics is influenced
by a change in slope angle, and highlights some of the key considerations for how
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this may affect energy transfer between the granular-fluid and the generated wave,
the independent influence of slope angle is not explored in detail. Similar to Zweifel,
Hager, and Minor (2006), the results of Chapter 5 and Chapter 6 discuss the influence
of how the slide interacts with water, and highlighted that this may affect energy/mo-
mentum transfer to the resulting wave. To what extent this can be predicted from
slide parameters prior to impact (and in particular, slope angle) remains an important
question.

7.2 Aims

In this study we aim to investigate the effect of slope angle (< 30∘) at the entry point
into the water and during the interaction zone, for different granular-flow impact
Froude numbers, and considering highly fluidised granular flows. In many previ-
ous physical and numerical studies, a uniform slope both above and below water is
considered, where a granular-mass is initialised (either stationary or with an initial
acceleration), and then propagates down-slope for some distance before interacting
with water. The front velocity of the granular-flow at impact with water is therefore
often proportional to the slope steepness. In a geophysical situation, however, assum-
ing a constant slope and that the velocity of a slide at impact is directly related to the
slope angle at this point is an oversimplification. The front height and velocity at
the point of impact are also functions of flow acceleration prior to this point (which
can be related to variable field topography, or initialisation of the slide), as well as
frictional and viscous properties (which may vary spatially and temporally, particu-
larly for highly complex flows such as PDCs). For this reason, it is useful to consider
and explore cases where the front velocity of the flow at impact is independent of
the slope angle at this stage, in particular for shallower slope angles. The physical
setup of Fritz and Moser (2003) facilitates this to an extent, by controlling the impact
velocity and front height relatively close to impact. A number of studies utilise this
experimental approach (e.g., Heller and Hager, 2010), but physical experiments of
this nature thus far (to our knowledge) primarily focus on coarse, dry granular flows
and steeper slope angles (> 30∘), which are not necessarily relevant to PDCs. A simi-
lar setup is easily replicated through numerical experiments, and is achieved in Rauter
et al. (2021). This study does not, however, explore the influence of slope angle in
great detail and uses a geometry whereby the distance of run-out on the slope (prior
to impact) differs between slope angles.

The adapted model of Chapter 5 allows for a pre-defined input velocity and front
height close to the point of impact, enabling us to make observations as to the influ-
ence of slope angle, when varied independently from the impact Froude number, the
dimensionless slide thickness or the slide mass. While there are some limitations to
this approach (e.g., it does not capture the full evolution of the granular-fluid flow,
particularly its front height and velocity profile, from the initial column collapse),
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Figure 23: Schematic of the numerical setup used in the present study.
As in the numerical setup of Chapter 6, the water and the granular-
fluid are separated from the air by a sharp, VoF interface, but are mis-
cible with one another. The parameters varied in this study (𝑢𝑓 /√𝑔𝐻𝑖,

ℎ𝑓 /𝐻𝑖 and 𝜃) are highlighted.

the adapted model continues to show a close qualitative and quantitative agreement
with the physical experiments (see Chapter 6). Such a model provides a valuable
foundation for future work in this area, offering a wide range of possibilities to better
understand the influence of slope angle onwave generation and energy transfer. In the
following sections, we therefore explore the role of slope angle on wave generation
in more detail, by varying the Froude number, non-dimensional flow thickness and
slope angle independently. We analyse qualitative and quantitative observations, con-
sidering both snapshots from the interaction zone and measuring the far-field wave
amplitude.

7.3 Methodology

This work uses the methodology of Chapter 5, which includes a schematic of the nu-
merical setup and a detailed description of the numerical methodology. Figure 23
presents a schematic of the equivalent setup, indicating the specific parameters var-
ied in this study. A well controlled boundary condition, near to the intersection of
the water surface with the slope (i.e., the point of impact), is used to input a dense
Newtonian fluid into the domain, at a predefined front velocity 𝑢𝑓 and height ℎ𝑓 . The
dense fluid then impacts with water, generating a wave. Chapter 6 confirms that the
model demonstrates both qualitative and quantitative agreements with results from
physical experiments (Bougouin, Paris, and Roche, 2020) over a range of densities
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and slope angles. The quantitative agreement with the results is, in fact, shown to be
stronger than the original model of Chapter 5, which is largely due to the better de-
fined impact velocity and front height. In addition, Chapter 6 concludes that while a
two-dimensional approximation is sufficient in the wave generation zone (and signif-
icantly more computationally efficient), a three-dimensional approximation is more
appropriate for capturing the wave propagation, particularly where significant break-
ing or overturning is involved (e.g., for lower slope angles or high velocity cases).
For efficiency, we consider a two-dimensional approximation in the following work,
noting these limitations.

The following work keeps the slope boundary condition constant, as slope angle,
non-dimensional flow thicknesses𝑆 (ℎ𝑓 /𝐻𝑖) and impact Froude number𝐹𝑟 (𝑢𝑓 /√𝑔𝐻𝑖)
are varied (with 𝐻𝑖 remaining constant), and explores how these changes affect the
interaction dynamics. In the present study, we therefore consider a high value of
partial-slip for the bottom boundary condition (𝑏/ℎ𝑓 = 1, where 𝑏 is a characteristic
slip length), following the conclusions of Chapter 5 and Chapter 6, which show that
high values of slip (but not fully free-slip) best reproduced the interaction dynamics
observed in the physical experiments. The height and velocity of the granular fluid at
impact are varied, while the water depth remains fixed (we present results separately
for two water depths𝐻𝑖 = 0.265𝑚 and𝐻𝑖 = 0.205𝑚). We consider a tank 8𝑚 long, to
enable the determination of far-field amplitudes. The slope angle 𝜃 is varied and the
length of the slope under water therefore varies as 𝐻𝑖/ sin(𝜃), with the length of ex-
posed slope remaining constant (10 𝑐𝑚). This enables the impact velocity and height
to be initialised relatively close to the water, thus reducing friction losses or accelera-
tions/decelerations as a result of the slope run-out prior to impact. For the following
simulations, we use a constant granular-fluid density of 1400 𝑘𝑔𝑚−3, following the
conclusions of Chapter 6 which suggest that similar behaviours are observed across a
wide range of densities. The duration of inflow of the granular-fluid can be varied in
this setup (the length of time over which the input boundary condition is switched on).
For the following work, we consider a duration of 0.5 𝑠, which is approximately simi-
lar to the time from initial collapse to full submergence in the water in the equivalent
physical experiments of Bougouin, Paris, and Roche (2020).

7.4 Results

7.4.1 Snapshots

Firstly, we explore two-dimensional snapshots across a range of impact Froude num-
bers, non-dimensional flow thicknesses and slope angles, making inferences about
the interaction behaviours. Figure 24 qualitatively demonstrates the effect of vary-
ing slope angle for two impact Froude numbers (𝐹𝑟 = 0.93, sub-critical and 𝐹𝑟 = 1.8,
super-critical) and two non-dimensional flow thicknesses (ℎ𝑓 /𝐻𝑖 = 0.037 and ℎ𝑓 /𝐻𝑖
= 0.15). Each snapshot is taken 𝑡/𝑇 = 2.5 after the time of interaction (where 𝑇 =
𝐻𝑖/√(𝑔𝐻𝑖)), to illustrate the initial wave generation and underwater granular-fluid
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Figure 24: Snapshots of the wave generation process at 𝑡/𝑇 = 2.5 after
impact, for two different Froude numbers 𝐹𝑟 = 0.93 and 𝐹𝑟 = 1.8 and
two non-dimensional flow thicknesses (ℎ𝑓 /𝐻𝑖 = 0.037 and ℎ𝑓 /𝐻𝑖 =

0.15).
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propagation for each slope angle. Snapshots are shown for four different slope an-
gles; 7.5∘, 15∘, 22.5∘ and 30∘.Values of 𝐹𝑟 associated with each column are stated.

Each column (𝑎-𝑑) therefore represents a unique non-dimensional flow thick-
ness/impact Froude number combination. While there are evident differences be-
tween each column (discussed in detail in the following paragraphs), there are also
some general behaviours observed as slope angle is varied. Generally, for steeper
slope angles, less breaking and overturning in the resulting wave is observed than for
lower slope angles, as the timescale over which the granular-fluid can uplift the wa-
ter surface decreases (the submerged granular-fluid rapidly propagates deep into the
water column). These observations are consistent with results from Chapter 6, which
demonstrated similar behaviour as slope angle was increased for a range of boundary
conditions.

These snapshots demonstrate that for larger impact Froude numbers and all slope
angles considered, the rate at which the granular-fluid propagates into the water col-
umn is increased, due to the increasedmomentum of the granular-fluid at impact. This
leads the submerged granular-fluid to initially travel at a similar velocity to the shal-
low water wave speed√(𝑔𝐻𝑖). This forces the leading wave ahead of it until the flow
decelerates, at which point the leading wave detaches. Hence, large Froude numbers
increase the opportunity for ongoing energy transfer between the granular-fluid and
the leading wave, for all slope angles. Here, this enhanced coupling is particularly
apparent for larger non-dimensional flow thicknesses, which not only propagate more
rapidly down-slope after impact, but also displace a greater relative proportion of the
water column during the wave generation period. For example, Figure 24 column 𝑏
shows a large non-dimensional flow thickness for 𝐹𝑟 = 0.93, while Figure 24 column
𝑑 presents a large non-dimensional flow thickness for 𝐹𝑟 = 1.83. For 𝐹𝑟 = 0.93, the
large non-dimensional flow thickness leads to significant uplift of the water surface,
but the snapshots indicate that the horizontal propagation of the submerged granular-
fluid is not rapid enough to facilitate the ongoing transfer of momentum between
the granular-fluid and the leading wave. Conversely, for 𝐹𝑟 = 1.86, the large non-
dimensional flow thickness leads to a significant vertical extension of the submerged
granular-fluid (which therefore displaces a large percentage of the water column) and
the increased impact Froude number facilitates the more rapid horizontal propagation
of the granular-fluid, enabling ongoing momentum transfer to the leading wave. For
lower non-dimensional flow thicknesses (e.g. Figure 24 column 𝑎 and column 𝑐), the
granular-fluid does not displace enough of the water column to interact significantly
with the leading wave, for both Froude numbers. For larger Froude numbers (> 1),
the smaller non-dimensional flow thickness also appears to slow the horizontal propa-
gation velocity of the granular-fluid compared with the leading wave, which is likely
due to the decreased mass/momentum of the granular-fluid at impact. In De Lange
et al. (2020), similar overall behaviour was observed for debris flows. They noted
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that higher momentum leads to a longer time until detachment (independent propa-
gation of the wave away from the flow), and creates more powerful waves in terms
of wavelength and crest amplitude and a larger near-field wave non-linearity. A less
energetic granular-fluid results in less energetic waves, with smaller amplitude waves
following, because the debris flow does not have enough momentum to keep pushing
the waves for a long duration, and wave detachment occurs sooner.

The observations from Figure 24 suggest that the relative proportion of the water
column displaced by the submerged granular-fluid in the wave generation zone, com-
bined with the horizontal 𝑥 velocity of the granular-fluid relative to the leading wave,
are important drivers for how momentum is transferred (e.g., relative amounts of hor-
izontal versus vertical momentum transfer, duration of momentum transfer) between
the granular-fluid and the leading wave. Importantly, and of significance to this study,
the relative displacement of the water column during uplift of the water surface is also
strongly coupled to the slope angle: larger slope angles mean the water depth during
the interaction zone increases more rapidly, therefore a larger non-dimensional flow
thickness is required to displace a volume over the entire water depth. Likewise, the
velocity at which the wave can propagate away from the interaction zone is also cou-
pled to the slope angle during uplift of the water surface: shallow slopes decrease the
wave celerity due to the slow increase in depth.

In summary, using Figure 24 we make general observations of how wave gener-
ation dynamics vary with slope angle, we note the different characteristics of wave
generation observed for varying granular-fluid Froude number/height combinations,
and we combine these observations to infer how slope angle may affect the impor-
tance and influence of these parameters. We therefore hypothesise that slope angle
may play a complex, yet important role in the energy transfer process from a granular-
fluid to water, as the impact Froude number and non-dimensional flow thickness are
varied, and we suggest that this role may be more important under certain conditions
than others. The following section therefore tests this hypothesis by exploring how
wave amplitudes vary with slope angle, across a similar parameter space, utilising
observations from the snapshots to inform interpretations and discussion.

7.4.2 Wave amplitudes

The following section explores how changes in the slope angle affect far-field ampli-
tudes, when all other initial conditions are kept constant. Figure 25 and Figure 26
present far-field (6 𝑚 from the point of impact, for 𝐻𝑖 = 0.265 𝑚 and 𝐻𝑖 = 0.205 𝑚,
respectively) dimensionless wave amplitudes across a range of impact slope angles,
with each sub-figure representing a different impact Froude number and results for
different non-dimensional flow thicknesses.

In both Figures, as a general observation, higher impact Froude numbers and
higher non-dimensional flow thicknesses are associated with larger wave amplitudes.
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Figure 25: Far-field wave amplitude variation with slope angle, for 4
different Froude numbers 𝐹𝑟 and 5 non-dimensional flow thicknesses

ℎ𝑓 /𝐻𝑖, with 𝐻𝑖 = 0.265 𝑚.
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Figure 26: Far-field wave amplitude variation with slope angle, for 4
different Froude numbers 𝐹𝑟 and 4 non-dimensional flow thicknesses
ℎ𝑓 /𝐻𝑖, with𝐻𝑖 = 0.205𝑚. ℎ𝑓 /𝐻𝑖 = 0.037 is not included in this Figure,
due to increased uncertainty measuring the low amplitudes and front

heights associated with this regime.
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For 𝐹𝑟 <= 1 (sub-critical to critical) the dimensionless far-field wave amplitude is
smaller for larger slope angle for all non-dimensional flow thicknesses ℎ𝑓 /𝐻𝑖. Low
Froude numbers indicate a larger difference between the shallow water wave speed
(referring to the constant-depth section) and the impact velocity of the granular-fluid,
for all non-dimensional flow thicknesses. As a result, particularly in the case of
steeper slope angles, the wave propagates more rapidly away from the interaction
zone than the horizontal propagation velocity of the submerged granular-fluid (as can
be observed in Figure 24). Furthermore, as slope angle is increased, the submerged
granular-fluid displaces less of the water column during the wave generation period,
as discussed in Section 7.4.1. The non-dimensional flow thickness (within the range
of parameters considered) does not affect the relationship between slope angle and
amplitude, since the waves propagate away from the generation zone so rapidly that
ongoing momentum transfer cannot take place.

For larger Froude numbers (𝐹𝑟 > 1), the far-field wave amplitude decreases with
increasing slope angle for lower values of ℎ𝑓 /𝐻𝑖 (here, ℎ𝑓 /𝐻𝑖 < 0.075) while the rela-
tionship becomesmore complicated for larger non-dimensional flow thicknesses. For
these larger thicknesses, the relationship between slope angle and wave amplitude is
less obvious. The reasons for this can also be interpreted by considering observations
from Section 7.4.1. As previously summarised, large Froude numbers mean that the
impact velocity of the granular-fluid is considerably faster than the shallow water
wave speed, leading to a longer detachment time. For larger non-dimensional flow
thicknesses, Section 7.4.1 highlighted that the granular-fluid displaces an increased
proportion of the water column during the wave generation period, which leads to
further increased potential for ongoing energy transfer to the wave. We hypothesise
that this, coupled with the large Froude number, means that steeper slope angles are
no longer leading to reduced energy transfer. In fact, in the cases where large non-
dimensional flow thicknesses are associated with violent breaking or overturning on
shallower slopes, energy dissipation through wave breaking may become more appar-
ent. This may be one explanation for some of the reversed relationships (amplitude
increasing with slope angle), observed for large non-dimensional flow thicknesses in
Figure 25.

7.5 Discussion

This chapter highlights that the role of slope angle differs depending on Froude num-
ber and dimensionless flow thickness, due to the complex and interacting processes
involved in wave generation. These processes not only concern momentum transfer
and coupling between the submerged granular-fluid and the generated wave, but also
wave breaking and energy dissipation in the interaction zone, which Chapter 5 high-
lights are important to consider. The results begin to highlight some of the potential
reasons for the discrepancies between previous studies, and the non-triviality of the
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momentum transfer process between a submerged granular-fluid and water. The dif-
ference in impact regimes and hydrodynamics of the processes means it is likely to
be very challenging to define a single parameter that relates the slide characteristics
to the wave features over the entire parameter space. We also acknowledge that the
numerical experiments conducted in this chapter focus on a lower range of slope an-
gles (< 30∘, which we consider to be most applicable to PDCs at a shoreline following
Cas and Wright, 1991), and we therefore note that different slope angle ranges may
also lead to different behaviour. When drawing or combining conclusions from pre-
vious works, it is important to consider the specific parameter ranges explored and
the ranges of applicability.

Considering these results and observations, we suggest that while an impact Froude
number associated with the impact velocity relative to the shallow water wave speed
(equation 7.1) may be appropriate for steeper slope angles, larger velocities and front
heights, or smaller water depths, it may be less appropriate under other conditions.
Steep slopes, high Froude numbers and large dimensionless thicknesses all facilitate
the rapid transfer of the granular-fluid and the wave to the constant water depth, mean-
ing effects of slope angle on wave generation are less apparent. In other instances,
however, both the granular-fluid and the leading wave interact with the slope over
a longer duration, meaning that interplay between the granular-fluid and the water
becomes more affected by the slope angle (which controls local water depth), than
the far-field constant water depth. For this reason, we suggest that a Froude number
related to the height of the granular fluid at impact (i.e. 𝐹𝑟 = 𝑢𝑓 /√𝑔ℎ𝑓 ) may be more
appropriate in some scenarios. It may be possible to determine which of these Froude
number definitions is more appropriate for a given scenario by determining the depth
at which critical conditions are most likely to occur. Examining this hypothesis fur-
ther and characterising this in terms of impact parameters is an important area for
future research.

Further work towards understanding the influence of slope angle on wave features
could also incorporate a wider range of constant water depths𝐻𝑖 and geometric scales,
Froude numbers, slope angles and granular-fluid densities. It is important to note that
the results of this study are confined to the context of laboratory-scale experiments.
While many of the parameters varied in this study are dimensionless and two water
depths are considered, the present work does not explore in detail how the relation-
ships may be affected by different scales, which is particularly important to consider
before applying any conclusions to the field. For the impact of this to be explored in
detail, a combined numerical and physical effort would be required, which presents
an exciting research opportunity. Additionally, comparing the numerical model of
Chapter 6 with other results from laboratory experiments of high mobility landslide
tsunami generation (e.g. Bullard et al., 2019; De Lange et al., 2020) which consider
different geometries or setup sizes, would be an important and useful step, both in
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terms of confirming the robustness of the numerical model and considering different
scales.

7.6 Conclusions

Numerical experiments on the entrance of fluidised granular flows (in the form of a
dense Newtonian fluid) into water were carried out, with a carefully controlled input
boundary condition, to explore how the slope angle at impact plays a role in momen-
tum transfer from the granular-flow to the water. Firstly, qualitative snapshots at 𝑡/𝑇
= 2.5 after impact are shown, for a range of slope angles, initial non-dimensional
flow thicknesses and impact Froude numbers. These snapshots display the dynamics
of the interaction, the features of the generated wave and the extent of “coupling”
between the granular-fluid and the leading wave at this time. It is hypothesised that
slope angle can significantly affect the details of momentum transfer, by influencing
the interplay between the granular-fluid and the generated wave.

The quantitative analysis allowed us to constrain these observations further. The
following section, which considered far-field wave amplitudes for a range of Froude
numbers, non-dimensional flow thicknesses and slope angles, was in agreement with
the qualitative observations. Different relationships between dimensionless ampli-
tude and slope angle were observed under different impact conditions. In particular,
for low non-dimensional flow thicknesses and Froude numbers, there is a clear nega-
tive relationship between wave amplitude and slope angle. For large non-dimensional
flow thicknesses and large Froude numbers, slope angle appeared to demonstrate a
more complex relationship with the resulting wave amplitude. When coupling these
results with qualitative observations, we were able to suggest explanations for why
these relationships might differ. We also highlighted that when energy dissipation
associated with considerable breaking is apparent (e.g. large non-dimensional flow
thicknesses, Froude numbers and low slope angles), slope angle to amplitude rela-
tionships may become even more complex.

These observations have implicationswhen considering tsunami generation by py-
roclastic density currents. By considering the details of the wave generation process,
we can better interpret numerical and physical results, and thus understand which
conditions lead to most efficient energy transfer from a fluidised granular flow to a
wave. The results from this study suggest that even relatively thin flows (less than
10% of the water depth) can generate large amplitude waves for high enough impact
Froude numbers, particularly if they enter the water at low slope angles. Deepening
our understanding of what conditions may hold increased tsunamigenic potential and
why, is a vital step for improving tsunami hazard assessment.



8
D I SCUS S I ONS

The following discussion is composed of a number of key parts. Section 8.1 covers
a brief overview of the literature review, and reminds the reader of the key questions
asked in Chapter 3. Section 8.2 overviews the key findings from this thesis, and the
context of these findings with respect to previous literature. Following this, obser-
vations and conclusions from previous chapters are utilised to identify and explore
opportunities for future work.

8.1 Recap of literature

Initially, the background of pyroclastic density currents is introduced, and some key
theoretical/field studies which considered how a PDC interacts with water are high-
lighted. The studies clearly demonstrate the unique characteristics of PDCs, which
differentiate these currents from other geophysical mass flows, both prior to impact
with a water body, and upon interaction. Although studies of this nature do not all
consider wave generation by PDC specifically, the details they reveal about the pro-
cesses occurring (such as hot emplacement), provide insight into how PDCs may
generate waves. Overall, these studies highlight the varying and complex mecha-
nisms by which a PDC (of varying composition or density) may interact with and
displace sea water. The theoretical study of Waythomas and Watts (2003) concludes,
through a theoretical examination, that direct water displacement by the main body of
a PDC holds the most tsunamigenic potential in terms of energy transfer (compared
with other mechanisms such as steam explosions, or plume shear), but the theoretical
work of Cas and Wright (1991) and Legros and Druitt (2000b) suggests that this dis-
placement may not be trivial to characterise. In order to understand these mechanisms
in greater detail and, ultimately, the potential tsunami hazard associated with them, a
combined set of theoretical, field, physical and numerical approaches is required.

Although the physics associated with PDCs and their interaction with a body of
water differs to that of other geophysical mass flows, the literature is sparse in compar-
ison due to the complexities and challenges involved in understanding PDCs. When
reviewing the literature, both physical and numerical studies are therefore considered,
of tsunamis generated by landslides and PDCs. The landslide literature contains a
considerable number of works, generally focused around understanding relationships
between the slide impact characteristics and the wave features, often used to inform
field-benchmark studies (e.g., Fritz, Hager, andMinor, 2004; Heller and Hager, 2010;
Miller et al., 2017; Zitti et al., 2016). Many of the methods used, or questions raised
from these works are useful or even transferable to the context of PDCs. The landslide
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literature, however, does not generally consider important PDC-specific characteris-
tics, such as large degrees of fluidisation (e.g., Bougouin, Paris, and Roche, 2020;
Fries, Roche, and Carazzo, 2021; Valentine, 2020), low basal friction coefficients
(e.g., Lube et al., 2019), highly variable density and lower impact slope angles due to
the nature of their volcanic source (Cas et al., 2011; Legros and Druitt, 2000b). No-
tably, when compiling insights from the landslide literature, it is evident that different
slide rheologies, water body geometries, slope angles, initial slide configurations and
buoyancy effects (for example), influence how energy is transferred to the resulting
wave, demonstrating that different scaling relationships are obtained under different
conditions (e.g., Giachetti et al., 2012; Robbe-Saule et al., 2017; Sarlin et al., 2021;
Zweifel, Hager, and Minor, 2006). This highlights the importance of considering the
unique interaction dynamics in the context of waves generated by PDCs. Numerical
studies in the landslide literature also begin to highlight how different impact con-
ditions lead to different generation regimes, scaling relations and wave types. The
numerical model choice is also shown in a number of studies to have a first-order
effect on wave features.

The current literature is limited with regards to both physical and numerical mod-
els of tsunami generation by pyroclastic density currents, with most previous numer-
ical works focused on large-scale modelling of previous events, using single layer
(or two-layer) depth-averaged approaches (e.g. Maeno and Imamura, 2011; Ulvrova
et al., 2016). Some approaches, (e.g., Pareschi, Favalli, and Boschi, 2006), model
the wave generation process simplistically (i.e. instantaneous transfer of elevation
to the water surface) while others use empirically derived initial conditions (e.g.,
Novikova, Papadopoulos, and McCoy, 2011). It has already been highlighted that
simplifying the wave generation dynamics can lead to significant discrepancies for
far-field tsunami amplitudes (Novikova, Papadopoulos, and McCoy, 2011). Recent
laboratory experiments are pioneering work in physical models of tsunami generation
by PDCs (Bougouin, Paris, and Roche, 2020). Similar to what is achieved in the land-
slide literature, modelling these processes at a laboratory scale is an important step
in advancing the capabilities of larger-scale numerical simulations of field scenarios.
Understanding the important parameters and processes involved enables researchers
to better understand the conditions under which PDCs entering the sea may hold sig-
nificant tsunamigenic potential. This understanding also provides a background for
why different numerical modelling approaches may be more applicable in certain set-
tings, for example considering multiple layers to capture vertical velocity variations
(rather than single layer, depth-averaged approaches), or three-dimensionality.

It is particularly clear across the literature focused on waves generated by both
landslides and PDCs, that the role of slope angle is poorly understood. While a num-
ber of studies begin to focus on understanding the effect of slope angle further (e.g.,
Heller and Hager, 2010; Robbe-Saule et al., 2020), generally the results are limited
to larger slope angles and coarse, dry granular-flows. Typically, natural landslides
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are associated with large slope angles, while PDCs can propagate easily across any
topography, due to their high mobility and low basal friction. Few studies have con-
sidered slope angle in the context of high mobility flows and low slope angles, which
are common in PDC-water interaction scenarios (Legros and Druitt, 2000b). Notably,
De Lange et al. (2020) considered slope angle for tsunamis generated by debris flows
(comprising a range of compositions and slope angles), but varied only the sub-aerial
slope angle and suggested that the submerged slope is likely to play a complex role
in its influence on wave features, regarding how it influences momentum transfer
from the debris flow to the wave. Paris, Heinrich, and Abadie (2021), on the other
hand, considered the effect of slope angle on wave features by numerically modelling
waves generated by a water slide, but concluded the effect of slope angle was likely
to be insignificant. The independent influence of slope angle on wave generation was
not explored in detail however, and despite the careful control of boundary condition,
the velocity and acceleration of the water flow remained somewhat coupled to the
slope. Combining these insights with the suggestion that scaling relationships vary
for different conditions or regimes, the need to explore a wider range of parameters
and flow conditions is highlighted, and in particular those relevant to PDCs. It is
also noted that it is important to explore the role of slope angle, independently from
parameters such as Froude number and dimensionless flow thickness.

This background led to the following suggestions for the work/research questions
addressed in the thesis:

1. Numerically model the recent laboratory experiments of Bougouin, Paris, and
Roche (2020) of tsunamis generated by a fluidised granular flow, using the
adaptive, multiphase flow solver ‘ Basilisk’.

2. Develop a numerical model which allows accurate reproduction of the labora-
tory experiments, both quantitatively and qualitatively.

3. Assess the validity of a Newtonian fluid approximation for a fluidised granular-
flow in the context of wave generation.

4. Understandwhat features of the interaction/wave generation the numericalmodel
is able to capture, and how this is affected by themodel parameters (e.g., bound-
ary condition) or dimensionality.

5. Explore a range of density and slope angle configurations and compare to phys-
ical results.

6. Deepen the understanding of the effect of slope angle on energy transfer from
the fluidised granular-flow to the water, by using a numerical setup which en-
ables the impact Froude number to be varied independently from slope angle.
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8.2 Interpretation of main findings

Chapter 5 presents a novel numerical model (simulated using the partial-differential
equation solver Basilisk) for waves generated by a fluidised granular-flow, replicating
the experiments of Bougouin, Paris, and Roche (2020). The model is confirmed by
comparing results with those from the physical experiments which, in turn, confirms
findings of previous studies that suggest a Newtonian-fluid approximation may be ap-
propriate for modelling fluidised granular-flows (Bougouin, Paris, and Roche, 2020;
Roche et al., 2010). The findings of Chapter 5 suggest that basal shear stress has a
first-order impact on the interaction dynamics between a fluidised granular-flow and
water, which affects the mechanism of energy transfer from the flow to the generated
wave, by influencing to what extent the granular-flow shears the water surface vs.
propogates down-slope. This observation appears to be relatively overlooked in the
previous literature; most numerical models of experimental setups by default utilise
a no-slip boundary condition for the slope, with some numerical studies (e.g., Paris,
Heinrich, and Abadie, 2021) suggesting that setting an appropriate boundary condi-
tion may improve the model, but with no further exploration. It is shown that in the
case of the experiments modelled, the boundary condition does indeed have a consid-
erable influence on the ability of themodel to reproduce the physical experiments, and
appears even more important that previous studies may suggest. Changes in bound-
ary condition are shown to lead to considerable changes in amount of breaking and
overturning in the leading wave, as they affect the how momentum is transfered from
the granular-fluid to the water. Under the appropriate boundary condition (high val-
ues of slip, but not fully free-slip), the numerical results presented in Chapter 5 show
a remarkable qualitative agreement with the physical results, capturing many of the
key features of interaction, including the generation of a granular-jet, the ‘splitting’
of the granular flow at impact (some of the flow is directed across the water surface,
while some is focused down-slope) and the generation of a gravity current. Wave
amplitudes as a function of the product impulse parameter 𝜁 proposed by Bougouin,
Paris, and Roche (2020) are modelled well, although slightly overestimated (an error
of ≈ 10%), which Chapter 5 hypothesises to be a result of i) the two-dimensional
approximation of an intrinsically three-dimensional process and ii) the differences in-
volved in determining the front height and velocity at impact between the numerical
and physical experiments.

Chapter 6 expands on the methodology presented in Chapter 5, by updating the
model to allow for a pre-defined velocity and height at impact. This, in itself, is
an important advance in numerical studies on tsunami generation by PDC (or high-
mobility granular flows), providing the ability to vary the impact Froude number of
the granular-slide independently from the slope angle. This is difficult to control in
a laboratory setting, and is a significant reason for why the role of slope angle is not
explored in great detail throughout the experimental literature (Bougouin et al., 2021).
It is shown that the updated model (again, only with the appropriate slope boundary
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condition) continues to reproduce the wave generation process well, and snapshots
and wave amplitudes are compared for a range of densities and slope angles, partic-
ularly given the variable densities and slope angles observed for PDCs in the field
(as discussed in Cas and Wright, 1991 and Legros and Druitt, 2000b). The model
appears to reproduce the physical experiments well across this parameter space, with
the numerical and physical results remaining in strong agreement. Chapter 6 hypoth-
esises, however, that the Newtonian fluid model is most appropriate for small grain
sizes, larger momentum or higher density cases, where buoyant forces play a less
significant role in wave generation. For example, when comparing physical exper-
iments with numerical experiments for low bulk densities, the leading wave shape,
phase and amplitude are captured well by the numerical model (hydrodynamic forces
appear to override buoyancy forces at this stage and the less dense granular-flow prop-
agates rapidly into the water column). However, mixing and particle dispersion occur
rapidly in the physical experiments, leading to the generation of a positively buoyant
current which is not observed in the numerical snapshots. These results provide fur-
ther confidence in the numerical model and the approximations made, and they also
begin to provide insight to the model strengths and limitations. Importantly, the re-
sults show a stronger quantitative agreement with the physical experiments than in
Chapter 5, which is attributed to the ability of the model to prescribe the input con-
ditions of the granular-flow directly. This result is not necessarily surprising, but
confirms part of the hypothesis from Chapter 5 and provides further confidence in
the validity of the Newtonian fluid model. Finally, this chapter tests the hypothesis
that a two-dimensional approximation may be another reason for some discrepancies
observed between the physical and numerical results. Three-dimensional simulations
are run for a large Froude number scenario (with considerable overturning in the lead-
ing wave), and show that modelling in three-dimensions better captures the breaking
process and therefore the characteristics of the resulting wave observed in the labo-
ratory. In addition, these three-dimensional simulations show that conclusions from
the two-dimensional results, on the impact of basal shear on the wave generation
process, still hold true. It is therefore concluded that if only considering the wave
generation zone (e.g., to generate an initialisation for a wave propagation model), a
two-dimensional approximation may be appropriate, and more computationally effi-
cient.

Chapter 7 provides a more detailed discussion on the influence of slope angle, and
how the updated numerical model presented in Chapter 6 (or similar methodologies)
may be used to draw important insights in future research. In particular, the impact
Froude number is varied (𝑢𝑓 , the front velocity of the granular-fluid, relative to the
shallow water wave speed at a constant water depth √𝑔𝐻𝑖), over a range of slope
angles (7.5-30∘) and dimensionless flow thicknesses ℎ𝑓 /𝐻𝑖. The input front height
and velocity at the point of impact is specified, so the evolution of the granular-fluid
is not influenced by acceleration on the slope prior to wave generation. These results
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enable us to observe how changing the dimensionless flow thickness and the slope an-
gle affect interaction dynamics and wave amplitudes, for a given impact Froude num-
ber. It is demonstrated that for low Froude numbers (≤ 1) and dimensionless flow
thicknesses, increasing the slope angle (over the range considered) leads to consider-
ably smaller wave amplitudes. This is attributed to the relative height between the
granular-fluid and the water column during the interaction zone; for shallower slope
angles, the granular-fluid occupies a larger proportion of the water column during
uplift of the water surface, and is also able to propagate with the wave, transferring
energy, for a longer duration (the average water depth during the wave generation
zone is smaller). It is noted, however, that for shallower slope angles, this ‘larger
relative occupation of the water column’ by the granular-fluid also leads to increased
breaking and overturning. Although more energy is transferred to the resulting wave
than for steeper slope angles, a considerable amount of this energy is dissipated dur-
ing these violent processes. When increasing the relative granular-fluid thickness
for low Froude numbers, larger amplitudes are observed, but a similar relationship
between amplitude and slope angle. When considering larger Froude numbers, how-
ever, this same relationship is demonstrated again for low granular-fluid thicknesses
(amplitude decreases with slope angle), but this relationship is modified as the relative
thickness increases. In other words, for these larger thicknesses, slope angle begins
to play a more complex role in the resulting wave amplitude. Combining these obser-
vations with the qualitative insights, it is hypothesised that the larger Froude number
and relative slide thickness allow the granular-fluid to continue transferring energy
to the wave for a longer duration, including for larger slope angles. In addition, for
these larger thicknesses and Froude numbers, breaking and overturning in the wave
generation zone for shallower slopes is more apparent, leading to increased energy
dissipation in the interaction zone. These observations are important in the context of
the previous literature. By considering the details of the wave generation process, nu-
merical and physical results can be better interpreted, thus improving understanding
of which conditions lead to most efficient energy transfer from a fluidised granular
flow to a wave. In addition, these results provide some explanation for the discrepan-
cies between previous studies on the role of impact slope angle on wave generation.
Deepening understanding of what conditions may hold increased tsunamigenic po-
tential and why, is a vital step for improving tsunami hazard assessment.

8.3 Opportunities for further research

While the present thesis providesmany important advances to the literature of tsunami
generation by PDCs, this work has also identified a number of fascinating areas for
further research. The following subsections outline some of these key directions.

8.3.1 Scaling

Chapter 5 and Chapter 6 are focused on numerically modelling the idealised experi-
ments of Bougouin, Paris, and Roche (2020), which were performed at a laboratory
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scale. These experiments consider a range of dimensionless parameters applicable
to PDCs in the field (see Freundt, 2003) for an extensive list of dimensionless PDC
parameters). At this scale, the results demonstrate a good comparison with the exper-
iments over a wider parameter space and show that a Newtonian fluid approximation
is a reasonable assumption in the context of wave generation by a fluidised granular-
flow. Additionally, the results highlight the necessity for non-hydrostatic and depth-
varying models to capture the complexities of the wave generation processes, and it is
demonstrated that the interaction mechanism can significantly influence the far-field
wave characteristics. These conclusions are likely to be valid irrespective of the scale,
although the relationships (between interaction mechanism and energy transfer, for
example) may differ. Chapter 7 explores the effect of slope angle on wave generation
in terms of dimensionless effects, but it is noted that if the results and conclusions of
this study are to be applied to the field, additional and extensive physical and nu-
merical work should be carried out to better understand the phenomena occurring
at different scales. In particular, some of the relevant fluid properties (e.g. viscos-
ity, surface tension) will not scale if the same fluid properties are considered at all
geometric scales. Similarly, processes such as wave breaking and aeration are chal-
lenging to scale. Hence, scale effects due to lack of Reynolds andWeber number sim-
ilarity would likely be apparent. Understanding the extent to which these processes
influence resulting wave characteristics at these larger scales remains a complex and
interesting question.

It is important to note also that translating laboratory scale results to a field context
is not just a challenge in terms of scaling effects. Aspects such as water body geome-
try, three-dimensional effects and complicated bathymetry are all likely to influence
the wave generation and energy transfer processes, as evident by the experimental
literature (e.g., De Lange et al., 2020; Heller and Spinneken, 2015; Mohammed and
Fritz, 2012) and the results of this thesis. For example, radial spreading and com-
plex bathymetries (i.e., varying slope angles prior to and post impact) are likely to
be apparent in field settings (Cas and Wright, 1991). This leads to significant de-
viations from the idealised geometries considered in laboratory experiments, where
wave flumes typically impose lateral constraints, linear slope angles and constant
water depths. Although work has been done to generalise two-dimensional observa-
tions to three-dimensional geometries (e.g., Heller, 2009; Heller et al., 2016; Huber
and Hager, 1997), this has often been limited to rigid slides or dry granular-flows.
Discrepancies between previous studies have also highlighted that the slide motion
under water (which can be affected by water geometry, bathymetry or slide prop-
erties) can significantly affect the resulting wave characteristics (e.g., De Lange et
al., 2020; Mohammed and Fritz, 2012; Panizzo, De Girolamo, and Petaccia, 2005).
Understanding the extent to which effects of water body geometry and bathymetry
influence resulting wave characteristics remains an important avenue for future work,
particularly in the context of wave generation by highly mobile or deformable flows.
Some of these aspects are discussed in more detail in the following paragraphs.
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8.3.2 Parameter space

While Chapter 6 investigates the performance of the numerical model over a wider
parameter space (by comparing numerical results with a range of slope angles and
densities, specifically 7.5∘ - 30∘ and 600 𝑘𝑔𝑚−3 - 1600 𝑘𝑔𝑚−3), it would be achiev-
able with this model to explore a wider range, beyond what was conducted (or po-
tentially even possible) in the laboratory. This is an advantage of numerical models
which, once validated, can provide a significant amount of flexibility. Given the con-
clusions of Chapters 6 and 7, which showed that different relationships are observed
for different parameter ranges, it would be useful to develop the understanding of this
further. Adding to the results of Chapter 7 and continuing to understand the influence
of slope angle in more detail is also an important next step. Exploring, for example,
a wider range of relative slide thicknesses and investigating the associated energet-
ics of the tsunami-generation stage in detail, are likely to be important next steps in
helping improve the current understanding of how slope angle affects energy transfer.

8.3.3 Wave characteristics

The results from this thesis primarily focus on qualitative insights, wave amplitudes
and energetic relationships. Both landslide and PDC literature has previously high-
lighted the formation of different wave types, depending on the input conditions (e.g.,
impact Froude number and non-dimensional flow thickness). The work of this thesis
noted that different wave generation mechanisms were observed across the parameter
space, but the effect of these generation mechanisms on other wave characteristics
was not explored in detail. Examining the detailed characteristics of the generated
waves, such as steepness, wavelength and celerity, is an important area for further
research, and would provide important information about the potential for far-field
wave evolution and propagation.

8.3.4 Multilayer models

At the time of the present study, a commonly used package for large-scale PDC
tsunami generation studies is VolcFlow, which is based on a single-layer depth-averaged
approximation and has been used to model the rheological behaviour of dense pyro-
clastic flows and debris avalanches (e.g., Giachetti et al., 2012; Kelfoun, Giachetti,
and Labazuy, 2010). A modified version of VolcFlow takes into account two fluids
representing, for example, the rock avalanche and water, allowing both the tsunami
generation and propagation to be modelled (e.g., Gueugneau, Kelfoun, and Druitt,
2019; Kelfoun, 2017; Kelfoun et al., 2017). VolcFlow can be used to generate an
initialisation for tsunami propagation models such as the Cornell Multi-grid Coupled
Tsunami model (Pan and Wang, 2009), which is based on the shallow water equa-
tions, or a fully non-linear Boussinesq wave model, for example FUNWAVE (Shi et
al., 2012). It has been well demonstrated, however, that multilayer, non-hydrostatic
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models allow for more accurate hazard estimation than single layer, hydrostatic mod-
els (e.g., Esposti-Ongaro et al., 2021), and that capturing vertical velocity profiles
and non-hydrostatic effects allow more accurate modelling of the wave generation
process. The process of wave generation by rigid or deformable slides (including vol-
canic landslides) has also been modelled using the multilayer non-hydrostatic models,
but not yet applied to PDC-generated tsunamis.

The numerical experiments of Chapters 5 and 6 show that the wave generation
mechanisms and associated wave features are highly sensitive to the vertical velocity
profile of the granular-fluid at impact with the water body. These observations con-
trast with the assumptions of depth-integrated models, and highlight that the current
approaches for modelling the wave generation process may be over-simplified, with
changes in vertical velocities and non-hydrostatic effects having a considerable influ-
ence on far-field wave characteristics.

Example application in Basilisk

Given this background, multilayer, non-hydrostatic solvers have significant potential
for improving models of tsunami generation by PDCs. In particular, such solvers can
accommodate high levels of dispersion, non-hydrostatic effects and vertical velocity
profiles, all of which are important in the context of PDC-generated waves. Devel-
oping and implementing a multilayer, non-hydrostatic model in detail is beyond the
scope of the present thesis, but for an example some snapshots are presented of how
Basilisk’s solver (with a Boussinesq buoyancy extension, see Section 4), may be ap-
plied.

Figure 27 presents snapshots at 𝑡/𝑇 = 3.2 and 𝑡/𝑇 = 7.5 after interaction between
a granular-fluid and water, for a no-slip and a free-slip bottom boundary condition,
using a multilayer model, with 𝑁𝑙 = 30 layers, and 2048 grid points in the horizon-
tal direction. The results shown are for the initial conditions with a column height
of 𝐻0 = 12.5 𝑐𝑚, slope angle 𝜃 = 15𝑜 and a relative density difference between the
granular-fluid and water of 1%. This figure demonstrates that multilayer results show
a similar parametric dependence to what was observed in the Volume of Fluid model
of Chapters 5 and 6. The example with a free-slip condition behaves in a qualitatively
similar manner to an equivalent Volume of Fluid setup: free-surface uplift, followed
by the generation of a negatively buoyant gravity current (see Chapter 5). The ‘flow
splitting’ at interaction (where some of the granular-fluid is directed across the water
surface, while the bulk travels down-slope), observed in both the laboratory exper-
iments and the VoF results, is also captured. The multilayer model cannot capture
all the characteristics of the wave generation observed in the VoF model, such as the
generation of a granular jet, entrainment of air, splashes and associated wave break-
ing, since at this point, the interface becomes multi-valued. However, as in Popinet
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Free-slip

No-slip

t/T = 3.2 t/T = 7.5

t/T = 3.2 t/T = 7.5

Figure 27: Multilayer snapshots for a free-slip and a no-slip condition.
The color scale represents the percentage density difference between

the granular-fluid and the water.

(2020), the multilayer code is still able to compute a robust solution. In the case of no-
slip, the granular-fluid shears the water surface, as is also apparent in the VoF setup.
Importantly, these preliminary results highlight that the change in interaction dynam-
ics is captured in a multilayer non-hydrostatic model. It must be noted, however, that
due to the large vertical gradients, shear and violent mixing/overturning associated
with this scenario, the model begins to display numerical instabilities after the initial
water surface uplift stage, particularly for the no-slip case, or steeper slope angles.
More work therefore needs to be done to improve the stability of the model.

Non-hydrostatic multilayer models are significantly more computationally effi-
cient than VoF solutions, and provide an intermediate option between the full Navier-
Stokes equations and the depth-integrated Saint Venant equations. This is particu-
larly useful when considering larger scales (e.g. applying to field scenarios, similar
to Esposti-Ongaro et al., 2021), or modelling three-dimensional setups (e.g., Ruffini,
Heller, and Briganti, 2019). Using a multilayer flow/water model for wave genera-
tion and then, once generation is completed, transferring the results to a more simple,
water-only multilayer (or other dispersive model) for propagation, could provide a
significant improvement to earlier modelling work.



9
CONCLUS I ONS

9.1 Overview of results

Initially, numerical experiments on the entrance of fluidised granular flows into wa-
ter were carried out, using the Basilisk flow solver to approximate the granular-flow
as a Newtonian fluid, and were compared against laboratory results. The numerical
results displayed a good quantitative (leading wave amplitudes were on average, 10%
overestimated) and qualitative agreement with the equivalent laboratory experiments,
confirming the Newtonian fluid approximation under the conditions considered, in
the context of wave generation by a fluidised granular-flow. This agreement was
best, however, when considering a partial-slip boundary condition. It was shown that
the boundary condition of the slope heavily determines to what extent the granular-
fluid shears the water surface or propagates down-slope, and the implications for the
wave generation and breaking process were highlighted. For low values of slip, the
granular-fluid was shown to shear the water surface at impact, leading to considerable
wave breaking and associated energy dissipation at the interaction zone. For higher
slip conditions, the granular-fluid momentum was directed increasingly down-slope
(beneath the water surface) and the overturning associated with the wave breaking
decreased. Energy transfer was therefore also considered, in order to understand the
far-field impact of the different slope boundary conditions and associated interaction
dynamics in greater detail. A non-linear relationship between the dimensionless slip
length (or basal slip velocity) and the maximum total energy of the water was demon-
strated, as well as the far-field amplitude.

Following this study, the numerical model was updated to allow for a carefully
controlled boundary condition at the point of impact, which enabled the independent
variation of different parameters such as slope angle and impact Froude number. The
updated model showed a strong agreement with laboratory results across a range of
densities and slope angles. In particular, the quantitative agreement was improved
from the previous model (due to the careful control of impact conditions). Follow-
ing this exploration, we considered the impact of modelling the process in three di-
mensions. Wave amplitudes were compared to the equivalent two-dimensional setup
and it was shown that a three-dimensional approximation leads to slightly smaller
wave crests, with less significant overturning. We concluded that for cases where
breaking was minimal, a two-dimensional approximation remains a strong, and com-
putationally more efficient solution for modelling the wave generation process (for
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two-dimensional geometries). At later time-steps, however, where breaking and over-
turning was more significant, it was concluded that a three-dimensional approxima-
tion was likely to bemore appropriate for capturing the resulting wave characteristics.

Finally, in Chapter 7 the role of slope angle in particular on wave generation was
explored in greater detail, given the flexibility and opportunity provided with our nu-
merical model, which allows careful control of the impact parameters. The impact
Froude number and slope angle were varied independently, and it was highlighted
that different relationships between slope angle and wave features are likely to be
observed depending on the dominant processes involved in wave generation. Low
impact Froude numbers lead to a decrease in dimensionless wave amplitude with
slope angle, as the wave can propagate rapidly away from the granular-fluid, most
rapidly for larger slope angles, thus reducing the opportunity for momentum transfer.
For larger Froude numbers, this same relationship was observed for small granular-
fluid dimensionless flow thicknesses, since the granular-fluid only displaces a small
proportion of the water column, also leading to a rapid wave generation and momen-
tum transfer process from the granular-fluid to the wave. For large Froude numbers
and large dimensionless flow thicknesses, however, the granular-fluid was capable
of travelling with the wave over a longer period of time (for all slope angles), thus
increasing the opportunity for momentum transfer. At the same time, these large
heights and Froude numbers are associated with violent breaking and overturning,
particularly for shallow slope angles, leading to considerable energy dissipation. We
suggested that this leads the relationship with slope angle to become complicated, or
potentially even reverse (i.e., wave amplitude increases with slope angle, for a fixed
Froude number). For these reasons, it was hypothesised that different definitions of
the Froude number may dominate under varying impact conditions.

9.2 Contribution of present work

Chapter 5 presented a number of key findings and contributions to this field of re-
search. The results showed that a Newtonian fluid approximation for a fluidised
granular-flow was reasonable in the context of wave generation, and reproduced qual-
itative and quantitative characteristics observed in laboratory experiments. When
modelling waves generated by such flows, this approximation is highly useful and
considerably simplifies computational requirements. Previous large-scale numerical
studies on PDC-generated tsunamis have suggested that capturing the dynamics of
wave generation may necessary to improve numerical models, but modelling the dy-
namics of generation is inherently limited when using single-layer, depth averaged
assumptions. This observation, combined with our conclusions, highlights the need
for multilayer (depth-varying velocity) and non-hydrostatic solvers in the context of
PDC-wave generation models. Ultimately, for improved hazard assessment, a trade-
off is required between computational cost and accuracy, which the development of
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such solvers can provide.

Other key contributions of this thesis arose from Chapter 6, which explored the
wider parameter space in more detail. Firstly, it was shown that assuming a Newto-
nian fluid approximation for a fluidised granular-flow is appropriate across a wide
range of slope angles and densities in two and three dimensions, including bulk den-
sities significantly lower than that of water. Secondly, this chapter presented a novel
modelling approach, which facilitated the ability to vary Froude number (at impact)
and slope angle independently. At the time of writing this thesis, in the literature the
effect of slope angle on wave generation (de-coupled from Froude number) had not
been explored in significant detail. Chapter 7 provided a unique contribution: explor-
ing how the dynamics of interaction, and resulting wave amplitudes vary with slope
angle, across a range of initial heights and impact Froude numbers. The conclusions
drawn from Chapter 7 highlighted that the role of slope angle on wave generation is
not trivial, by considerably influencing the interplay between the granular-fluid and
the generated wave under different initial impact conditions. Such observations pro-
vide a valuable contribution, since understanding what parameters may be important
under different initial conditions is a key step for improving numerical models and
hazard assessment.

The present work provides significant value and foundation for future research,
by being a first of its kind numerical replication of laboratory modelling of fluidised
granular-flow generated waves where the focus has specifically been in the context of
tsunamis generated by pyroclastic density currents. Overall, this thesis demonstrates
that considering the unique characteristics of PDCs (which set them apart from other
geophysical mass flows) and their interaction with water is an important and neces-
sary step in improving volcanic tsunami hazard assessment.
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Figure 28. Convergence of 𝑢𝑥 velocity profile.
Figure 28 demonstrates the convergence of the 𝑢𝑥 velocity profile across the height
of the flow ℎ𝑓 at impact, as the resolution is increased from Level 9 (5122 grid points)
to Level 13 (81922 grid points). The column is initialized at 𝜇 = 0.1 𝑃𝑎 𝑠, 𝐻0 = 18.5
𝑐𝑚. The subplots demonstrate convergence for no-slip and free-slip conditions, plots
a) and b) respectively. Convergence is observed at Level 12 (40962 grid points). We
choose a resolution for our domain such that the vertical velocity profile of the flow
is adequately resolved over the height of the flow. For smaller column heights 𝐻0
(and therefore smaller front heights ℎ𝑓 ), a higher resolution is required to reach this
convergence.

Figure 29. Independence of interface and vortical structure on mesh size.
Figure 29 demonstrates the qualitative differences between different levels of resolu-
tion, for a free-slip condition with 𝜇 = 0.1 𝑃𝑎 𝑠 and 𝐻0 = 18.5 𝑐𝑚, highlighting the
convergence of the interface boundaries and larger scale features.

Figure 30. Snapshots of interaction dynamics for 𝜇 = 0.01 𝑃𝑎 𝑠, 𝐻0 = 39.5 𝑐𝑚
Figure 30 is the equivalent of Figure 5 in the paper, for 𝜇 = 0.01 𝑃𝑎 𝑠, 𝐻0 = 39.5 𝑐𝑚.
This shows how the same change in interaction dynamics is observed as the basal slip
is increased, for larger Froude/Reynolds numbers.

Figure 31. Energy transfer relationships for 𝜇 = 0.01 𝑃𝑎 𝑠,𝐻0 = 39.5 𝑐𝑚, multiple
slip lengths
Figure 31 is the equivalent of Figure 8 in the manuscript, demonstrating the energy
evolution components of the granular-fluid and water, for 𝜇 = 0.01 𝑃𝑎 𝑠, 𝐻0 = 39.5
𝑐𝑚.
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Figure 28: 𝑢𝑥 velocity profile across the height of the flow ℎ𝑓 at impact,
as the resolution is increased from Level 9 (5122 grid points) to Level
13 (81922 grid points). The column is initialized at 𝜇 = 0.1 𝑃𝑎 𝑠, 𝐻0
= 18.5 𝑐𝑚. The subplots demonstrates convergence for no-slip and

free-slip conditions, plots a) and b) respectively.
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Figure 29: Qualitative demonstration of the differences between vary-
ing levels of resolution, for a free-slip condition with 𝜇 = 0.1 𝑃𝑎 𝑠 and

𝐻0 = 18.5 𝑐𝑚. Level 10 represents 210 grid points2.
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t = 0.35 s after interaction
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Figure 30: Numerical snapshots for the initial conditions 𝜇 = 0.01
𝑃𝑎 𝑠 and 𝐻0 = 39.5 𝑐𝑚. a) - c) No slip: turbulent reattachment of
the granular fluid to the slope is observed. A range of wave breaking
behaviors, depending on the extent of reattachment. d) - f) Low values
of slip: the granular-fluid shears the water surface leading to violent
overturning. g) - i)Medium to high values of slip: most of the granular-
fluid is directed downslope, with some shearing of the water surface.
This leads to the generation of a plunging breaker. j) - l) Free slip: No
splitting of the granular fluid at interaction, with little/no overturning

in resulting wave.
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Figure 31: Results show a range of dimensionless slip lengths, for the
initial condition where 𝜇 = 0.01 𝑃𝑎 𝑠 and 𝐻0 = 39.5 𝑐𝑚. a) Kinetic en-
ergy evolution of water. b) Kinetic energy evolution of granular-fluid.
c) Potential energy evolution of water. d) Potential energy evolution of
granular-fluid. e) Total energy evolution of water. f) Total energy evo-
lution of granular-fluid. g) Dissipation rate of water. h) Dissipation

rate of granular-fluid.
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Basilisk is a freely available, multi-purpose tool to solve partial differential equations,
developed by basiliskweb. It has its ownwebsite, which provides general information
including installation instructions and a tutorial: http://www.basilisk.fr. The
code contains solvers for Saint-Venant problems, the Navier-Stokes equations and
more, see http://basilisk.fr/src/README. The Basilisk setup code used for the
numerical simulations is freely available:

• http://basilisk.fr/sandbox/lbattershill/pdc_final/fluidised_flow.
c contains source code for the simulations of Chapter 5.

• http://basilisk.fr/sandbox/lbattershill/pdc_final/myconserving.
h implements momentum-conserving VOF advection of the velocity compo-
nents for the two-phase Navier–Stokes solver, with the addition of a density
tracer on one side of the interface.

• http://basilisk.fr/sandbox/lbattershill/pdc_final/pdc_input.c
contains source code for the simulations of Chapter 6, where the input condi-
tion is carefully controlled.

and the data used in the manuscript can be easily generated by running these scripts
with the Basilisk software. Post-processing was carried out in Python.
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