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Abstract
The Interstitial Cells of Cajal (ICC) are responsible for producing pacemaking
signals that stimulate rhythmic contractions in the gastro-intestinal system.
The pacemaking signals are generated by membrane depolarizations, which
are in turn linked to the integrated transport of calcium between the
endoplasmic reticulum (ER), through inositol-trisphosphate receptor (IP3R)
release, and mitochondria, through the uniporter. In the intestinal regions, a
non-specific cation channel (NSCC) is associated with the membrane
depolarizations, and is inhibited by intracellular calcium. One theory
proposes that the integrated calcium transport occurs within specific regions
of the ICC called “pacemaker units,” and results in localized calcium
concentration reductions within these units, which in turn activate the NSCC
and depolarize the membrane. We have constructed a model of the spatiotemporal calcium dynamics within an ICC pacemaker unit to determine
under what conditions the local calcium concentrations may reduce below
baseline. We obtain reductions of calcium concentrations below baseline but
only under certain conditions. Without strong and persistent stimulation of
the IP3R, reductions of calcium below baseline occur only with a nonphysiological, time-dependent uniporter. Alternatively, sufficient IP3R
release leads to reductions of calcium below baseline, due to depletion of the
ER calcium store over the timescale of seconds, although these reductions
require strong mitochondrial and ER calcium uptake.

All golden and lovely it blazed in the sunset, with walls, temples, collonades and
arched bridges of veined marble, silver-basined fountains of prismatic spray in broad
squares and perfumed gardens, and wide streets marching between delicate trees and
blossom-laden urns and ivory statues in gleaming rows; while on steep northward
slopes climbed tiers of red roofs and old peaked gables harboring little lanes of grassy
cobbles. It was a fever of the gods, a fanfare of supernal trumpets and a clash of
immortal cymbals. Mystery hung about it as clouds about a fabulous unvisited
mountain…
—H.P. Lovecraft
The Dream-Quest of Unknown Kadath

Introduction	
  

Myriad biological cellular systems employ varying internal concentrations of
calcium (Ca2+) ions for signaling. Mechanisms such as sensory stimuli, nerve
activations, and muscle contractions all depend on such calcium concentration
([Ca2+]) variations [14]. Typically, the variations are [Ca2+] increases. By contrast, a
recent hypothesis proposes signaling in a particular cellular system, the Interstitial
Cells of Cajal (ICC), occurs via [Ca2+] reductions.
Intercalated with muscle cells in the gastro-intestinal tract, the ICC modulate
slow and periodic contractions – among other signals – necessary for proper
function [163, 164]. The ICC generate electrical signals, known as unitary potentials,
instrumental in transmitting contraction signals to surrounding muscle tissue [150].
Precisely how the ICC generate these signals, at an intracellular level, remains
unclear.
An ion transporter called the non-specific cation channel (NSCC) was
discovered in the ICC [97, 131], and it is proposed central to unitary potential
generation. It conducts, as its name suggests, cations such as sodium (Na+) and Ca2+,
and was shown it activates upon the reduction of [Ca2+] inside the ICC [97, 150, 151].
Hence the reduction theory was formulated, and is known as the ‘Sanders
hypothesis’ [149].
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The Sanders hypothesis describes a subtle and complex dynamic of Ca2+
transport from one intracellular structure to another. By means of this transport, the
theory proposes, the [Ca2+] near the NSCC is reduced. Consequently, the NSCC
activates and generates a unitary potential, which, when coordinated with other
NSCC activations, then signals the surrounding smooth muscle to contract. The
regions within the ICC where this Ca2+ transfer is proposed are called pacemaking
units, or PMU. Unfortunately, PMU are inaccessible to experimental measurement
[149], and the exact [Ca2+] there is open to speculation.
Ca2+ transporters involved in this hypothesis are well understood, however,
and mathematical models of each exist in the literature. These include the
endoplasmic reticulum (ER) inositol trisphosphate receptor channel (IP3R, type I)
and the Ca2+ ATP-ase (SERCA), as well as the mitochondrial uniporter and Na+-Ca2+
exchanger (NCX). We thus assembled models of these individual transporters into
an overall mathematical model of ICC Ca2+ dynamics. The resulting modeling
assembly was then employed to determine under what circumstances [Ca2+]
reductions could occur near the NSCC.
Our model is a system of reaction-diffusion equations for representing the
spatial and temporal Ca2+ dynamics in PMU subregions of the ICC, and is
specifically aimed at the integrated transport between the ER release of Ca2+ (via
IP3R) and uptake by the mitochondria (with the uniporter). We coupled a stochastic
model of the IP3R with a dynamically varying [Ca2+] in the PMU, and included ER
geometry with a simplified, homogenized model. Parameters in the ICC for
transporters, such as density of SERCA proteins or uniporters, are poorly known.
We thus varied some of these parameters in our exploration of [Ca2+] reductions in
the ICC PMU.
Results with the model indicate [Ca2+] reductions do occur but under certain
circumstances. Without a strong and persistent IP3 stimulation of the IP3R, a timedependent uniporter is required; we are unaware of any experimental evidence for
such a non-physiological uniporter, however. Otherwise, [Ca2+] reductions in the
PMU are possible and are linked to the depletion of ER Ca2+ stores by the uniporter
uptake. This in turn requires efficient and strong uniporter activity, by close
proximity to the IP3R and a rapid flux rate, and the time scale of ER store depletion
in our simulations is consistent with those experimentally observed.
This work is divided into five sections. We introduce the cell type of interest,
the ICC themselves in Chapter 1, “The Interstitial Cells of Cajal,” along with a brief
summary of the interesting history behind their discovery, identification and
characterization. The dynamics of Ca2+ in the ICC is then detailed, along with the
relevant transporters and Ca2+ control mechanisms in Chapter 2, “Calcium
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Dynamics of the ICC.” Our model itself, along with the geometry, systems of
reaction-diffusion equations, and models for each transporter and mechanism is
given in Chapter 3, “Reaction-Diffusion Model,” and then the results for our
simulations are presented in Chapter 4. Discussion of the results and implications
for the Sanders hypothesis are finally given in Chapter 5. Appendix A details the
solution methods applied to our model.
The ICC appear to be singular among the wide variety of Ca2+ signaling
mechanisms in the realm of cellular biology, where [Ca2+] elevations trigger
responses. With a proposed intricate interplay of Ca2+ transporters, the [Ca2+]
reduction hypothesis for the ICC pacing of gastro-intestinal contractions is both
salient and intriguing.

iii

Table	
  of	
  Contents	
  
1

THE INTERSTITIAL CELLS OF CAJAL.............................................................1-1
1.1

THE GASTRO-INTESTINAL TRACT ..........................................................................1-1

1.1.1

Autonomic Nervous Systems ............................................................................1-2

1.1.2

Peristalsis...........................................................................................................1-3

1.1.3

Waves in History...............................................................................................1-4

1.2

A 19TH CENTURY DISCOVERY ..................................................................................1-6

1.2.1

Santiago Ramón y Cajal ....................................................................................1-6

1.2.2

Classification Controversy ................................................................................1-7

1.2.3

Pacemakers Identified ........................................................................................1-8

1.3
2

ICC PATHOLOGY AND DISORDERS ......................................................................1-10
CALCIUM DYNAMICS OF THE ICC ...............................................................2-13

2.1

KINDS OF ICC ........................................................................................................2-13

2.2

SPONTANEOUS DEPOLARIZATIONS......................................................................2-14

2.3

PACEMAKING WITH CALCIUM .............................................................................2-15

2.3.1

Ion Channels....................................................................................................2-16

2.3.2

Inositol Trisphosphate Receptor (IP3R) Channel ............................................2-19

2.3.3

Calcium Transporters......................................................................................2-21

2.3.4

The Non-Specific Cation Channel ...................................................................2-26

2.3.5

Calcium Protein Buffering ..............................................................................2-28

2.3.6

The Sanders Hypothesis ..................................................................................2-30

2.3.7

On Location with the NSCC ...........................................................................2-32

2.4
3

ICC MODELING EFFORTS ......................................................................................2-34
REACTION-DIFFUSION MODEL.....................................................................3-37

3.1

MODEL CONSTRUCTION .......................................................................................3-37

3.1.1

ICC Model Geometry.......................................................................................3-38

3.1.2

Reaction-Diffusion Equations .........................................................................3-41

3.1.3

Transporter Models .........................................................................................3-45

3.1.4

Reaction Models ..............................................................................................3-56

3.2

MODEL SUMMARY .................................................................................................3-62

3.2.1

Model Terms and Locations ............................................................................3-62

3.2.2

Tables of Parameters........................................................................................3-68

Table of Contents
4

RESULTS .................................................................................................................4-73
4.1

PRELIMINARY SIMULATIONS ................................................................................4-74

4.2

DEGRADING [IP3] SIGNAL.....................................................................................4-77

4.2.1

IP3 Impulse with ER-MT Gap IP3R Functional .............................................4-77

4.2.2

Homogeneous [IP3] with All IP3R Channels Active.......................................4-85

4.3

CONSTANT [IP3] SIGNAL.......................................................................................4-89

4.3.1

ER-MT Gap Channels Only with [IP3] at 1.0 µM.........................................4-89

4.3.2

All Channels Active with [IP3] at 1.0 µM ......................................................4-92

4.3.3

ER-MT Gap Channels Only with [IP3] at 2.0 µM.........................................4-95

4.3.4

All Channels Active with [IP3] at 2.0 µM ......................................................4-98

5

DISCUSSION .......................................................................................................5-105
5.1

IMPLICATIONS FOR THE SANDERS HYPOTHESIS ................................................5-106

5.1.1

PMU [Ca2+] Reductions................................................................................5-107

5.1.2

NSCC Inhibition ...........................................................................................5-110

5.2

SPATIAL IMPLICATIONS ......................................................................................5-112

5.2.1

PMU IP3R Locations and Roles....................................................................5-112

5.2.2

Membrane [Ca2+] Distributions and the NSCC ...........................................5-113

5.3

SERCA AND UNIPORTER MODULATION OF THE IP3R .....................................5-114

5.4

LIMITATIONS OF THE MODEL .............................................................................5-115

5.5

CONCLUSIONS .....................................................................................................5-117

APPENDIX A

SOLUTION METHODS ...................................................................A-1

A.1 THE FINITE ELEMENT METHOD ............................................................................A-1
A.1.1 FEM Historical Notes...................................................................................... A-3
A.1.2 Galerkin FEM Formulation ............................................................................. A-4
A.2 TIME INTEGRATION .............................................................................................A-13
A.2.1 Variable Δt Scheme ........................................................................................ A-15
A.3 GMRES LINEAR ITERATIVE METHOD ................................................................A-16
A.4 SEUSS: AN UNSTRUCTURED FEM REACTION-DIFFUSION SOLVER ...................A-19
A.4.1 MATLAB’s GMRES ..................................................................................... A-24
A.4.2 Nonlinear Solver Exclusion........................................................................... A-24
A.5 THE HYBRID-GILLESPIE STOCHASTIC METHOD ................................................A-25
A.6 HOMOGENIZATION PROCEDURE: ER REPRESENTATION ..................................A-29
A.7 MESH GENERATION .............................................................................................A-31
BIBLIOGRAPHY ................................................................................................................B-I

1 The	
  Interstitial	
  Cells	
  of	
  Cajal	
  
Organized from groups of specialized cells, tissues in multicellular
organisms (e.g., muscle) are in turn assembled into organs (e.g., the heart) which
themselves comprise physiological systems (e.g., the cardio-vascular system). These
systems perform various tasks such as respiration, motor-control, and sensory input
processing. The Interstitial Cells of Cajal are members of the physiological system
responsible for digestion known as the Gastro-Intestinal or GI tract. We first sketch
here a brief outline of this system and its function as regards to the role of the ICC,
and after a tour of some historical drama, finally introduce the central cell type in
this work.

1.1 The	
  Gastro-‐Intestinal	
  Tract	
  
Illustrated in Figure 1-1 the human GI tract is an assembly of structures for
processing ingested material. Also referred to as the alimentary canal, it is
essentially a complex tube with specialized regions for different phases of food
matter processing including extraction of nutrients and ejection of waste.
Mechanisms for controlling transport of digested material, or the ‘bolus’ of food,
along the way is of more interest here than nutrient extraction and uptake, so we
focus on those aspects.
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1.1.1 Autonomic	
  Nervous	
  Systems	
  
The human nervous system includes two subsystems: the central, comprised
of the brain and spinal cord, and the peripheral or autonomic, comprised of sensory
neurons and connections to the central nervous system. The autonomic nervous
system is itself composed of many different subsystems that manage daily tasks
necessary for proper function of the body (see schematic in Figure 1-2). Permitting
the focus of the body and its owner on other details (such as computational biology),
the autonomic system controls the operations of the cardiovascular and gastrointestinal systems among others. Coordinating the different energy requirements for
each system under the
body’s current
environmental conditions,
the autonomic system is
itself composed of two
opposing yet
complementary networks of
nerves: the parasympathetic
and the sympathetic.
Nerve somas, or
bodies, of the
parasympathetic network
reside entirely in the
medulla, a cerebral subregion dedicated to
autonomous tasks. These
nerves extend axons from
the brain to systems under
their control. The
sympathetic network nerves,
Figure 1-1 Gastro-Intestinal Tract

on the other hand, originate

The GI tract includes multiple organs and structures
for ingestion, transport, digestion and ejection of
material. Mechanical processing of food matter in the
mouth and stomach prepares it for the uptake of
nutrients and water in the small intestines and colon,
or large intestines. Multiple auxiliary organs secrete
substances that aid in digestion and transport as with
the salivary glands and gallbladder. Versions of the
ICC are found along the tract in the esophagus,
stomach, intestines and the colon. (Source: Wikipedia
Commons Adaptation)

in the spinal cord. When the
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environment demands an
organism’s attention, such as
a predation threat, the socalled ‘fight-or-flight’ phase
engages through the
sympathetic network. In this
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Figure 1-2 Autonomic Nervous
System
Including both the sympathetic
(left) and parasympathetic (right)
nervous systems, the autonomic
system manages numerous
physiological systems. The
parasympathetic nerves extend
directly from the medulla in the
brain to targeted systems,
stimulating GI activity. The
sympathetic extends from the
spinal cord and inhibits GI
activity.

phase the body prepares for rapid responses to the environment. A sequence of
physiological events is set in motion including the release of adrenalin, elevation of
heart and respiratory rates, and increase of blood transport to skeletal muscles. By
contrast, during rest, the parasympathetic network shifts the body into a
housekeeping phase, reducing heart rate and focusing energy on digestion, for
instance. Both nerve systems operate continually, exerting their respective
influences to different degrees as circumstances demand.
Intercellular connections, or innervations, from these networks target yet
more nerve cells throughout the GI tract, as in the intestine (Figure 1-3). These
nerves themselves form a network in between smooth muscle layers surrounding
the tract, and are called the enteric nerve system. Directly controlling behavior of GI
muscle, the enteric system orchestrates contractions, kneading the ingested matter,
or bolus, for digestion1 and ensuring its progress through the tract, while operating
under modulations from the senior nerve networks.

1.1.2 Peristalsis	
  	
  
Gastro-intestinal smooth muscle layers are aligned in longitudinal and radial
directions (Figure 1-3), along with the intercalated myenteric and submucosal
plexus, or nerve networks, in between them. The muscles contract in coordinated
sequences propelling along digestive material for processing. This process is known
1

These contractions, called segmentation, are a reflex action to a bolus-induced distension.
When a bolus stretches out the intestine, mechano-sensitive ion channels of enteric nerves
detect the distension and trigger a reflex contraction [99].
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as peristalsis.
Enteric nerves
initially signal
radial muscles to
close, preventing
back flow of the
bolus, then
longitudinal
muscles to push
forward. The
extent of contractile
activity is further
modulated directly
by sympathetic and
indirectly by
parasympathetic
nerves. During
‘fight-or-flight’
phases, for
instance,
sympathetic nerves
throttle back the
contraction
intensity.
Peristaltic actions
are essentially a

Figure 1-3 Intestinal Structure
Layers of smooth muscle and nerve tissue surround the interior
or lumen of the intestine. The outermost layer of muscle is the
longitudinal, aligned in parallel with the direction of the tract.
Deeper into the tissue structure is the circular muscle layer,
wrapped around the interior mucosae muscle, which is just
outside the mucosal-villi and the intestinal lumen where ingested
material is passed. Intercalated between the muscle layers is the
enteric nerve system: the myenteric (or Auerbach’s) plexus
between the longitudinal and circular muscle layers, and the
submucosal plexus between the circular and the mucosal muscle
layers. Nerves from sympathetic (red) and parasympathetic
(green) networks innervate the enteric network, although
sympathetic neurons innervate the muscle cells as well. The ICC
(blue) form a network of cells in, around and over the muscle and
nerve tissues. (Source: Chris Ridding Adaptation from [21])

reflexive behavior
coordinated by the enteric system, responding to GI tract distention and driving a
bolus through. When a bolus is not present, they generally do not occur.

1.1.3 Waves	
  in	
  History	
  
The GI tract displays another mode of contractile behavior. At the end of the
19th century, Bayliss and Starling demonstrated a phenomenon of slow, rhythmic
intestinal contractions [10]. Labeled ‘pendulum’ contractions, they occurred with a
frequency of about 10 – 12 times per minute (Figure 1-4). Peristaltic motions could
be induced by mechanical stimulation (i.e., insertion of material in the tube).
Anaesthetizing the intestines with nicotine or cocaine, thus isolating them from
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Figure 1-4 Pendulum
Contractions in the Intestine
Regular waves of muscle
contractions were observed in
canine intestines by means of an
inflatable balloon surgically
implanted into the intestinal
lumen. A device named the
‘enterograph’ constructed for
this purpose tracked the balloon
movements. Frequencies of
about 10 – 12 contractions per
minute were noted. Marks
indicate 6-second intervals.
(Source: [10] Figure 2).

autonomic nervous control, abolished peristaltic motions, yet defined and
strengthened the pendulum contractions. They then proposed pendulum
contractions are generated myogenically, or from within the muscle tissue itself.
The mechanism generating pendulum contractions was unknown, and
appeared an intrinsic quality of intestinal tissue. By 1915, Sir Arthur Keith, the
recent discoverer of sino-atrial pacemaking in the heart, proposed the existence of a
similar gastro-intestinal pacemaker [87]. He suggested that perhaps a GI tract
pacemaker is organized in a nodal centre similar to the heart, generating regular and
rhythmic contraction signals, and proposed the Cells of Krölliker, so named for a
renowned 19th century Swiss histologist, as a possible source.
After the First World War, the origin of pendulum contractions was
controversial. Due to dominating ideas on neurological function, neuronal or
myogenic possibilities were fervently debated, leading some researchers to express
exasperation over the controversy. Consider this comment on the state of affairs
then:
There are few statements in physiology upon which opinion is more
unanimous than the one to the effect that the rhythmic contractions of
the bowel are neurogenic, and due to impulses coming from Auerbach’s
plexus2. We find that statement in almost all of the textbooks and articles
which we have consulted in the last eight years. Such unanimity is
rather surprising, but it is still more surprising when we learn that
practically all the research work done on the subject points clearly in the
opposite direction.
- Walter C. Alvarez, 1922 [4]
2

Recall neurogenic is of neuronal origin, and see Figure 1-3 for reference to the Auerbach’s
plexus, another label for the enteric nerve sub-network called the myenteric plexus.
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Alvarez isolated individual layers of intestine, removing enteric innervations from
the muscle tissue. He demonstrated regular rhythmic contractions occurring at
about 10 per minute that persisted for days after nerve extraction. Further, he noted
a rhythmic stimulus – an electrical signal – continued even when the muscle tissue
‘fails to beat.’
Later observations supported him. Bozler in 1946 reported a slow, rhythmic
electric potential variation, or a membrane voltage pacemaker activity [19]. This
activity continued in intestinal tissues with adrenalin stopping muscle contractions,
mimicking sympathetic neuronal inhibition. Ambache in 1947 also identified steady
electric potential waves with nicotine treatment blocking the enteric nerves [5], and
showed the electrical signals control the pendulum contractions observed by Bayliss
and Starling. He suggested the then labeled Interstitial Cells of Cajal as possible
sources of the rhythmic activity and recalled Sir Keith’s suggestion of nodal
pacemakers in the GI tract.
Controversy continued, however, due to competing theories about the ICC
themselves. Their proposed pacemaking role was complicated by their difficult
classification: were they neurons proper, neuron-accessory glial cells, or possibly
fibroblasts, essentially nothing more than cellular scaffolding? Generators of the
slow pendulum-like electrical signals would not be identified even as late as 1985,
when Mathias and Sninsky noted the pacemaker cell’s identity remained unknown
[113].

1.2 A	
  19th	
  Century	
  Discovery	
  
Originally discovered by the Spanish anatomist Cajal in 1889 [26], the
interstitial cells trace a path across a century of controversy. Historically situated in
a physiological shroud of uncertainty, the ICC straddled boundaries between cell
classes and competing theories. Technology and doctrine required decades of
advance and refinement before the cells Cajal described could finally be identified as
the pacemaking cells in the GI tract.

1.2.1 Santiago	
  Ramón	
  y	
  Cajal	
  
Ranked by some scientific historians as co-equal with Newton and Darwin,
Cajal’s role was pivotal in establishing the ‘neuronal doctrine,’ or the theory that
discrete, individually distinct nerve cells comprise the nerve system. Cajal’s
foundational work profoundly influenced the scientific field known today as
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neuroscience. Instrumental to Cajal’s contributions were his improvements on cell
staining techniques such as the Golgi method [26]. With these improvements, he
meticulously illustrated cellular structures including central nervous and retina cells.
His illustrations are still referred to today in addition to their pedagogical uses [57].
By means of his refined Golgi stain, Cajal identified individual cells in
cerebellar sections and suggested they were neurons [25]. This occurred within a
contentious environment between the ‘neuronists’ (scientists who believed
individual cells comprise nerve systems) and ‘reticularists’ (scientists who believed
continuums of cells form single units, or a syncitium). Cajal presented drawings of
these structures to the 1889 anatomical community. Dominated by reticularists,
including the great 19th
century histologists
Albert Kölliker and
Camillo Golgi, Cajal’s
presentation converted
few from the reticularist
camp; Kölliker was
among them, however.
Evidence for individual
neurons was lacking
until then; not until Cajal
improved the Golgi
Figure 1-5 Cajal and his Interstitial Cells
A portrait of Cajal at work in his laboratory (ca. 1900) is
shown on the left. (Right) Light microscopy image of ICC in
the myenteric (Auerbach) plexus, stained via Ehrlich’s
method by Cajal himself. Scale bar: 50 µm. (Source: (Left)
Wikipedia Commons; (Right) [57] Fig. 3)

method were the cell
boundaries finally
visible. Kölliker later
nominated Cajal for the
Nobel Prize in 1906,

which he received and ironically shared with Golgi who defended the reticularist
stance at his acceptance speech [71]. The neuronist-reticularist issue would not be
resolved for some time.

1.2.2 Classification	
  Controversy	
  
Cajal observed intestinal tissue cells appearing neuronal in structure yet
without axonal processes (see Figure 1-5). Calling them interstitial cells, due to their
arrangement throughout the tissue layers, Cajal classified them as neurons proper
[23], although he later admitted they might violate the neuronist doctrine he
advocated since they did not quite fit the definition of a neuron [24]. On the other
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hand, Kölliker and Dogiel [43, 44] insisted the cells Cajal identified were merely
connective tissue cells, or fibroblasts, also due to their location. Dogiel christened
the cells Cajal-sche zellen, and thus they are now known as the Interstitial Cells of
Cajal [57].
Shifting tides of dogmatic trends over following decades compelled ICC
categorization from macrophages to neuronoids. Limited by imaging technology
and ICC inaccessibility, the
continuing debate over the
reticularist and neuronist ideas
continued to cloud their role
[127]. Firm establishment of
neuronist doctrine would not
occur until electron microscopy
techniques developed,
distinguishing ultrastructurally
whether nerves formed a
syncitium or not. Through the
1950’s, histology textbooks
discussed at great length issues
of ‘cytoplasmic vs. synaptic’
connections [178].
Figure 1-6 ICC Network
Scanning electron micrograph of the ICC cell
network (∗) layered over the myenteric plexus
bundle. Smooth muscle cells form tissue in the
background. Length scale 5 µm. (Source: [54] Fig. 1)

Meanwhile the ICC were
still referred to as neurons,
smooth muscle, fibroblasts, or
macrophages [178]. Taxi
proposed the novel category

“neuron-like neuronoids” since they stained similarly to neuron cells proper [173],
although connective tissue categorizations of the ICC persisted through the 1970’s
(see Thuneberg, 1982 for a review [176]). Faussone-Pellegrini in 1977 noted the ICC
possessed smooth-muscle characteristics [53] (see Figure 1-6) and Thuneberg
identified them as ‘myoid’ cells [176]. Their current designation is probably best
described as interstitial, hybrid, neuron-like cells. To this day they elude firm
placement in any well-established cell classification.

1.2.3 Pacemakers	
  Identified	
  
Sir Arthur Keith, as noted, suggested in 1915 the ICC (then labeled the cells
of Krölliker) may be generating the pendulum-like contractions intestinal tracts
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exhibit. Similar suggestions continued over the 20th century, and include Ambach in
the 40’s [5], Holaday in the 50’s [79], Faussone-Pellegrini in the 70’s [53], on up to
Tomita in 1981 [179]. But none of the suggestions were combined with conclusive
evidence.
Preliminary experiments aimed at damaging the ICC by Thuneberg in 1983 –
via a method of methylene blue staining combined with illumination – stopped the
slow wave signals [177]. The precise source of signals remained unclear though:
methylene blue stains were criticized for affecting surrounding tissues and not
precisely demonstrating that the ICC are the pacemaker cells.
Suzuki, et al. in 1986 demonstrated the generation of slow waves with the
ICC present, which were identified via the methylene blue stain [166]. In regions of
intestine without the ICC, no waves were observed. They also noted the slow waves
originated from the myenteric plexus. Cultured ICC in 1989 by Langton, et al.
exhibited spontaneous depolarizations on their cell membranes similar to slow
waves seen in situ; they further demonstrated the ICC cultures permitted study of
their behavior without the complications of surrounding tissues [102].
Maeda, et al., in 1992 determined the ICC express a particular protein on
their surface: tyrosine kinase, an enzyme for transducing external signals on cell
surfaces [108] (via phosphate molecules, similar to phospholipase-C involved in IP3
production; see section
2.3.2.1). Genetic disruption
of tyrosine kinase
production, via the so-called
c-Kit gene, severely impaired
the generation of slow wave
contractions.
Liu, et al. in 1994
developed a means of
applying methlyene blue
stains affecting only the ICC
with no damage to
surrounding cells [105].
They observed total loss of

Figure 1-7 Blockage of c-Kit Ceases Waves
Ward, et al. 1994 (ref – Ward, 1994) demonstrated
impact of blocking c-Kit gene expression in mice.
Upper panel A shows control mouse intestine
generating electrical slow waves in intestinal muscle at
about 30 per minute. Lower panel shows mice with cKit gene knockout and complete elimination of the
slow waves. (Source: [189] Fig. 3)

slow wave activity. The
same year, Ward, et al., blocked c-Kit gene expression and demonstrated complete
cessation of slow wave generations (see Figure 1-7) [189]. It was finally established:
Cajal’s 1889 discovery are indeed the pacemaking cells responsible for generating
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the slow waves of electrical potential changes that drive the pendulum contractions
first observed by Bayliss and Starling in 1899 [81].

1.3 ICC	
  Pathology	
  and	
  Disorders	
  
Integrated within a system of cell types and tissues, the ICC participate in a
concerted effort for proper GI function. Muscle tissue responds to ICC pacemaking
and communicates back to the ICC and surrounding nerve networks any bolusinduced distensions. Autonomic nerves interface both with muscle and the ICC,
modulating activity due to the current body state; the ICC in turn relay back
contractile state information for autonomic system monitoring. The coordinated
effort of these networks and tissues optimize digestion.
Numerous GI motility disorders are attributable to ICC disruption or failure
[163, 164]. Examples of these include slow transit from uncoordinated motility, or
constipation, gastroparesis or extended stomach material retention, and achalasia or
esophageal peristaltic failure, i.e., cannot swallow. Deviant densities of the ICC are
related to these disorders. The collective behavior of ICC networks depends on
population density: too few or too many ICC do not properly modulate contractions
[89, 167]. For instance, the tropical parasitic disease, Chagas3, damages multitudes of
tissues including intestinal ICC populations. Dramatic reductions in ICC densities
are correlated with this disease [41], producing secondary achalasia including GI
enlargement and malnutrition. Hirschsprung’s disease, a congenital condition that
manifests in extended, non-motile GI tissue, also displays dramatic reductions of
ICC populations [188]. Treatments include reestablishing ICC populations with
stem cells or manipulation of resident tissue. Implanted artificial pacemaking
devices are also utilized [103].
The ICC density is regulated in healthy tissue by apoptotic turnover and
differentiations of their number [59, 120]. Apoptotic culling of the ICC is rapid
relative to surrounding GI tissue, where turnover rates are measured in months.
Regeneration of ICC loss is crucial to the maintenance of appropriate ICC network
density, but the regulation mechanism is unknown. Balanced replenishment rates
are further necessary, for excessive ICC replacement leads to GI stromal tumor
formation (GIST), which result from c-Kit mutations [82].
The ICC are crucial for proper GI function. Without the pacemaking signals
orchestrating the steady rhythmic contractions throughout the GI tract, the maladys
listed above result. Understanding the mechanism by which ICC generate these
3

Caused by the protozoan Trypanosoma cruzi, spread by the assassin or kissing bug, and
prominent in Latin and South America.
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signals will further understanding of the ICC behavior and their integration into
overall GI tract function. This may in turn lead to additional modes of possible
treatment.

1-11

2 Calcium	
  Dynamics	
  of	
  the	
  ICC	
  
Over a span of one hundred years, neuronist doctrine eventually subdued
the reticulists, and the ICC are identified as the GI tissue pacemakers. The
convoluted path to identification – well reviewed by Thuneberg in his article ‘One
Hundred Years of Interstitial Cells of Cajal’ [178] – then begs the question: how do
the ICC generate the pacemaker signals? The ICC are theorized to employ an
interesting variety of intracellular Ca2+ dynamics for producing these signals. We
provide some details on recent characterizations of the ICC, then address this
dynamic itself.

2.1 Kinds	
  of	
  ICC	
  
Multiple varieties of ICC reside in different GI tract structures and tissue
layers. Figure 2-1 shows the schematic and nomenclatures Cajal himself created.
The intramuscular ICC or ‘ICC-IM’ mediate signals between enteric neurons and
smooth muscle, responding to stretching, nerve input and peristaltic contraction
management. Submucosal ICC near the villi are labeled ICC-SM (or ‘deep muscle
plexus’, -DMP, or ‘sub-mucosal plexus’, –SMP), and their function is not well
known. The ICC of concern here are in the mesenteric plexus (ICC-MP or ICC-MY);

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal

Figure 2-1 ICC Nomenclature
Diagram showing Cajal’s original nomenclature (left) and contemporary (right). The ICCMY, or myenteric ICC are of primary importance in this work. (Source: [57] Fig. 1)

they produce slow wave contractions and research with them is more extensive. In
their review, Sanders, et al. discuss the different ICC classes at some length [153].

2.2 Spontaneous	
  Depolarizations	
  
Plots of electrical pacemaker signals originating from the ICC and
corresponding smooth muscle contractions are shown in Figure 2-2; compare these
with Bayliss and Starling’s measurements for canine intestine in Figure 1-4. Note
that frequencies of slow waves can vary over GI tract organ or species. Ward, et al.
measured mouse intestinal slow waves at 20-30 per minute (see Figure 1-7) [189],
and Dickens, et al.
measured 3-5 per
minute in the mouse
stomach [42].
Known as unitary
potentials (‘UP’), the
ICC pacemaker
Figure 2-2 ICC and Smooth Muscle Depolarization Coupling

signals are

Plot shows slow wave membrane depolarizations of an ICCMY cell (trace a) and surrounding smooth muscle tissue (trace
b) in circular layer of guinea-pig stomach. (Source: [77] Fig 2)

membrane voltage
depolarizations over
an entire ICC surface.

The ICC are electrically coupled with neighboring smooth muscle cells [33],
probably through continuous membrane connections, or so-called gap junctions,

2-14

Chapter 2 - Calcium Dynamics of the ICC

Table 2-1 Some ICC Abbreviations
Abbreviation

Item

Short Description

SW

Slow Waves

Oscillations of UP events

UP

Unitary Potentials

Depolarization events over entire ICC
membrane

SD

Spontaneous Depolarizations

Depolarization events within PMU;
aggregation of these events may result
in a UP

PMU

Pacemaker Unit

Sub-region of ICC where SD proposed
to occur

although the precise coupling nature is debated (see Daniel, et al. 2004 for a review
[38]). Regardless, when ICC membranes depolarize, neighboring smooth muscle cell
membranes also depolarize. Smooth muscle voltage-gated Ca2+ channels then open
inducing contraction. Oscillations of ICC electrical signals likewise result in smooth
muscle contraction oscillations. We’ll abbreviate the slow electrical signal
oscillations from the ICC as ‘SW’ for ‘slow waves.’
Within the ICC themselves, UP are composed of discrete depolarization
events. These events are called spontaneous transient depolarizations (‘SD’), or
pacemaking currents, since ion flows effect the depolarization. It is theorized that
SD independently occur over the ICC surface, and in sufficient numbers their
aggregate depolarizations generate a UP [97]. Spontaneous depolarizations are
therefore the fundamental event producing SW in the ICC.

2.3 Pacemaking	
  with	
  Calcium	
  
It is proposed by means of a curious transport of Ca2+ between the ER and
mitochondria that the ICC control behavior of a non-specific, cation channel, or the
NSCC, which in turn generates membrane depolarizations fundamental to the
pacemaking signal mechanism. Thus, the dynamic transport of Ca2+ is of great
interest. Ca2+ dynamics are involved in multiple cellular signaling mechanisms, and
we describe here some of the relevant players such as ion channels and transporters.
A generalized depiction of these Ca2+ transporters and control mechanisms is
illustrated in the cartoon schematic of Figure 2-3.
We note most experimental data on the ICC is, however, generally available
only from cultured ICC, either isolated or in networks, and not from ICC in situ.
Although cultured ICC are morphologically similar to those in situ [22, 98, 181], their
characteristics may alter in the process. Recent work is progressing on study of the
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ICC in situ [198], but technical difficulties limit our knowledge to cultured ICC. We
thus limit our discussion here to data obtained from cultured ICC.

2.3.1 Ion	
  Channels	
  
Ion channels are key components in sensing and transferring signals for cells.
There are multiple varieties of ion channels, but the voltage- and ligand-gated ion
channels are of
primary interest.
Within these
classes there are
multiple types of
channels with
varying
characteristics
suitable for
differing roles.
Some channels
may have large
conductances and
be active over
long times,
whereas others
may rapidly
flicker open and
shut with a small

Figure 2-3 Generic Calcium Dynamics Schematic
The cytosol, ER, and mitochondria transfer Ca2+ between them by
suites of pumps and ion channels, and maintain different [Ca2+] in
their respective internal spaces. Buffers either assist in damping or
controlling Ca2+ influxes in the cytosol, or provide a Ca2+ reserve as
with the ER. Mitochondria meanwhile assist the pumps and
exchanger with their own Ca2+ uptake and release mechanisms.

conductance. We provide some details on a few of these devices, and indicate their
relevance to the ICC pacemaking calcium dynamic.

2.3.1.1 Voltage-‐Gated	
  Channels	
  
Within this class of channel there are multiple types that conduct for many
different ions, such as the L-type calcium channel or the tetrodotoxin4-sensitive
sodium channel. The L-type is so named because it permits stronger Ca2+ currents,
or ‘long-lasting’ currents, to flow when opened and stays active longer than with
another channel, the T-type, for ‘transient’ currents. Tetrodotoxin is a poison that
4

Extracted from the puffer fish, tetrodotoxin is a neurotoxin that induces paralysis; it is also a
sushi delicacy known as ‘fugu.’
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blocks voltage-gated Na+ channels commonly found in neuronal plasma
membranes. Currents of these channels depend on the surrounding membrane
potentials and [Ca2+]. Hille notes in his extensive ion channel reference that L-type
and TTX-sensitive channels maximally conduct at around 25 pS5 [75].
Pharmacological agents such as dihydropyridines bind to the L-type.
Dihydropyridines are thus employed as identification tools in determining whether
L-type channels reside in some cellular system. They are further used to manipulate
channel activity. Depending on concentrations applied, they can at low levels
increase (agonize) or at high levels decrease (antagonize) the channel’s conductance.
ICC SD generation does not occur by means of voltage-gated Na+ or Ca2+
channels. Forced depolarization of an ICC membrane does not influence SD [98].
Application of dihydropiridines has no effect on SD or SW [76, 93, 175, 185]. But, a
voltage-gated Ca2+ channel, resistant to dihydropiridines, exists in the ICC [93]. This
channel is involved in SW propagation over the ICC surface, and is proposed to be
essential in the coordination of SD in producing SW with a process called
‘entrainment’ [150], but it does not affect SD generation [191]. Application of TTX
also has no effect on SD generation [77, 152, 185].
Na+ and Ca2+ influxes are nevertheless involved: removal of these
extracellular ions reduces SD activity [98]. A mechano-sensitive Na+ channel was
also identified, which modulates the SW response to intestinal distention [162], but
does not appear directly related to SD generation.
Potassium (K+) channels are observed in the ICC, but are probably
responsible for a rectifying current by re-establishing membrane potentials after
depolarization, similar to their neuronal function. Amplified K+ currents (by
depolarizing cell membranes with Ba2+ to activate K+ channels) reduced the
amplitude of SW but not maximal depolarizations or frequencies [98], suggesting
currents of SD are independent of K+.

2.3.1.2 Ligand-‐Gated	
  Channels	
  
Two channels of interest in this class are named for the substances that bind
to their ligand receptor: the ryanodine receptor (RyR) and the inositol-trisphosphate
receptor (IP3R) channel. Ryanodine, a pesticide, is a toxic plant-alkaloid that also
fortuitously binds this channel. It modulates RyR behavior similar to
dihydropyridine modulation of L-type channels: in increasing concentrations it is an
agonist and then an antagonist. Thus ryanodine is used in experimental contexts for
this behavior; but, it is intracellular Ca2+ that activates RyRs within the cell. In
5

Recall: Siemens measures units of current per voltage, or A/V.
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addition to Ca2+, IP3-binding receptor channels respond to another cellular-resident
molecule. The phosphate complex inositol trisphosphate (IP3) varies the channel
opening tendency. Combinations of IP3 and Ca2+ levels determine IP3R activity,
where [Ca2+] is an agonist and then an antagonist in increasing levels as well.
Each kind of IP3R is found on endo- or sarcoplasmic reticulum (SR) surfaces,
and is active in different cell types. The RyR is responsible for Ca2+ signal
amplification, as in the Ca2+-induced Ca2+ release (CICR) of the muscle cell. RyRs are
more common in skeletal and cardiac muscle cells than IP3Rs, but both are found in
neuronal cells. IP3R channels, on the other hand, frequent smooth muscle and other
‘non-excitable’ cells [75].
Maximal conductances for these are significantly greater than the voltagegated variety. Within cardiac cells, the RyR is observed to conduct at around 80 pS,
but for skeletal muscle, conductances may rise to an immense 175 pS [199]. The IP3R
display conductances of around 74-80 pS [184]. These conductances translate into
ion currents on the order of picoamps for typical concentrations and temperatures in
cells.
RyR channels
may stay open for 5
milliseconds [144], and
IP3R channels for 7
milliseconds [183],
although these depend
on local ligand
concentrations. The IP3R
deactivate at [Ca2+] levels
of around 1 µM [183],
whereas the RyR are not
so negatively inhibited.
RyR channels continue
activity during exposure
to a non-physiological
[Ca2+] in the millimolar

Figure 2-4 Inhibition of Slow Waves in ICC

range [15], although low

Application of IP3R inhibitors Xestospongin and Heparin
block either observable currents (top trace) or measured
membrane potentials (second trace) associated with ICC
slow wave generation. Thapsigargin blockage of SERCA
pumps gradually stops slow wave currents. Bottom trace
shows application of FCCP, disrupting mitochondrial
uniporters, and eventual inhibition of slow wave potentials
(separate traces 6 – 7 minutes apart). (Source: Adapted
from [190])

Ca2+ in the SR also
inhibits them [68].
Treatments with
ryanodine show RyR
Ca2+ channels are not
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involved in generation of SD [110, 185, 190]. On the other hand, IP3R Ca2+ channels
are necessary. With known IP3R channel blockers Xestospongin C and heparin6,
Ward, et al. shut down SD and SW activity [190]. Van Helden applied caffeine,
another known IP3R inhibitor and again demonstrated loss of SD and SW [185].
Mutant mice with no IP3R channels also lack SW generation [165]. Alternatively,
when IP3 synthesis is stimulated via muscarinic receptors7 [13], the frequency of SW
increases [92]. Results from the Ward, et al. study, demonstrating the membrane
potential oscillation blockage with Xestospongin and heparin, are shown in Figure
2-4. IP3R channels are required for SW and SD generation.
Existence of a Ca2+-activated Cl- channel in the ICC was recently established
[198], yet the involvement of this channel in producing SD is unclear. Van Helden
noted Cl- channels play a role, but isolating their impact is difficult [185]. The
channels demonstrate similar SD recovery characteristics as K+ channels [198].
Moreover, ionic currents related to SD production occur at membrane potentials
nearly equivalent to the Cl- ion equilibrium potential [97], indicating Cl- ions do not
participate in SD. A recent study also confirmed that SD are independent of Clchannel activity [83].

2.3.2 Inositol	
  Trisphosphate	
  Receptor	
  (IP3R)	
  Channel	
  
The IP3R is a primary ion transporter in the ICC calcium dynamic, and itself
displays subtle and complex behavior. The IP3R channel protein structure is shown
in Figure 2-5, as reconstructed from electron micrographs of purified IP3R proteins
[37]. At their narrowest, the pores are 7 Angstroms (Å) or 0.7 nm, where ion

Figure 2-5 IP3R Protein Structure
Surface-rendered electron micrograph of purified Type I IP3R proteins (with singleparticle, software analyzed micrograph images) shows IP3R structure in top-down (a, b)
and profile (c, d) views. Colors indicate different domains: blue, channel; pink,
cytoplasmic ‘stigma’ domain; gray, cytoplasmic ‘petal’ domains. (Source: [37] Fig 2b)

6

Xestospongin C is a vasodilator isolated from Pacific sponges, and heparin is an anticoagulant originally isolated from canine liver cells.
7
Stimulation with mushroom toxin activates so-called muscarinic receptors, or G-proteins,
that in turn upregulate IP3 production by phospholipase C; see section 2.3.2.1.

2-19

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal
selectivity filtering occurs. Channel protein binding domains and structures extend
out roughly 200 Å or 20 nm.
Tu, et al. measured steady-state IP3R open and closed dwell times, or typical
timespans for these channel states, at varying Ca2+ and IP3 concentrations [183].
Open and closed event durations for the IP3R channels suspended in bilayer
membranes at a fixed
[Ca2+] and [IP3] of 200
nM and 2.0 µM,
respectively, range
from sub-millisecond
to tens of milliseconds
with means at about 8
ms. Over an
increasing [Ca2+], a
bell-shaped
dependency of open
probability emerges
as seen in Figure 2-6;

Figure 2-6 IP3R Open Probability Calcium Dependence
Normalized open probability (Po) for three IP3R isoforms over
varying calcium concentration. [Ca2+] varied from 10 nM to 5
µM, with IP3 at 2.0 µM and ATP 0.5 µM (x-axis logarithmically
scaled). The ICC display isoform type I. (Source: [183]; Fig 1)

this is a widely
recognized IP3R characteristic [17]. The bell-shaped [Ca2+] dependency is typically
interpreted as multiple time scales for the channel: fast activation on order of
milliseconds and slow inhibition on the order of hundreds of milliseconds [16, 160].
Ca2+ binding to the channel sensors and fluxes of Ca2+ through the channel are
further noted on the order of tens of microseconds [112, 168]. The IP3R itself then
operates on multiple time scales: binding with Ca2+ and opening of the channel over
tens of microseconds up to hundreds of milliseconds when closed and refractory.
Opening of an IP3R channel increases the local [Ca2+] that may in turn open
more channels in Ca2+-induced Ca2+ release. The resulting [Ca2+] elevations may
then negatively inhibit IP3R, driving them into refractory closed states. Local
variations of the [Ca2+] may thus agonize or antagonize IP3R due to neighboring
channel activity. Proximal channels then strongly modulate each other’s behavior
via Ca2+ diffusion. This behavior is then central to the ICC calcium dynamic.

2.3.2.1 IP3	
  Production	
  and	
  Degradation	
  
The phosphate molecule IP3 naturally controls dynamics of IP3R channels.
We present some details on the dynamics of this important signaling molecule. IP3,
or more precisely inositol 1,4,5-trisphosphate, is produced by phospholipase C or
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PLC at the plasma membrane. Diffusing into the cell interior, IP3 modulates the
open probability of the IP3R as mentioned, and was also recently observed to
stimulate IP3R clustering [137]. IP3 is further involved in sensing mechanisms for
light [123] and gravity [133] in plants.
There are primarily two metabolized by-products of IP3, either through
phosphorylation by IP3 3-kinase to inositol 1,3,4,5-tetrakisphosphate (IP4) or
dephosphorylation by 5phosphatases to inositol 1,4bisphosphate (IP2) (see
schematic in Figure 2-7). IP4
influences the IP3R receptor
as well, but to a much lesser
degree [158]. It is further
involved in neurotransmitter
release inhibition8 [158], and
appears related to increases
of [Ca2+] entry in neurons
[170]. The IP3 3-kinase itself
is involved in cytoskeletal
modifications in neurons,

Figure 2-7 IP3 Metabolism Pathways

and is also upregulated by

IP3 is but one step in a multitude of phosphate-bound
molecule signaling pathways. Membrane agonist
triggers PLC production of IP3 (InsP3 in diagram) from
PiP2. IP3 modulates IP3R activity (ITPR), or is degraded
to IP4 (InsP4) by IP3 3-kinase (ITPK), or to IP2 by 5phosphatase (INPP5A). (Source: [154] Fig 1)

Ca2+-CaM complexes; see
Kim or Johnson for more [85,
91]. By-products of 5phosphatases do not appear

involved in signaling mechanisms; thus, 5-phosphatase activity is primarily for IP3
degradation [158].

2.3.3 Calcium	
  Transporters	
  
Numerous transport mechanisms are active in the cell for managing the
intracellular [Ca2+]. These include the Ca2+-ATPases, the plasma membrane or
mitochondrial Na+-Ca2+ exchanger, and the mitochondrial uniporter. We describe
each in turn and their relevance to the ICC calcium dynamic.

8

Via binding with synaptotagmin, a neurotransmitter vesicle trafficking protein, thus
influencing neurotransmitter trafficking.
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2.3.3.1 Calcium	
  ATP-‐ase	
  Pumps	
  
The ATP-ases are the plasma membrane and sarco-endoplasmic reticulum
varieties, ejecting Ca2+- into the extracellular space or uptaking it into the ER lumen
(PMCA and SERCA, respectively). Another variety was recently found in the Golgi
network called the SPCA, or secretory pathway Ca2+ ATP-ase [20]. These Ca2+
extrusion workhorses of the cell maintain the intracellular [Ca2+] at or near resting,
or baseline concentration, although their roles differ somewhat between them. A
depiction of the SERCA structure is presented in Figure 2-8.
Each type functions in essentially the same fashion with some variations.
Overall, they are characterized as transitioning between two conformations: either a
high Ca2+ affinity state, when a Ca2+ binding site is exposed in the cytosol, or a low
affinity state when the binding site is in the extracellular space. Translocation of the
Ca2+ ion across the membrane depends on hydrolysis of ATP molecules. The pump
can also run in reverse, drawing Ca2+ into the cytosol and producing ATP instead of
consuming it, for instance. See the review of the Ca2+ ATP-ase pump family by Brini
and Carafoli for more details on the SERCA and related pumps [20].
Maximal PMCA
transport rates are quite low at
around 0.005 fA to 0.025 fA,
and their sensitivity to the
[Ca2+] is high [50]. Typically
PMCA remain active, pumping
Ca2+ out into the exterior space,
while levels are still within a
few hundred nanomolar of
resting. The half-maximal
activation coefficient, or K1/2, for
these pumps ranges from 0.12
up to 0.5 µM, indicating that for
a [Ca2+] around these amounts,
they operate at half-maximum
capacity [30].
SERCA, as their name
Figure 2-8 SERCA Structure Diagram
Structure of SERCA pump displays a bird-shaped
cytosolic protrusion where ATP hydrolysis occurs.
Ca2+ transport is by means of the membrane
embedded protein structure. (Source: [129] Fig 4a)
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of the sarco- (for muscle cells)
or endoplasmic reticulum.
Their overall activity, maximal
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transport rates and sensitivities, are quite similar to the PMCA. Perhaps more
importantly though is not the individual pump activity, but the collective. Pump
densities on different cell type ER surfaces can vary widely. In cardiac muscle cells
SERCA densities range from 15 to 75 µM of pump proteins [15]. SERCA pumps
control the ER Ca2+ recovery rate from sudden releases, and can greatly shape the
surrounding intracellular [Ca2+].
Inhibition of SERCA pumps in the ICC with thapsigargin9 affects SW, but not
as dramatically as IP3R inhibition (Figure 2-4). A gradual decrease in SW amplitude
instead emerges, indicating SERCA involvement is secondary to the IP3R. The
PMCA’s involvement is also known: SW frequency increases with inhibited PMCA
[98]. So both Ca2+ ATPase pumps are relevant to the generation of SD.

2.3.3.2 Na+-‐Ca2+	
  Exchanger	
  
The Na+-Ca2+ exchanger exploits Na+ concentration gradients across the
membrane (thanks to that other ATP-ase, the Na+-K+ pump) and complements the
Ca2+ ATP-ase efforts. A schematic of the NCX protein structure is shown in Figure
2-9. Activating usually only when the [Ca2+] rises above resting baseline levels, they
aid control of Ca2+ influx events. They also move more Ca2+ than the ATP-ases with
maximal currents of around 1.5 fA [74]. Residing on both cellular and mitochondrial
membranes, the NCX move Ca2+ at
a penalty: the Na+-K+ pump must
re-establish loss of Na+ gradient
due to the exchanger. Hence, the
NCX engages only during [Ca2+]
elevations of around hundreds of
nanomolar [116, 117].
Three Na+ ions move into
the cytosol for every Ca2+ ion
moved out, hence the process is
electrogenic and generates a
current [139, 140]. This greatly
facilitated measuring NCX activity.

Figure 2-9 NCX Protein Structure
Schematic illustrates membrane-embedded
regions (blue strip is plasma membrane), and
the Na+ (dark blue) and Ca2+ (yellow) binding
sites. The ‘XIP’ region is a negative-regulatory
binding site for Na+ ions; upon binding, NCX
activity decreases. (Source: [18] Fig18)

Most work has focused on the
muscle, cardiac and neuronal varieties due to importance of NCX handling the large
[Ca2+] variations in those cell classes [182]. The mitochondrial NCX, on the other
9

Thapsigargin is an extract from the plant Thapsia garganica and may have clinical utility but
is primarily employed for research purposes.
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hand, is poorly characterized; it is inaccessible much like the mitochondrial
uniporter (see below). It is also molecularly and pharmacologically distinct from the
plasma membrane NCX [106]. Without more experimental data though on the
mitochondrial NCX, we are restricted to considering the muscle or neuronal plasma
membrane NCX.
Membrane voltage modulates the NCX, where its reversal potential is -40 mV
[182]. During a depolarization event, such as a neuronal action potential, it reverses
direction drawing Ca2+ into the cell while ejecting Na+. This capability (or
shortcoming, depending) inspires theories for its potential impact. For instance,
persistent neuronal terminus elevations of the [Ca2+] after long-term stimulations of
transmitter release are theorized due to NCX reversal-driven Ca2+ uptake [197],
although magnitude of uptake may be negligible [122]. In the cardiac cell, Ca2+
influx by way of NCX reversal is proposed as a possible trigger for stimulation of
excitation-contraction coupling, which is controversial [15]; see the reviews by
Lytton or Hilgemann for further discussion of this topic [73, 107].
Concentrations of Ca2+ and Na+ also modulate the NCX. An intracellular Na+
binding site negatively regulates the exchanger’s behavior, preventing excessive
local Na+ increases, see Figure 2-9. A large intracellular [Na+] inhibits the NCX
behavior at around 140 mM; greater elevations up to 300 mM reverse the NCX [182];
note, ICC intracellular [Na+] is estimated at around 10 mM [55]. Extracellular Na+ is
required for normal NCX operation, and Ca2+ efflux occurs with extracellular [Na+]
ranges of over 18 – 140 mM for various cell types [182]. Elevations of the
intracellular [Ca2+] further increase NCX activity, often in response to surrounding
Ca2+ influxes from voltage-gated channels. Typical half maximal affinities for
intracellular [Ca2+] ranges from 0.4 to 6 µM, and some are even as low as 0.2 µM [118,
182]. The SERCA and uniporter affinities are at about 0.6 and 1.0 µM, respectively
(see the next section for the uniporter). The NCX is thus an extrusion mechanism
operating in a range comparable to the SERCA.
As regards the ICC, the plasma membrane NCX requirement is unknown.
We are not aware of any study demonstrating dependence of SD or SW productions
on plasma membrane NCX. Mitochondrial NCX, on the other hand, is relevant.
Disruption of mitochondrial NCX with a kind of benzothiazipine, a pharmacological
agent10 which does not affect the plasma membrane NCX [35], eventually stopped
pacemaking activity in the ICC [90]. This is probably due to the eventual saturation
of mitochondrial Ca2+ storage capacity.

10

Benzothiazipines are used for cardiac disorders such as arrythmias, and are chemically
related to benzodiazipines, agents with psychotropic and sedative effects.
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2.3.3.3 The	
  Mitochondrial	
  Uniporter	
  
Another Ca2+ transporter is the mitochondrial uniporter; it is more precisely a
highly selective ion channel [95]. Unlike ATP-ases or the exchanger, it draws up
Ca2+ with electromotive force. During their manufacture of ATP, mitochondria
establish strongly negative membrane voltages with other ions, mostly protons (H+).
With these potentials, uniporters can remove rather large amounts of cytosolic Ca2+
when opened even against concentration gradients. The interior free mitochondrial
[Ca2+] is at rest around 300 nM [58], slightly more than the typical cytosolic 100 nM.
The uniporter can, however, remove Ca2+ at rates comparable to the maximal NCX
rate of around 10,000 ions per second, or roughly 3.2 fA [6].
Precise behavior of the uniporter is nowhere near as well characterized as the
IP3R; this is partly due to unsuccessful efforts at isolating the transporter, similar to
difficulties with the mitochondrial NCX [67]. Measurements of uniporter activity
are thus constrained to studies of intact mitochondria, which express small
proportions of these transporters at around 0.001 to 0.1 nmol / mg mitochondrial
protein [67]. Estimates at its half-maximal uptake activity, K1/2, as a function of the
cytosolic [Ca2+] ranges over 1 – 180 µM [67], demonstrating its poor characterization.
These ranges are further obfuscated by recent results suggesting K1/2 is as high as 19
mM, with maximal flux rates of 5 x 106 ions s-1 [95], orders of magnitude greater than
previous estimates.
An additional complication manifests with another observed mitochondrial
uptake mechanism, the so-called ‘Rapid Mode,’ or RaM, transporter. The RaM is
noted for a substantial uptake capacity, at 300-1000 times greater than observed
uniporter rates [67, 142]. It also may simply be another functional mode of the
uniporter itself [142]. These complications are detailed, for instance, in the reviews
of Gunter, 2009 [67] or Rizzuto, 2009 [142]. We are unaware of any studies on
activity of this RaM in the ICC, and do not include any further consideration of its
behavior due to these uncertainties.
Regardless, the mitochondrial uniporter is required for the ICC generation of
SW. The drug FCCP11, which reduces mitochondrial membrane voltage, disrupts
driving forces for uniporter Ca2+ uptake and eventually ceases SW [190], as shown in
Figure 2-4 (bottom graph). Additionally, specific uniporter blockage with RU-360 (a
derivative of ruthenium red12) ultimately blocks SD as well [190], so the uniporter is
relevant to both SD and SW in the ICC.
11

FCCP is an ionophore that embeds in membranes permitting some ions to cross, thus
disrupting membrane potentials.
12
The element ruthenium is mixed with red dye, and binds to uniporters and RyRs. RU-360
is a derivative with specificity for mitochondrial uniporters [115].
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In summary: mitochondrial uniporters and the NCX, SERCA, PMCA and
especially the IP3R are essential to SD and SW generation. The ICC do not employ
voltage-gated K+, Ca2+ or RyR channels in SD production. However, extracellular
Na+ and Ca2+ influxes do play a role in SD with an ion channel yet to be introduced.

2.3.4 The	
  Non-‐Specific	
  Cation	
  Channel	
  
Koh et al., showed removal of extracellular Na+ or Ca2+ from ICC cultures
slowly reduced and eventually blocked SW and SD [98]. Relevance of Na+ and Ca2+
was established earlier [51, 104, 111], but means of ion transport was not clear.
Clamping of whole cell membrane potentials over ranges of -80 to 0 mV does not
affect the SW frequency; the
voltage-independence suggested a
Na+-Ca2+ transport mechanism
was involved, possibly some NCX
variety [98]. Reductions in the
intracellular free [Ca2+] (with Ca2+
chelator BAPTA13), however,
increased observed whole-cell
inward currents, and removal of
extracellular Na+ reduced the
current strength. Na+ thus
participates in a voltageindependent influx inhibited by
intracellular Ca2+ [97].
Koh, et al., in 2002 [97]
studied intact murine intestinal
ICC cultures with a cell-attached
patch clamp technique, permitting
control of membrane potentials in
small patches with simultaneous
individual channel measurements.
With the membrane voltage

Figure 2-10 Unitary Currents in ICC
Measured clusters of inward currents in
cultured murine intestinal ICC via the patchclamp technique. Membrane voltages were
allowed to vary. Currents reflect clusters of
channel openings (i.e., flickering of channels
between open and closed), resulting in
maximum currents of 13 pA. Upper plot is
over a seconds time scale with a frequency of
currents is roughly 14 per minute. Lower
plot is over a millisecond time scale, showing
clustered currents last roughly 1 second.
(Source: [97] Fig 3)

unclamped, they observed clusters
of periodic unitary inward currents (Figure 2-10). Frequency of clusters was about
14 per minute and was found similar to measured whole-cell currents. Maximal
13

BAPTA (bis-(aminophenoxy)ethane-N,N,N’,N’-tetraacetic acid) is an exogenous calcium
buffer with a KD of 0.2 µM, very slowly releasing Ca2+.
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individual currents were about 1.8 pA, and voltage-current relations showed
channel conductivity at 13.1 pS; compare this with 25 and 85 pS for L-type and IP3R
channels, respectively (section 2.3.1). Further, with the membrane voltage clamped
at -60 mV and BAPTA reducing the free internal [Ca2+], currents continued to flow in
regular oscillations, confirming the independence of SD from membrane potentials
and internal [Ca2+] dependence.
They next identified the ions flowing through the channel. Elevations in
external K+ concentrations increased equilibrium potential, EK, of K+ to about -25 mV,
and current oscillations ceased, indicating the involvement of K+. With an elevated
external [K+] maintained, patch potentials were reduced to -85 mV, increasing
electromotive force for Na+ and Ca2+; this maneuver restored measurable currents.
Moreover, membrane patches held at 0 mV eliminated observable oscillating
currents, suggesting the conducting channel reversal potential is at 0 mV. The
channel thus conducts cations in two directions: an efflux must balance the influx at
0 mV. This is a feature of non-specific cation channels [172]. The observations of
reduced extracellular [Na+] and [Ca2+] impact on channel activity suggests Na+ and
Ca2+ are responsible for the current influx, while K+ is for the efflux.
For similar intestinal tissue types, the single-channel currents occur in
periodic clusters of activity at frequencies comparable to SW pacemaking frequency
[98, 190]. Further, the SW membrane voltage independence and intracellular Ca2+
inhibition suggest ICC pacemaking in intestinal smooth muscle depends on this
non-specific, cation-conducting channel (NSCC).
Ca2+ inhibition of the NSCC is crucial to the formation of oscillating currents.
The protein Ca2+ buffer, Calmodulin,
when bound with Ca2+, commonly
performs regulation of calcium
transporters (see below) [78]. Koh, et al.
tested the dependence of ICC oscillating
currents on Calmodulin, and hence Ca2+
inhibition, of the NSCC [97]. If an
elevated [Ca2+] is necessary in the ICC
for preventing NSCC activation – as
indicated in the inhibition curve shown
in Figure 2-11– then a reduced [Ca2+]
should result in increased NSCC
activity. Disruption of Calmodulin is
shown to result in a persistent inward
current (see Figure 2-12).

Figure 2-11 Calcium Inactivation of the
NSCC
Currents through isolated NSCC measured
on excised membrane patches with [Ca2+]
and membrane potentials varied. [Ca2+] in
micromolar and higher levels close the
channel. The half-maximal inactivation,
K1/2, is about 375 nM (Source: [150] Fig 9)
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In 2009, caffeine was demonstrated to directly inhibit the NSCC. Jin, et al.,
confirmed cessation of SW generation in whole cultured ICC by treatment with
caffeine [84],
which is known
to inhibit IP3R
activity and
previously
shown to block
SW [49, 77].
Figure 2-12 NSCC Persistent Inward Current
2+

They

The inhibition of Ca buffer Calmodulin with calmidazolium disrupts
oscillation of inward currents. Eventually, inward currents stabilize at
around -500 pA. Calmodulin and hence Ca2+ inhibition is required for
currents to oscillate. (Source: [97] Fig7a)

additionally
excised
cultured ICC

membrane patches and observed channels with a 0 mV reversal and Ca2+-inhibited
spontaneous currents. Caffeine blocked the spontaneous currents of these channels
in patches, whole-cells and networks of cultured ICC. In addition to known effects
on IP3R channels, caffeine therefore blocks SD
and SW by directly inhibiting the NSCC.
Essential players for SD generation in
the ICC are thus known. IP3R channels,
mitochondrial uniporters and NCX, both Ca2+ATPase pumps and the NSCC are all required.
Other mechanisms are involved such as Ca2+activated Cl- and voltage-gated,
dihydropiridine-insensitive Ca2+ channels, but
appear auxiliary to production of SD. The
stage is set for the players, but the script,
however, remains unknown. Nature of the
interplay between these transporters required
for generation of SD is not clear.

2.3.5 Calcium	
  Protein	
  Buffering	
  
Although not a Ca2+ transport
mechanism per se, intracellular buffering with
proteins greatly modifies the free cytosolic and
ER lumenal [Ca2+], in addition to modulation
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Figure 2-13 Calmodulin Structure
Ribbon schematic of a Calmodulin
protein bound with Ca2+ ions
(spheres). ‘N’ and ‘C’ indicate
amine and carboxyl ends of amino
acid chain. Bound configuration is
about 6 nm in length [192].
(Source: [192] Fig. 1)
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of ion channels such as the NSCC. We here present a few details on these crucial
aspects of intracellular [Ca2+] management.

2.3.5.1 Calmodulin	
  
Calmodulin is a ubiquitous and relatively small 17 kDa protein [169]
(compare with the IP3R channel, for instance at about 315 kDa [37]) found in all
eukaryotic cells. It is a well-conserved protein sequence across species. In fact,
within vertebrates the amino-acid sequences are, somewhat astonishingly, invariant
[78]. This is exploited by, for instance, bacterial toxins such as those that cause
anthrax for severe disruption of cell function. No prokaryotes possess Calmodulin
[78].
Calmodulin when bound with the maximum of 4 Ca2+ extends into a
‘dumbbell’ shape (Figure 2-13), and in turn modulates a staggering variety of
cellular mechanisms. Targets include the PMCA, the NSCC, and enzymes called
Calmodulin modulated kinases, or CaM-kinases. CaM-kinases are involved in gene
transcription, apoptosis, cytoskeletal organization, and learning [169]. Calmodulin
is an intermediary signaling protein, containing toxic free Ca2+ and yet facilitating
Ca2+ signaling. See Swulius or Chun for recent reviews of this protein [28, 169].

2.3.5.2 Calreticulin	
  
Similar to cytosolic
protein buffers, the ER
lumen also contains a
suite of Ca2+ buffers.
These proteins include
Calreticulin, calnexin and
calsequestrin.
Calsequestrin is usually
found in muscle or cardiac
SR lumens, and calnexin is
a membrane-bound cousin
of Calreticulin. Larger
than Calmodulin at 46
kDa [121], Calreticulin

Figure 2-14 Calreticulin Structure Schematic
Calreticulin structure has essentially two functional
domains. One is for binding and storage of Ca2+ ions, (‘C’
domain) and one for protein folding (‘N’ and ‘P’
domains). (Source: [121] Fig 2)

also performs multiple roles in addition to binding and storage of Ca2+; see Figure
2-14 for a schematic of its structure. It is an ER lumenal chaperone for protein
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folding, along with calnexin, ensuring assembled amino acid sequences assume
proper functional structure [11]. Outside of the ER, Calreticulin is presented on the
cell surface for immune-system identification. This aspect is exploited by parasites
with their own variety of Calreticulin for host immune system evasion14 [56].
Calreticulin, when applied in a topical salve, is also an effective healing aid for
dermal lacerations [124]. See Michalak for a recent review of Calreticulin and its
myriad functions [121].

2.3.6 The	
  Sanders	
  Hypothesis	
  
NSCC characteristics are central to elucidating the mechanism responsible
for generating SD and hence SW. An increased ICC [Ca2+] in both free and
Calmodulin-bound forms inhibits NSCC activity [150, 171], implying some
mechanism lowers the intracellular [Ca2+] for NSCC activation. Figure 2-11 shows
measured current-Ca2+ relationships for the NSCC. A [Ca2+] of around 100 nM fully
activates the channel, which is a typical resting concentration in many cell types [14].
Thus, NSCC activity is highest for a [Ca2+] at rest.
A contrast with other Ca2+ signaling mechanisms is immediately apparent.
For instance, neurons and muscle cells require an increase of [Ca2+] above resting
before they release neurotransmitter or contract, and many other cell types also
hinge their activity on a [Ca2+] elevation. Maximal activation of the NSCC at a
baseline [Ca2+] suggests levels must be maintained high enough to block persistent
NSCC activation; otherwise we observe persistent NSCC inward currents as in
Figure 2-12. We thus infer a Ca2+ elevation dynamic occurs in the ICC for NSCC
inhibition.
Torihashi, et al. [180] measured oscillations of the intracellular [Ca2+] in
cultured ICC networks. Ratios of fluorescent indicators15 showed the [Ca2+]
periodically elevates then nearly return to a normalized baseline (Figure 2-15).
Notice especially the [Ca2+] drops below this level. They further observed that
transient ICC membrane depolarizations correspond with changes in the [Ca2+].
Park, et al. [132] observed similar [Ca2+] fluctuations that were tightly-coupled with
oscillations of the membrane potentials in surrounding smooth muscle cells. The
[Ca2+] thus oscillates in the ICC, corresponding with the ICC and surrounding
smooth muscle membrane depolarizations. These [Ca2+] variations presumably
elevate high enough for NSCC inhibition, and reduce low enough for occasional
14

Interestingly, this is the same parasite, Trypanosoma cruzi, causing the disease Chagas noted
in section 1.3.
15
Fluo-4 indicator used. Rate of fluorescence depends on binding of fluo-4 with calcium.
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NSCC opening.
Ca2+ peaks may
result from
NSCC openings
or voltagegated Ca2+
channels
responding to
SD by the
NSCC. Other
Figure 2-15 ICC [Ca2+] Oscillations
Fluorescent indicator for Ca2+ injected into murine intestinal tissue.
Oscillations observed in regions colocalized with c-Kit expression
(black and red traces). Regions without c-Kit did not display
oscillations (green trace). Note drops of relative [Ca2+] below
baseline level prior to peaks, and a gradual trend down over the
observed time span. (Source: [180] Fig 3E)

cell types
maintain
sinusoidal
calcium
oscillations
above a

baseline concentration, as in parotid acinar (salivary gland) cells [12, 65]. The ICC
thus may maintain sinusoidal [Ca2+] oscillations above activation thresholds for the
NSCC, inhibiting its activity. Periodic reductions of the [Ca2+] would then activate
the NSCC, depolarize the membrane and trigger SD events.
Given details of the relevant transporters, the characteristics of the ICC
NSCC, and observed [Ca2+] oscillations, Sanders, et al. [150] suggested a Ca2+
dynamic for generation of SD, known as the ‘Sanders hypothesis.’ The ICC display
spatial arrangements of tightly proximal ER, mitochondria and cell membrane that
form pockets of cytoplasm. The Sanders hypothesis proposes that SD occur in these
sub-regions of the cell and called them Pacemaking Units, or ‘PMU.’ Figure 2-16
shows this sub-region in a light-microscopy image of an ICC-MY cell. The
ellipsoidal, striped structures are mitochondria, and the filamentary structure is the
ER. These organelles are as close as 10 nm to each other and the cell membrane [143,
150]. Within this PMU region, arranged between the mitochondria, ER and plasma
membrane, it is suggested that [Ca2+] variations may trigger SD. The sequence of
events proposed to activate the NSCC in PMU regions is as follows:
•

IP3R channels on the ER release Ca2+ into the PMU, elevating the [Ca2+];

•

Mitochondrial uniporters remove more Ca2+ than the ER releases;

•

During the recovery of ER Ca2+, SERCA reduce the PMU [Ca2+] sufficiently
for activation of the NSCC;

•

Influx of Ca2+ and Na+ via NSCC (and possibly voltage-gated Ca2+ channels)
restores the PMU [Ca2+], depolarizing the ICC membrane.
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Figure 2-16 Light Microscopy Image of
ICC-MY test
ICC ultrastructure of an ICC-MY cell,
next to the ‘LM,’ or layer of
longitudinal muscle cells (see
Figure 1-3 for a schematic of GI tract
structure). Numerous mitochondria
(‘M’) are packed in the ICC and
surround a PMU region, indicated by
green arrow. The endoplasmic
reticulum (thin filamentary structure)
extends out from the mitochondria
around a pocket of cytoplasm, forming
a PMU retaining wall. (Source: [150]
Fig. 4)

This is illustrated in Figure 2-17. Elements of this sequence were suggested prior to
Sanders et al.’s suggestion in 2006 [90, 96, 110, 165, 190]. The required integration of
mitochondrial uptake and IP3R release of Ca2+ for SD was already observed, but not
all components were quite characterized, especially the NSCC.
Other possibilities do exist, however. Goto, et al. discovered a non-specific
cation channel displaying membrane voltage-dependence and Ca2+ activation [63],
suggesting it is responsible for generation of SD instead. They experimented with
nearly intact intestinal tissue sections (fresh ICC dispersions), unlike Koh et al.’s
experiments with cultured ICC [97], demonstrating the potential impact of cultured
vs. in situ preparations. Goto et al.’s discovery is proposed to be involved in
propagation of SW and not SD, however, and it may be the dihydropyridine
resistant Ca2+ channel observed by others [93]. This channel may also be the one
suggested responsible for orchestration of SD over an entire ICC surface [150]; its
identity and role is controversial and requires confirmation [47, 48, 150].
Additional aspects of ICC behavior remain unclear. The still unknown
impact of Ca2+-activated chloride channels as noted by Zhu, et al. [198] requires
further investigation, and van Helden suggested the possibility that IP3 intracellular
concentrations vary and modulate ICC IP3R activity [185]. IP3 variations are known
to generate oscillations as with fertilization of Xenopus oocytes [128], but the [IP3] is
not known to vary in the ICC [150]. For more details of these issues, see Sanders et
al.’s review [150]. Regardless, it is the sequence of Ca2+ transport events proposed by
Sanders, et al. for generation of the SD in the ICC we intend to inspect.

2.3.7 On	
  Location	
  with	
  the	
  NSCC	
  
One issue with the Sanders hypothesis is the NSCC’s physical location.
Colocalization of NSCC with PMU regions is not well established. We do know it
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potentially
inhabits these
regions though,
and we diverge
briefly for its
consideration.
NSCC may be a
so-called TRPC
channel class
member [187].
This class of
Figure 2-17 ICC PMU Calcium Dynamic
Cartoon-schematic shows the structures, organelles and transporters
involved in the Sanders hypothesis. The sequence begins with IP3R
Ca2+ release into the PMU, which inhibits the NSCC. Mitochondria
then draw up this Ca2+ through the uniporter. During recovery of
the ER Ca2+, the SERCA pumps then drive PMU [Ca2+] below
baseline, activating the NSCC. Meanwhile, the NCX gradually
release the Ca2+ drawn into the mitochondria.

‘Transient
Receptor
Potential Cation’
channel displays
characteristics
similar to the

NSCC: opening upon local [Ca2+] reductions and a non-specific permeability to
cations such as Na+ and Ca2+ [196].
The TRPC4 subfamily of channels are observed in the ICC-MY via combined
identification of c-Kit expressing cells known to be pacemaker ICC, and the TRP
channels themselves [180]. TRP channel inhibition with the substance SK&F 9636516,
which is known to block Xenopus oocyte Ca2+ waves [94], ceased ICC [Ca2+]
oscillations [180]. NSCC channels are thus potential TRPC4 family members [187].
Note, however, SK&F96365 also blocks capacitative Ca2+ entry (CCE), for ER Ca2+
store replenishment [39], so NSCC are not unequivocally TRPC4 channels. Jin, et al.
indicate TRP-encoding gene knockout studies may confirm this [84].
Recently, Daniel, et al. [40] established that plasma membrane structures
called caveolae are involved in ICC generation of SW. Caveolae, or ‘little caves’
(coined by Yamada in 1955 [193]) are plasma membrane invaginations found in
smooth muscle cells and the ICC, among other cell types. They are horseshoeshaped structures of around 70 nm in diameter, and they encapsulate a pocket of
extracellular space. Involved in multitudes of cell functions, caveolae are a
considerable topic unto themselves (see Daniel, 2006 for a review [39]), but we
concern ourselves here only with their impact on the ICC Ca2+ dynamics.

16

A derivative of imidazole; imidazole derivatives are in pharmaceuticals (anti-fungal, antiprotozoal, etc.) and the stimulant theophylline, found in tea and coffee.
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Numerous Ca2+ transporters reside in calveolar membranes including the
NCX and PMCA. TRPC4 channels are also noted in the ICC caveolae whose pockets
contain a high [Ca2+], and the ER membrane is as close as 40 nm [39]. Involved in
CCE, caveolae apparently assist in ER Ca2+ store replenishment during the ICC
pacemaker Ca2+ cycling. ICC without caveolae eventually lose pacemaking ability,
indicating they are not necessary to short-term SD, but rather to the long term
maintenance of SW [40].
This raises an interesting possibility: are the NSCC themselves involved in
CCE? Perhaps the blockage of TRP channels by Torihashi, et al. [180], which halted
SD, affected not only the channel responsible for generation of SD, but also for ER
Ca2+ replenishment. The NSCC – if it is the channel responsible for SD generation
and CCE replenishment via the ICC caveolae – may be a dual-purpose transporter.
Regardless of this possibility, since caveolae tightly colocalize with ER, then
we may suggest NSCC reside in the PMU region, and probably in regions of plasma
membrane proximal to the ER. Although the NSCC, TRP4C and CCE channels
await confirmation of their collective identities [39, 84, 194], we may state that the
NSCC are likely in the PMU, due to circumstantial evidence. We are, however, not
certain nor aware of any confirmation of this to date.
The ICC Ca2+ dynamic is a curious variation of a common oscillation theme.
Its precise elaboration is elusive though, and we thus have the Sanders hypothesis.
With the Ca2+-inhibited NSCC at center stage, establishing that the [Ca2+] fall below
its activation threshold is key to the theory. Within the spatial pocket arranged for
tightly integrated Ca2+ transfer between organelles, such reductions may occur
resulting from concentrations oscillating around NSCC activation thresholds. This is
the problem of interest.

2.4 ICC	
  Modeling	
  Efforts	
  
The Sanders hypothesis proposed a sequence of PMU Ca2+ transport and
concentration reduction, which is the focus of this work. We intend to determine
whether integrated ER and mitochondrial Ca2+ transport, as it is suggested, elevates
and reduces concentrations sufficiently for NSCC activation. Within the PMU itself,
the [Ca2+] is not experimentally accessible; the small PMU volume precludes any
fluorescent imaging measurement [150]. Thus, efforts at evaluating the Sanders
hypothesis are restricted to the theoretical.
Mathematical models of ICC behavior are published in the literature.
Overall, they focus on SW generation and smooth muscle contraction modulations;
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only a few model the intracellular ICC [Ca2+]. We provide here a short overview of
models that include some ICC representation.
Aimed at simulating electrical signal propagations, Aliev, et al. [2] used the
FitzHugh-Nagumo model to represent intestinal tissue membrane voltage
oscillations. No attention though was given to intracellular ICC Ca2+ dynamics.
Over a three-paper sequence, Edwards and Hirst developed an intestinal cell
network model with a Hodgkin-Huxley version of ion current and membrane
voltage representations [46-48]. Essentially, it was a circuit model for the study of
individual cell membrane potential oscillations that aggregate into ICC and smooth
muscle cell network depolarizations. Generation of ICC SW in their model
depended on an unspecified messenger molecule produced by membrane
depolarizations. They proposed IP3 as the potential messenger in ICC. Their focus
was on electrical signal propagation through GI tissues, however, and not Ca2+
dynamic ICC pacemaking.
A combination Hodgkin-Huxley membrane voltage and [Ca2+] model was
formulated by Youm, et al. in 2006 [195]. Intended for SD generation simulations,
IP3 production and degradation dynamics were added instead of an unspecified
messenger molecule. Production of IP3 was membrane voltage and Ca2+-dependent,
as suggested by van Helden [185] and Goto, et al. [63]. The model lacked any
mitochondrial representation, omitting the crucial ER and mitochondria Ca2+
transport dynamic observed central to SD generation (see section 2.2). They
modeled the [Ca2+] compartmentally; i.e., Ca2+ was assumed well mixed with no
spatial distributions in the ER or cytosolic compartments. No distinct PMU [Ca2+]
was simulated. Most importantly, their modeled spontaneous membrane
depolarizations were based on the Goto, et al. channel discovery [63]. This channel’s
behavior is functionally distinct from the NSCC, central to the Sanders hypothesis,
and is thus inconsistent with our objective.
Corrias and Buist in 2008 assembled a combined membrane voltage and Ca2+
dynamic model of SD and SW generation [31]. Mitochondrial and ER Ca2+ handling
was included by their utilization of the Fall-Keizer compartmental model of Ca2+
dynamics [52]. [IP3] in the Fall-Keizer model is constant; no generation or
degradation is represented, but an NSCC model was included in Corrias and Buist’s
model. However, the experimentally observed NSCC half-maximal activation
constant was shifted dramatically up to a 74.5 µM [Ca2+] (compare with Figure 2-11).
The shift was justified due to ‘expected’ PMU [Ca2+] changes and physiological
responses. They presented no PMU Ca2+ simulation data, and we cannot therefore
determine whether the Sanders hypothesis was adequately tested.
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A membrane voltage and Ca2+ dynamics model presented in 2008 by Faville,
et al. focused exclusively on PMU [Ca2+] [55]. As a compartmental model, they
tracked a homogeneous [Ca2+] with no spatial gradients, but split the PMU into two
subdomains. One was for the large [Ca2+] changes expected in the tightly proximal
ER-mitochondrial interface (the ER-MT gap, see next section), and one for the [Ca2+]
in the PMU proper. Their simulations demonstrated reductions below baseline
[Ca2+]. They also shifted the half-maximal NSCC activation constant, but only down
to 120 nM instead of the dramatic Corrias and Buist increase. Their justification was
for ensuring suitable NSCC activation at a [Ca2+] around baseline levels. This is
consistent with their simulated PMU Ca2+ data, where they show reductions of
around 25% below baseline. Notably, they show no elevations above baseline in
their simulated PMU proper. Their compartmentalized PMU Ca2+ model also
obfuscates any relevant spatial distributions of the [Ca2+].
We therefore construct a model of ICC PMU Ca2+ dynamics essentially
extending the Faville, et al. compartmental model to include spatial aspects. We
intend omission of membrane voltage or NSCC representation and focus instead on
ER and mitochondrial Ca2+ transport. Our primary aim is to determine whether
integrated ER and mitochondrial Ca2+ handling may both elevate the PMU [Ca2+] for
NSCC inhibition and reduce the [Ca2+] sufficiently for NSCC activation.
The Interstitial Cells of Cajal are uniquely situated in history and cell class.
Demonstrating exceptions to the rule are a biological norm, Cajal’s 19th century
discovery catalyzed debate and were caught up in shifting tides of subsuming
theories despite empirical fact. Their inaccessibility provoked controversy over
identifying type and function while awaiting technological advances for
confirmation that prescient claims were true. Continuing the trend, the ICC
pacemaking engines display an interesting variety of a Ca2+ dynamic, and
understanding precisely how this engine functions may be a concluding chapter to a
colorful and eventful scientific tale.
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3 Reaction-‐Diffusion	
  Model	
  
Our mathematical examination of Ca2+ dynamics in the ICC aimed at
examining the Sanders hypothesis requires an actual model. We first present the
model itself, which is comprised of a system of reaction-diffusion equations with
multiple boundary transporters (i.e., IP3R channels, pumps, etc.) and reacting buffers
(i.e., Calmodulin) for control of intracellular Ca2+. A summary of the entire model is
provided in section 3.2, where the geometry and each transport and reaction term is
summarized for convenience.

3.1 Model	
  Construction	
  	
  
We now turn to construction of our model of Ca2+ dynamics in the ICC. Our
idealized ICC PMU is first presented with the two-dimensional geometry
representation, then the suites of reaction-diffusion equations are given for each
included diffusive species: cytosolic and ER lumenal Ca2+, protein buffers, and
inositol trisphosphate (IP3); note we do not include a dynamically varying [Ca2+] in
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the mitochondria. Modeling representations for the multiple Ca2+ handling
mechanisms are in turn presented. These include models for each of the relevant
Ca2+ transporters noted in section 2.3: IP3R, uniporters, SERCA, NCX and the PMCA.
Reactions are also presented for the mobile protein Ca2+ buffers, Calmodulin and
Calreticulin, in the cytosol and ER lumen respectively, in section 3.1.4. For details on
our method of solving the model, see the Solution Methods in Appendix A.

3.1.1 ICC	
  Model	
  Geometry	
  
Recall the ICC PMU structure as shown in Figure 3-1. We construct an
idealized two-dimensional representation based on the estimated lengths in the
image, and present it in Figure 3-2-Figure 3-4. The PMU itself is represented with
region Ω1; a subsection of
endoplasmic
reticulum with
region Ω2; and the
bulk cytosol – a
mixture of both
cytosol and the ER
surrounding the
PMU – is
represented with
region Ω3. The
mitochondrial area

Figure 3-1 PMU Spatial Extent

shown (white) is

The PMU Region is approximately 750 nm long (three length
bars) by 250 nm high (one bar). The ER and plasma membrane
gap (green arrow) is about 10 – 20 nm wide. The mitochondrion
on the other PMU end is similarly close to the membrane.
(Source: [150] Fig. 4f)

not included in our
model. We do not
include dynamic

mitochondrial Ca2+; it is instead a sink of fixed [Ca2+]. The ICC are typically around
5 x 2 µm, with numerous long processes. Since we are only concerned with a single
PMU within a single ICC, we set the bulk cytosol extents in our geometry at 2 x 0.75
µm, representative of an ICC subregion as shown in Figure 3-2. Along the outer
boundary, δΩ1, a zero-flux, Neumann insulation boundary condition is applied. The
PMCA Ca2+ pump is situated along the boundary δΩ2, which is the plasma
membrane in our geometry.
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The Ca2+ reservoir capacity (e.g., SERCA and buffering) in the bulk cytosol
surrounding the PMU requires some representation. We deploy a homogenization
procedure, which
permits representing
ER lumenal and
cytosolic Ca2+
diffusion in the same
point of space
without inclusion of
computationally
expensive geometric
Figure 3-2 Geometry: ICC Bulk Cytosol
Overview of the ICC model geometry shows the bulk cytosol
(region Ω3), ER (region Ω2) and PMU (Ω1). White region is
location of mitochondria and not included in the model.
Boundaries δΩ1, δΩ2, and δΩ3 represent bulk cytosol, plasma
membrane, and ER lumen-bulk cytosol interface, respectively.
The δΩ4 boundary is for mitochondrial transport.

detail (see section
A.6), is applied to the
bulk cytosol region,
Ω3. Neither the PMU
region, Ω1, nor the ER
region, Ω2, are

homogenized. Cytosolic Ca2+ does not enter or diffuse in region Ω2 (the ER), and
likewise ER lumenal Ca2+ is excluded from region Ω1 (the PMU). Similar restrictions
apply to cytosolic and ER lumenal protein buffers, Calmodulin and Calreticulin,
respectively.
The PMU
region itself with the
surrounding ER and
the mitochondrial
area is shown in an
enlarged view (Figure
3-3). Length and
height of this region,
taken directly from
the light microscopy
image, are set at 750 x
250 nm. The PMU
region Ω1 is divided
into two subregions:
the PMU proper, Ω1a,

Figure 3-3 Geometry: The PMU
PMU region Ω1 formed by ER (Ω2) and mitochondrial area
closely located within 15 nm of plasma membrane (δΩ2). PMU
further subdivided into PMU proper, Ω1a, and ER-MT gap, Ω1b.
Gap set to one-half height of overall PMU region. PMU
proper and ion channel subdomains (white) arranged
symmetrically. Interface boundaries δΩ8 between Ω1 and Ω3
separate non-homogenized and homogenized regions, and are
sites of continuity constraints. See text for boundary term (δΩ)
itemization.

and the ER-MT gap,
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Ω1b, where the endoplasmic reticulum
and mitochondria closely abut. A
symmetric PMU region, Ω1a, was
constructed with ER on the left (region
Ω2) and mitochondria on the right
(white area). ER and mitochondrial
boundaries are set at 15 nm distant
(along δΩ8) from the plasma membrane
(δΩ2) as per experimental observation
[150].
Boundaries δΩ3 and δΩ8 are sites
of homogenization interfaces, where
continuity constraints for each species
traversing the boundary is applied. For
instance, ER lumenal Ca2+ crosses
boundary δΩ3 between the region Ω2
and bulk cytosol in Ω3, but cytosolic
Ca2+ does not. By the same token, ER

Figure 3-4 Geometry: ER-MT Gap
A narrow strip of cytosol, region Ω1b, is
sandwiched between the ER and
mitochondria, with a width of 10 nm. IP3R
channels (δΩ6) are situated directly
opposite uniporters (δΩ7), and SERCA and
NCX transporters are along boundaries
δΩ5 and δΩ4, respectively. The gap is
continuous with cytosol in the PMU
proper, or region Ω1b. Note inclusion of
homogenization boundary δΩ8 situated
between PMU and bulk cytosol.

Ca2+ does not cross boundary δΩ8 into the PMU region. Protein buffer boundaries
are applied similarly. Each homogenization boundary is thus a selective diffusive
barrier, permitting some species to cross and preventing others as appropriate.
Arrays of boundary subdomains (white) along the ER and mitochondria
boundaries are sites of IP3R (δΩ6) and uniporters (δΩ7). Interim boundaries, δΩ5 and
δΩ4, are sites of SERCA pumps and the mitochondrial NCX, respectively. The NCX
is also active along boundary δΩ4 between the mitochondrial area and bulk cytosol,
Ω 3.
The ER-MT gap is detailed in Figure 3-4, where the NCX, SERCA, IP3R, and
uniporter Ca2+ transporters are included along boundaries δΩ4, δΩ5, δΩ6, and δΩ7,
respectively. Rizzuto, et al. observed the organelles are tightly proximal, and
perhaps even in physical contact [142]; hence, the distance between the ER region
and mitochondria is set at 10 nm.
Distribution of IP3R and uniporter boundaries in our geometry is somewhat
arbitrary; numbers and densities of these transporters in the ICC are simply not well
known [55, 150]. We set IP3R and uniporter widths at 10 nm (white boundaries),
however, based on observed width of channel mouths at around 7 – 12 nm [37] (see
Figure 2-5). Since the IP3R protein structures are about 20 nm in width, we placed
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three channel subdomains in the gap region, Ω1b (Figure 3-4). Four channels were
situated along the ER-PMU interface, with greater spacing between them set at 60
nm (Figure 3-3). We have a total of seven IP3R channels in our ICC PMU. Uniporter
boundaries are simply arranged symmetrically with the IP3R channels, and are
directly apposed with the IP3R inside the gap.

3.1.2 Reaction-‐Diffusion	
  Equations	
  
We include five reacting and diffusing species in our model: cytosolic Ca2+,
ER lumenal Ca2+, protein buffers in the cytosol and ER, and the molecule IP3. Let the
variables c and ce represent cytosolic and ER lumenal [Ca2+], respectively, in units of
µM. Similarly, let b and be represent concentrations of Ca2+ buffer in their respective
regions, and let p be the concentration of inositol-trisphosphate, [IP3].
Each region, Ωk, has its own system of reaction-diffusion equations, and we
present them in turn. The bulk cytosol equations in region Ω3 are slightly modified
for application of the homogenization procedure, which is detailed in section A.6.

3.1.2.1 Region	
  Ω 1	
  (PMU)	
  
This region includes both the PMU proper, or sub-region Ω1a, and the narrow
strip of cytosol between the ER region (Ω2) and the mitochondrial area, labeled Ω1b
(see Figure 3-2 and Figure 3-4). In region Ω1a, cytosolic [Ca2+] c, Calmodulin buffer b,
and [IP3] p, are represented, but with no ER [Ca2+] ce, or buffering be:

∂c
= Dc ∇ 2c + Φc (c, b)
∂t
∂b
= Db∇ 2 b − Φc (c, b)
∂t
∂p
= Dp∇ 2 p − Φ p .
∂t

(3.1)

All diffusion coefficients, Dc, Db and Dp, are constant and listed in Table 3-5. Terms
Φc and Φp, represent Ca2+ buffer and IP3 reactions, respectively and are detailed in
section 3.1.4.
Within the strip, or ER-MT gap region Ω1b, no buffers are active. Size of the
Calmodulin protein, with Ca2+ bound, is 6.5 nm long [192]. The gap itself is 10 nm
wide, and IP3R channel structures protrude 7 – 11 nm beyond the ER membrane [37]
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(see Figure 2-5). Protein tethering between the ER and mitochondria further reduce
accessibility of the gap [142]. We thus exclude the buffers from this region:

∂c
= Dc ∇ 2c
∂t
∂p
= Dp∇ 2 p − Φ p .
∂t

(3.2)

The reaction term is identical to that in equation (3.1), as well as diffusion
coefficients.

Region Ω 1 Boundary Fluxes
The PMU is the primary region of interest and all relevant transporters for
Ca2+ are active here including the IP3R, SERCA, uniporter, NCX, PMCA and leakage
term. Fluxes applied to both c and ce within the PMU are given by:

∂c
δΩ2
δΩ4
δΩ5
δΩ6
δΩ7
δΩ2
= − J PMCA
+ J NCX
− JSERCA
+ J IP3R
− JUniport
+ J PMLeak
∂n
∂ce
δΩ5
δΩ6
Dce
= JSERCA
− J IP3R
.
∂n
Dc

(3.3)

Fluxes to and from the ER region, Ω2, are the SERCA pumps and IP3R channel
representations. These are situated on boundaries δΩ5 and δΩ6, and represented
δΩ5
δΩ6
with terms JSERCA
and J IP3R
. Fluxes to and from the mitochondria area are with the

NCX and uniporter. These are located on boundaries δΩ4 and δΩ7 and included with
δΩ7
δΩ4
δΩ2
terms J NCX
and JUniport
. Term J PMCA
is the PMCA pump representation on boundary

δΩ2 . To ensure physiological steady states, appropriate leakage (to balance the
δΩ2
pump flux) is applied on boundary δΩ2 as included with term J PMLeak
. Note no

boundary transport occurs for buffers here in region Ω1 or any other region. Each
boundary transport model is detailed in section 3.1.3.
Homogenization procedure requires enforcement of continuity constraints
along interface boundaries δΩ8 between the non-homogenized PMU region Ω1 and
homogenized bulk cytosol in Ω3. These constraints are

cΩ1 = cΩ3 ,
Dc
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∂c
∂cΩ1
= DHc Ω3 ,
∂n
∂n

bΩ1 = bΩ3 ,
Db

∂b
∂bΩ1
= DHb Ω3 ,
∂n
∂n

(3.4)
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which include both solution (c and b) and gradient ( ∂c ∂n and ∂b ∂n ) matching; the
‘H’ subscripted diffusion coefficients are the effective, homogenized varieties (see
section A.6 for details). For cytosolic Ca2+ and buffer, they are virtually identical to
the non-homogenized, we thus eliminate them in equation (3.4).

3.1.2.2 Region	
  Ω 2	
  (ER)	
  
ER lumenal Ca2+ and the buffer Calreticulin are the only active, diffusing
species in this region, Ω2. Thus, no equations for c, b or p appear here:

∂ce
= Dce ∇ 2ce + Φce (ce, be)
∂t
∂be
= Dbe ∇ 2 be − Φce (ce, be).
∂t

(3.5)

This region is not homogenized. The diffusion coefficients are thus not the effective,
and they are also constant; see Table 3-5 for values. Reactions between ER Ca2+ ce
and the buffer be are detailed in section 3.1.4.2.

Region Ω 2 Boundary Fluxes
Boundary transport to and from this region is via the IP3R channels and
SERCA pumps. The IP3R release ER Ca2+ into the cytosolic region Ω1 across
boundaries δΩ6, and SERCA draw cytosolic Ca2+ into the ER across boundaries δΩ5.
The flux terms are represented with

Dce

∂ce
δΩ5
δΩ6
= JSERCA
− J IP3R
,
∂n

(3.6)

δΩ5
δΩ6
where the models applied with terms JSERCA
and J IP3R
for the SERCA and IP3R,

respectively, are detailed in section 3.1.3.
Similar to continuity constraints for region Ω1, we enforce the following
conditions along boundary δΩ3:

ceΩ2 = ceΩ3 ,
Dce

beΩ2 = beΩ3 ,

∂ceΩ3
∂beΩ3
∂ceΩ2
∂beΩ2
= DHce
, Dbe
= DHbe
,
∂n
∂n
∂n
∂n

(3.7)
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which ensures solutions and gradients are continuous for ER Ca2+ and buffers in the
two regions Ω2 and Ω3. Diffusion coefficients with the ‘H’ subscript are again the
homogenized version. With ER diffusive species, unlike with cytosolic, they
substantially differ from the non-homogenized and we do not eliminate them in
equation (3.7). Their values are listed in Table 3-5.

3.1.2.3 Region	
  Ω 3	
  (Bulk	
  Cytosol)	
  
This is the only region where the homogenization procedure is applied.
Result of the procedure effectively only changes the diffusion coefficients for ER
Ca2+, ce, and buffer, be. All diffusive species in our model are included in this region:

∂c
= Dc ∇ 2c + Φc (c, b) − ΦSERC (c,ce)
∂t
∂ce
= DHce ∇ 2ce + Φce (ce, be) + ΦSERC (c,ce)
∂t
∂b
= Db∇ 2 b − Φc (c, b)
∂t
∂be
= DHbe ∇ 2 be − Φce (ce, be)
∂t
∂p
= Dp∇ 2 p − Φ p .
∂t

(3.8)

Effective diffusion coefficients appear in this expression as DHce and DHbe for ER Ca2+
and buffer, Calreticulin, respectively, but not for the cytosolic since they are
essentially the same as for region Ω1; see Table 3-5 for their values. Reaction terms,
Φc and Φce, for buffering are identical to those listed in equations (3.1), (3.2), and (3.5),
as well as for IP3 reactions with term Φp. The ΦSERC term is the homogenized,
δΩ5
volumetric source term version of the boundary flux JSERCA
, and is described in

section 3.1.4.4.

Region Ω 3 Boundary Fluxes
No effluxes from the ER – either for Ca2+ or the buffer – occur in this region
across boundary δΩ2. Cytosolic Ca2+, however, is ejected via action of the PMCA
pump, and leakage across the membrane from the extracellular space occurs on
boundary δΩ2:
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Dc

∂c
δΩ2
δΩ2
= − J PMCA
+ J PMLeak
.
∂n

(3.9)

Otherwise, a Neumann zero-flux insulation condition is set along the bulk cytosol
δΩ2
δΩ2
boundary, δΩ1. For details of the J PMCA
and J PMLeak
terms, see the following section

3.1.3 on boundary transporters. The homogenization boundary constraints for
interfaces with regions Ω1 and Ω2 are identical to those in equations (3.4) and (3.7).

3.1.3 Transporter	
  Models	
  	
  
Each of the relevant Ca2+ transporters requires some representation for
inclusion in our overall PMU model. As noted in section 2.3, the relevant
transporters are the IP3R channels, SERCA ER pumps, the mitochondrial uniporter
and NCX, and the PMCA pump. These transporters themselves inspire attention in
the literature to varying degrees, and multiple models exist for each. We present in
turn each particular model we chose for inclusion in our PMU Ca2+ dynamic model.

δΩ6
3.1.3.1 IP3R	
  Channel:	
   J IP3R
	
  

The most dominant Ca2+ transporter by far in the ICC PMU is the IP3R
channel. There are three types of IP3R, each with quite similar characteristics. Recall
the open probability dependency of the channel on [Ca2+] as plotted in Figure 2-6,
where Tu, et al. measured the channel behavior over variant [Ca2+] for each type
[183]. Note, of the three types, the ICC are observed to have the type I IP3R [165].
Dynamics of IP3R channels garner significant attention in the literature, and
numerous models of IP3R are published; see Sneyd and Falcke for reviews of some
of these models [159]. Each model typically represents an IP3R with multiple closed,
non-conducting states and one open conducting state, with transitions between these
states dependent on the local [IP3] and [Ca2+], as per experimental observation [16,
183]. A schematic of an IP3R model is presented in Figure 3-5, where three closed
states, C1, C2 and C3, and one open state, ‘O’, is shown. Some of the state
transitions in the schematic depend on the ligands IP3 and Ca2+.
Transitions between the states must be at rates that reproduce experimentally
observed data. The measurements by Tu, et al. were with isolated IP3R in bilayer
membranes exposed to controlled, steady-state concentrations of ligands in the
surrounding medium [183]. Instead of utilizing such an artificial channel construct,
Gin, et al. [61] fashioned a kinetic model of type I IP3R behavior based on
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measurements of in situ channel behavior; its schematic is presented in Figure 3-5.
The Gin, et al. model also reproduces the multiple time scale kinetic behavior, where
activations are rapid
(order microseconds)
and inactivations are
slow (order hundreds
of milliseconds).
Palk, et al.
[131] modified the
Gin, et al. model for
inclusion of IP3
modulations. The

Figure 3-5 IP3R Model Schematic
Schematic for a four-state representation of the IP3R calcium
channel, with three closed (‘C1’, ‘C2’, ‘C3’) and one open (‘O’) is
shown. Transitions between closed states are liganddependent; reaction rates k, with their dependencies on
calcium (‘c’) or IP3 (‘p’) are shown. In state C2, channel may
open or enter state C3. Opening or closing of channel between
states C2 and O is rapid on order of a millisecond. Large [Ca2+]
lock the channel into C3, the refractory closed state, where it
may remain for hundreds of milliseconds.

[IP3] sensitizes or
facilitates responses
of the IP3R to [Ca2+]
variations. At higher
[IP3], the channel
tends to open much
more frequently. A

surface plot showing the full IP3R model open probability as functions of both the
[IP3] and [Ca2+] is presented in Figure 3-6.
Rates in the model for opening and closing the channel are constant, whereas
transitions between the closed states are ligand-dependent. The [Ca2+] dependent
rates are given as bi-phasic functions that include 5th and 7th order [Ca2+]
dependencies:

⎛ V
⎞ ⎛ V c5
⎞
k c23 = a23 − ⎜ 2 23 2 + b23 ⎟ ⎜ 5 m23 5 + bm23 ⎟
⎝ d23 + c
⎠ ⎝ dm23 + c
⎠
⎛ V
⎞ ⎛ V c7
⎞
k c32 = ⎜ 3 32 3 + b32 ⎟ ⎜ 7 m32 7 + bm32 ⎟ ,
⎝ d32 + c
⎠ ⎝ dm32 + c
⎠

(3.10)

where as before ‘c’ is the [Ca2+]. [IP3] dependent transitions are 3rd order,
monophasic functions of the following variety:
p
k rk
=

Vprk
+ bprk ,
1 + α rk dprk p3

(3.11)

with rk ∈{ 21, 23, 32} , and ‘p’ is again the [IP3]. These concentration dependent terms
are then assembled into the transition rates of the model thus:
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k12 = 0.74

p
k21 = k 21

p
k23 = s23 k c23 k 23

p
k32 = s32 k c32 k 32

kO = 7.84

kC = 3.6

where the terms s23 and s32 are scaling factors as in Palk, et al. [131]. Otherwise all
parameters are as in Gin, et al. [61] and listed in Table 3-6.
Once an IP3R channel enters state ‘O’ and is conductive, we represent the
boundary flux with the expression:
δΩ6
J IP3R
= σ ChVIP3R max ( c − ce ) SIPR ( c, p ) ,

(3.12)

where the term SIPR(c,p) reflects the IP3R conductive state, and assumes values of zero
(closed) or one (open). VIP3Rmax is the maximal ion flux rate. It is computed based on
the measured maximum conductance of 1.9 pA for IP3R [183]. This conductance is
however at an extreme concentration difference across the membrane of 50 mM for
the charge carrier Ba2+. This current was converted for a concentration difference of
500 µM – 0.1 µM for the ER lumenal and cytosolic [Ca2+], respectively, in Means, et
al. [119], to a current of 0.065 pA. Faville, et al. used ER [Ca2+] of 200 µM, which with
cytosolic at 0.1 µM, this scales VIP3Rmax to 0.0256 pA; we apply this value in our model.
σCh is a scaling factor for proper dimensions of the boundary flux term in a twodimensional model; this is based on the surface to length ratios of physical and
δΩ6
modeled geometries. See section 3.1.3.6 for details on this factor. J IP3R
is included in

boundary flux equations (3.3) and (3.6) for transport between region Ω2 (the ER) and
Ω1 (the PMU cytosol).

Figure 3-6 IP3R
Model Open
Probability
Surface plot of the
Gin-Palk IP3R model
open probability
showing variance
over [IP3] and [Ca2+].
As [IP3] increase up
to 2.0 µM, open
probabilities
dramatically
increase, where peak
open probability is at
[Ca2+] of about 240
nM.
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δΩ7
3.1.3.2 Uniporter:	
   JUniport
	
  

A uniporter model developed by Magnus and Keizer [109], with
modifications by Fall and Keizer [52], is deployed in our model. Corrias and Buist
also used it in their model of the ICC [31]. The uniporter model formulation is:

JUni = J MaxUni

(

2F ΔΨ MT − ΔΨ
RT
c

MWC =

*
MT

KUniTrans
⎛
c
⎜⎝ 1 + K

UniTrans

2F
⎛
( ΔΨ MT −ΔΨ*MT ) ⎞
RT
MWC
−
C
e
MT
⎜⎝
⎟⎠

)×

1− e

⎛
c
⎜⎝ 1 + K

UniTrans

⎞
⎟⎠

(

2F
ΔΨ MT −ΔΨ *MT
RT

)

− JBaseUni ,

3

(3.13)

4

⎞
⎛
c
⎟⎠ + L/ ⎜⎝ 1 + K

UniAct

⎞
⎟⎠

nUni

,

where F, R and T are Faraday’s constant, the ideal gas constant and temperature,
respectively. CMT is the mitochondrial [Ca2+] and the ΔΨMT terms are the
mitochondrial membrane voltages. The mitochondrial [Ca2+] in our model is
constant; we use the value of Gerencser and Vizi, for their model of mitochondrial
Ca2+ dynamics [58], with the resting level at 310 nM. Mitochondrial membrane
voltage is also constant in our implementation, and our uniporter representation
simplifies to dependence on cytosolic Ca2+ only:

c
JUni = σ Ch J MaxUni ΜUni

KUniTrans
⎛
c
⎜⎝ 1 + K

UniTrans

⎛
c
⎜⎝ 1 + K

UniTrans

⎞
⎟⎠

3

4

⎞
⎛
c
⎟⎠ + L/ ⎜⎝ 1 + K

UniAct

⎞
⎟⎠

nUni

+ JBaseUni .

(3.14)

Muni is the resulting constant term from fixing membrane voltages and the
mitochondrial [Ca2+]. Each parameter is as given in the Fall and Keizer model; see
Table 3-7 for all parameters. The temperature is however changed to match values
used in the NCX model (see section 3.1.3.4 below). The JBaseUni term is added such
that the resulting uniporter flux at baseline Ca2+ is zero, maintaining resting steadystate concentrations. This is necessary since the Fall and Keizer model runs in
reverse at the baseline or lower cytosolic [Ca2+]. Unless the mitochondrial
membrane, ΔΨMT, is disrupted, such a reversal is not physiological. We adjust the
uniporter activity to reflect this. Maximal uniporter transport rate, JMaxUni, as
discussed in section 2.3.3, is not well known; we base our rate on the assumption
that maximal transport is roughly 10,000 ions per second, or roughly 3.2 fA [6].
Normalized activity of the Fall-Keizer model, JUni, as implemented with a fixed
mitochondrial [Ca2+] and membrane voltage, and the shifting term, JBaseUni, is shown
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Figure 3-7 Uniporter Model
Activity
With constant mitochondrial
[Ca2+] and membrane voltage,
the uniporter model is thus
dependent only on cytosolic
Ca2+. Only very high [Ca2+] well
into hundreds of micromolar
fully activate the uniporter.
Inset shows activity over
smaller scale.

in Figure 3-7. Note the uniporter response is significant only during large [Ca2+]
elevations of over 1 µM, consistent with observations of uniporter K1/2 at a [Ca2+] of 1
µM and higher. It saturates only at very large cytosolic [Ca2+] of hundreds of µM.
As with the IP3R flux, σCh scales the uniporter flux for appropriate dimensions in our
two-dimensional model; see section 3.1.3.6 for elaboration.

δΩ5
3.1.3.3 SERCA:	
   JSERCA
	
  

Models of the SERCA were initially Hill equation representations (of the
form [Ca2+]/([Ca2+] +

K1 2 ), dependent only
on the cytosolic [Ca2+]
as in Balke, et al. [7].
Pumps with this
unidirectional
formulation must
continually operate
against a leakage of
ER Ca2+ out into the
cytosol for
maintenance of
baseline
concentrations. Also
known as ‘futile
cycling’ [70], it is

Figure 3-8 SERCA Model Schematic
Panel A shows 4-state model of SERCA as presented in
Higgins, et al. (ref – Higgins, 2006). Ca2+ binds to the pump
between states X1 and X2 in the cytosol, and is released
between states Y1 and Y2 in the ER lumen. It is assumed the
transitions from X1 → X2 and Y2 → Y1 are rapid, resulting in the
quasi-steady state model shown in Panel B. In their notation,
‘cs’ is ER lumenal [Ca2+]. (Source: [69] Fig 10)
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inefficient, requiring relatively large ATP consumption for mere baseline
concentration maintenance. Ca2+ leakage out of the ER observed at rates of around
300 nM s-1 [8, 9] suggested an ER lumenal Ca2+ regulation of the pump. This
compelled inclusion of a lumenal [Ca2+] term in pump models as in the Shannon, et
al. model [157].
Instead of a Hill function representation, Higgins, et al. [70] constructed a
four state transitional Markov model for the conformational changes between high
and low Ca2+ affinities. By assuming two of state transitions are rapid, they derived
a quasi-steady state, bidirectional model of the SERCA dependent on the [Ca2+] in
the cytosol and lumen. The functional form of their model is given by

JSERCA =

(

2PSERCA k2c 2 k4 − k−2 K 32ce 2 k−4 K12

)

ce c K ( k2 + k−2 ) + c ( k4 + k2 ) + ce K K ( k−2 + k−4 ) + K12 ( k4 + k−4 )
2 2

2
3

2

2

2
1

2
3

, (3.15)

and is derived from the schematic shown in Figure 3-8. The derivation involves the
homogenization procedure detailed by Goel, et al. [62]; see section A.6 or Higgins, et
al. for details [70]. Note, a maximal pump rate is not included in (3.15); rather, this
model scales SERCA activity per pump protein density with PSERCA.
Some of the reaction rates are dependent on ATP and the ATP-precursor
phosphate molecules, ADP (adenosine di-phosphate) and Pi (phosphate), where

k2 = k2 [ ATP ]
k−2 = e ΔGATP/RT
0

k2 k4

k−4 K12 K 32

(3.16)

k4 = k−4
k−4 = k−4 [ ADP ][ P ] .
The tilde (~) terms are fitted to experimental data, R and T are again the ideal gas
constant and temperature, and the exponential term is the Gibbs free energy of ATP
hydrolysis. Each value is given in Table 3-8. Simplification of the numerator in
equation (3.15), when the pump’s forward and reverse modes balance, gives:

[ ATP ] c
and the ratio

k2c 2 k4 − k−2 K 32ce 2 k−4 K12 = 0

2

− e ΔGATP/RT ce 2 [ ADP ][ P ] = 0,
0

ce 2
[ ATP ]
= ΔG0 /RT
2
c
e ATP [ ADP ][ P ]

(3.17)

(3.18)

results. We can engineer SERCA pump activity to equilibrate at a desired ER and
cytosolic [Ca2+] ratio. The ICC phosphate concentrations are not known; Higgins, et
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Figure 3-9 SERCA
Pump Activity
Surface plot showing
the Higgins, et. al.
pump dependency
on ER and cytosolic
[Ca2+]. Note as ER
lumenal [Ca2+] drops,
pump activity
increases
substantially, as long
as sufficient cytosolic
Ca2+ is available.
Inset shows pump
reversal if cytosolic
[Ca2+] < 0.1 µM.

al. used 3000, 10 and 3000 µM for ATP, ADP and Pi, respectively [70]. With a
cytosolic [Ca2+] of 100 nM, and using the Faville, et al. modeled value for ER lumenal
[Ca2+] at 200 µM [55], we obtain SERCA pump equilibrium at phosphate
concentrations of 3000, 14.12, and 1412 µM. This obviates any need for ER Ca2+
leakage and is not included in our model.
We simplified the expression in equation (3.15) into
δΩ5

J SERCA = σ SERCA

(

2PSERCA ks1c 2 − ks 2ce 2

)

ks3c ce + ks 4 c + ks5ce + ks6
2

2

2

2

(3.19)

,

where the rates in equation (3.19) relate to the rates in equation (3.15) via

ks1 = k2 k4 ,

ks3 = K 32 ( k2 + k−2 ) ,
ks5 =

K12 K 32

( k−2 + k−4 ) ,

ks2 = k−2 K 32 k−4 K12 ,
ks4 = ( k4 + k2 ) ,
ks6 =

K12

(3.20)

( k4 + k−4 ) .

Values for these rates producing the desired [Ca2+] at equilibrium are listed in Table
3-8.
The term σSERCA scales the boundary flux by surface to length ratios,
providing proper dimensions for the two-dimensional boundary flux as with the
IP3R and uniporter models; see section 3.1.3.6 for details on this term. Its value is
also listed in Table 3-8. This modeled pump activity is shown in Figure 3-9; note the
reversal behavior for a sufficiently low cytosolic [Ca2+].
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δΩ4
3.1.3.4 NCX:	
   J NCX
	
  

As introduced in section 2.3.3, the NCX exploits [Na+] gradients established
by the Na+-K+ ATP-ase for expelling Ca2+; note, the NCX here ejects Ca2+ from the
mitochondrial interior. Models of NCX behavior range from hyperbolic sine
formulations [72], to combinations of Hill functions [109]. A model developed by
Higgins, et al. [70], similar to their SERCA model, is a Markov state transitioning
scheme illustrated in Figure 3-10. Assuming the system is in steady state, we use a
deterministic flux derived from the schematic and is given by JNCXmarkov in

J NCX = Allo(CMT )kNCX

3
kn1cN MT
− α1
;
3
α 2 + kn6c + kn7 N MT c + α 3 kn10cCMT

3
α 1 = kn 2CMT N Cyt
;
3
3
α 2 = kn3 N MT
+ kn 4 CMT + kn5 N Cyt
;

(3.21)

3
3
3
α 3 = kn8 N Cyt
CMT + kn9 N Cyt
N MT
;

Allo(CMT ) =

1
⎛K
⎞
1 + ⎜ mCaact
⎟
C
⎝
MT ⎠

nncxHill

,

where [Na+] in the cytosol NCyt, and mitochondria NMT, are constant. Recall we are
not modeling a dynamically varying mitochondrial [Ca2+] so the term CMT is
constant. Its value here is set to 310 nM as with the uniporter (see above in section
3.1.3.2). The allosteric term Allo(CMT) modulates at what mitochondrial [Ca2+] the
NCX is active. We set the halfmaximal level KmCaact, such that
NCX activity would maintain
observed resting
mitochondrial [Ca2+]. We used
the Matsuoka, et al. halfmaximal activation of 400 nM
and Hill coefficient of 2 for the
cardiac cell NCX [118].
The kncx factor is a term
from the Higgins, et al. twodimensional model, and was
for fitting sarcomere NCX data
[70]. This factor also
conveniently scales the threedimensional molar flux into
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Figure 3-10 NCX Model Schematic
A 6-state reaction scheme represents transport of
Ca2+ from the mitochondria (CaMT) into the cytosol
(‘c’). Ca2+ in the mitochondrial space is bound
between states Ei and Bi, transported into the cytosol
from state Bi to Bo, then released over transition from
Eo to Ao. The cycle then repeats with Na+ uptake,
which drives the process. Concentrations of
mitochondrial and cytosolic Na+ (NaMT, NaCyt), as well
as CaMT are constant in our implementation.
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appropriate dimensions for a two-dimensional model, and we apply it in our model
as well. No scaling factor σ is then required and does not appear in the NCX model
formulation of equation (3.21).
The coefficients kn1,…, kn10 are simplified versions of the Higgins, et al. model.
The relations between reaction rates of Figure 3-10 and the simplified coefficients in
equation (3.21) are given by:

kn1 = k−1 k−2 k−3 k−4 k−5 k−6
kn 2 = k1 k2 k3 k4 k5 k6

kn3 = k−5 k−1 k−4 ( k−3 k−6 + k2 k3 + k−6 k2 )
kn 4 = k2 k3 k6 ( k−1 k5 + k−1 k−4 + k4 k5 )
kn5 = k5 k4 k1 ( k−3 k−6 + k2 k3 + k−6 k2 )

kn6 = k−3 k−2 k−6 ( k1 k5 + k−1 k−4 + k4 k5 )

(3.22)

⎛ k k k + k k k + k−1 k−3 k−6 ⎞
kn7 = k−5 k−2 ⎜ −4 −3 −6 −6 −1 −4
⎝ +k−1 k−4 k−3 + k3 k−1 k−4 + k−3 k4 k−6 ⎟⎠

kn8 = k6 k1 ( k4 k5 k2 + k5 k3 k2 + k5 k4 k3 + k−3 k5 k4 + k2 k4 k3 + k3 k2 k−4 )
kn9 = k1 k−5 ( k−4 + k4 ) ( k−3 k−6 + k2 k3 + k−6 k2 )

kn10 = k−2 k6 ( k−1 k5 + k−1 k−4 + k4 k5 ) ( k3 + k−3 ) .
We present these rather tedious expressions to demonstrate the Higgins, et al. NCX
model dependency on membrane voltage, which is by the relations
2FV
−2FV
2RT
k3 = k3 e 2RT , k−3 = k−3 e
,

(3.23)

−3FV
3FV
2RT
k4 = k4 e
, k−4 = k−4 e 2RT ,

representing the rates for state transitions crossing the membrane voltage energy
barrier. F and R are the usual Faraday and ideal gas parameters, and we set the
voltage, V, to the same value as used in the uniporter model, ΔΨMT; values are all

Figure 3-11 NCX Activity
Dependency on Cacyt.
Plot shows normalized NCX
activity as a function of
cytosolic [Ca2+]. NCX
variations depend only on
cytosolic [Ca2+] in our model.
Efflux of mitochondrial Ca2+ is
inhibited by elevated cytosolic
[Ca2+]. The NCX in our PMU
Ca2+ dynamics model is then
only active when [Ca2+] are
near baseline.
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listed in the parameter table Table 3-9. The tilde (~) coefficients are fitted
parameters; see Higgins, et al. for further details [70].
A plot of the resulting NCX model activity is given in Figure 3-11, showing
normalized Ca2+ efflux from the mitochondria over variant cytosolic [Ca2+]. It is
greatest for the lowest cytosolic [Ca2+], and reduces dramatically as the cytosolic
[Ca2+] increases. The NCX in this context for mitochondrial efflux is then only active
when the cytosolic [Ca2+] is near baseline, reflecting the NCX model in equation
(3.21) with only cytosolic [Ca2+] dependency and a constant mitochondrial [Ca2+].

Ω2
δΩ2
, J PMLeak
3.1.3.5 PMCA	
  and	
  Leak:	
   J δPMCA
	
  

The PMCA, or plasma membrane calcium ATP-ase is, as noted, related to the
SERCA. Their overall structures and behaviors are similar, but the PMCA operate
with a KD ranging from 0.2 to 0.6 µM [Ca2+] [20]. The PMCA is operational for a
cytosolic [Ca2+] near baseline, and is usually classified as a baseline-maintaining,
fine-tuner of cytosolic Ca2+. Although the PMCA and SERCA are functionally
similar, typically their respective impact varies considerably, mostly due to
relatively high densities of SERCA. For instance, clearance of cytosolic Ca2+ from
cardiac cells by the PMCA is about 3% of the total activity by all extrusion
mechanisms (PMCA, SERCA, NCX, and uniporter) [15]. In pancreatic acinar cells as
well, PMCA extrusion rates are modeled at ¼ of the SERCA rate [161]. Overall, the
PMCA is a high-affinity, yet low capacity Ca2+ extruder. The PMCA impact is then
not as significant as the SERCA or NCX, and we simulate this pump with a simple
Hill expression:

J PMCA

c nPMCA
= VPMCA n
.
nPMCA
c PMCA + K PMCA

(3.24)

nPMCA
We employ parameters VPMCA, nPMCA and K PMCA
as used in the Higgins, et al.

sarcomere model [70], and they are listed in the Table 3-10. The VPMCA term, similar
to the kncx factor in equation (3.21), was fit to sarcomere data by Higgins, et al. and
appropriately scales the molar flux for a two-dimensional boundary condition.
Thus, no σ scaling term appears in equation (3.24).
This unidirectional PMCA model requires a balancing leakage term for
maintenance of the baseline cytosolic [Ca2+]. Plasma membrane leakage is
represented with a potential difference across the membrane at an assumed, fixed
voltage:
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J PMLeak = kPM (ECa − VPM )
ECa =

⎛c ⎞
RT
log ⎜ o ⎟ .
⎝ c⎠
2F

(3.25)

R and F again are the usual ideal gas and Faraday’s constants. We employ this
model with the same parameters as in Higgins, et al. [70], except for kPM, which is
modified to provide equilibrium between the PMCA and leakage at our baseline
cytosolic [Ca2+]. Note, kPM has the proper dimensions for two-dimensional boundary
flux; hence, no σ scaling term appears in equation (3.25). VPM is set to -70.1 mV as in
Faville, et al. [55]. Parameters for the leakage term are listed in Table 3-10.
A plot of the PMCA and the leakage term activity is shown in Figure 3-12.
The normalized activity of the pump saturates as the cytosolic [Ca2+] exceeds 1 µM.
Alternatively, leakage into the cytosol across the plasma membrane decreases
during cytosolic [Ca2+] increases, as expected from equation (3.25).

3.1.3.6 Two	
  Dimensional	
  Flux	
  Scaling	
  
We are representing a three-dimensional ICC PMU with a two-dimensional
model, which simplifies computation but complicates the boundary flux modeling.
The boundary flux terms listed above all require appropriate dimensions for
inclusion in our model equations (3.3), (3.6) and (3.9). Molar flux per unit area and
time (mol / A T) is appropriate for three-dimensions; however, our two spatial
dimensions require boundary flux terms in moles per length and time (mol / L T).
The three-dimensional fluxes are then scaled by application of appropriate
surface to length ratios where the above listed boundary terms are applied in our
geometry. The fluxes for IP3R, SERCA, and uniporter include such scaling terms for

Figure 3-12 PMCA and PM
Leakage Activity
Normalized plot of PMCA
pump and leakage (inset)
activity over increasing
cytosolic [Ca2+]. Pump quickly
saturates at micromolar [Ca2+].
Leakage activity, normalized
to same scale as the pump,
drops over cytosolic increases;
note scale of leakage is
nominal compared to the
pump.
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this dimensional conversion. These terms depend on estimations of the surface area
where the transporter is physically active (i.e., SERCA on the surface of the ER), and
the corresponding two-dimensional length in our model geometry where the flux
term is applied (i.e., boundary δΩ5 in our geometry). The resulting surface to length
ratios of dimension L then converts the molar flux per unit area into the
appropriately dimensioned molar flux per unit length.
The ER surface area in the PMU is calculated from estimates of the ICC PMU
volume (1 µm3 [55]) combined with the ER volume fraction (10% of total ICC
volume [31]) and a measured ER surface to volume ratio (32 µm-1 for RBL cells [119]).
The resulting, estimated surface area of ER in the PMU (3.2 µm2) is combined with
the length of the ER in our two-dimensional geometry (443 nm, along boundary δΩ5
see Figure 3-3) into a scaling factor of about 7.2 µm. This is factor σSERCA, and is
applied to equation (3.19).
Ion channels (IP3R and uniporter) are assumed to have roughly 100 nm2 area
for channel pore mouths [37], and each channel sub-domain in our model geometry
(δΩ6 and δΩ7, for IP3R and uniporter respectively) is set to 10 nm wide. Each channel
flux is then scaled by this resulting surface to length ratio of 0.010 µm, and is applied
via the factor σCh in equations (3.12) and (3.14).
The net effect of these scaling factors amplifies the SERCA flux, while
diminishing both the IP3R and uniporter channel influence. Since we are
representing a relatively large physical ER surface in the PMU along a single edge in
our geometry, these factors are a reasonable scaling for our two-dimensional model
of a three-dimensional system. Each scaling factor is listed in Table 3-6, Table 3-7
and Table 3-8 for the IP3R, uniporter and SERCA, respectively.

3.1.4 Reaction	
  Models	
  
In our model we have three reactions: buffering between Ca2+ and proteins in
both the cytosolic and ER lumenal domains, and degradation of the molecule IP3.
We technically also have a reaction for representation of the SERCA pump; this term
is functionally identical to the boundary flux model presented in section 3.1.3.3, but
is converted into a source term. We introduce our models for each of these reactions
in turn below.
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3.1.4.1 Cytosolic	
  Calcium	
  Buffering:	
   Φc (c, b) 	
  
Multiple proteins and structures bind free Ca2+ ions in the cytosol, including
the mobile proteins calretinin, calbindin, and parvalbumin in addition to the
previously introduced Calmodulin [155]. Cytoskeletal structures, fabricated from
actin protein filaments, also bind Ca2+ and store another reservoir of bound Ca2+
[100]. This reserve is theorized to be involved with intracellular cycling of hundreds
of micromolar Ca2+ [101]. However, we are interested primarily in the integrated
transport of Ca2+ between the ER and mitochondria. We thus utilize a representative
mobile Ca2+ buffer in the cytosolic regions of our model, and base it on the wellcharacterized protein Calmodulin.
Known binding affinities of Calmodulin for Ca2+ range over 0.5 to 5 µM [28];
it is a moderate [Ca2+] elevation buffer. Cytosolic diffusion rates are estimated at
0.08 µm2/ms [125]; about 1/3 the unbound Ca2+ ion rate of 0.223 µm2/ms.
Concentrations of Calmodulin and the particular binding affinity in the ICC are
however unknown, as with many parameters. We thus employ the mobile cytosolic
buffering scheme in the Higgins, et al. sarcomere model [70]. The reaction between
free Ca2+ and protein buffer is given by standard mass-action kinetics:

(

Φc (c, b) = kb− b − kb+ c bTOT − b

).

(3.26)

Using the total amount of the mobile buffer, bTOT, permits computation of only the
Ca2+-bound buffer, b, without an additional equation for the unbound protein.
Forward and reverse reaction rates are listed in Table 3-11; total buffer values are in
Table 3-5; all are identical to the Higgins, et al. model. Equation (3.26) is applied to
regions Ω1a and Ω3 via inclusion in equations (3.1) and (3.8) for the PMU proper and
bulk cytosolic regions, respectively.
We briefly consider this buffer model’s behavior. A non-diffusive system of
equations coupling [Ca2+] c, and the concentration of buffer b, with the model
described in equation (3.26) is given by

(

)

dc
= kb− b − kb+ c bTOT − b
dt
db
= kb+ c bTOT − b − kb− b.
dt

(

)

(3.27)

Recall, b is the concentration of Ca2+-bound buffer. Given a typical cytosolic initial
[Ca2+] of 100 nM, reaction rates as in Table 3-11, and a bTOT concentration of 75 µM,
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the equilibrium
concentration for b is about
10.7 µM. Hence, about 10
µM of Ca2+ is bound in the
cytosol with this model and
parameter values.
We expect during an
IP3R channel opening event
the cytosolic [Ca2+] should
elevate, and the mobile
buffer will dampen the
elevations. Impact of two
initial elevations are shown
in Figure 3-13, where a
numerical solution of
equation (3.27) is performed
with the MATLAB ode23

Figure 3-13 Cytosolic Buffer Model Behavior
Numerical solution of cytosolic buffer reaction model
with two ci values set above equilibrium. Upper pane
shows c (blue trace) and b (black) solutions with ci set
to 1 µM. Lower pane is with ci set to 100 µM. Time
scale for buffering responses to equilibrium are well
under 1 ms. With total buffer at 75 µM and ci at 100
µM, buffers completely saturate (lower pane).

solver [114]. We simulate IP3R release (somewhat crudely) by setting the initial
[Ca2+] ci, to an elevated, non-equilibrium value; plots show responses of b to ci levels
of 1 and 100 µM. With a KD of 0.6 µM, the buffer rapidly binds free Ca2+ easily
within 1 millisecond, and c returns to near baseline for a sufficiently low initial [Ca2+]
(Figure 3-13 upper plot). Alternatively, with a large initial impulse of [Ca2+] at 100
µM, the buffers completely saturate (Figure 3-13 lower plot). Although again
rapidly binding in 1 millisecond, the buffer capacity is overwhelmed and c
equilibrates at about 37 µM, well over the initial 100 nM.

3.1.4.2 ER	
  Lumenal	
  Calcium	
  Buffering:	
   Φce ( ce, be ) 	
  
We employ Calreticulin as representative of the multiple ER lumen buffers,
similar to our use of Calmodulin for the cytosolic. It is a high-capacity and low
affinity Ca2+ storage protein. Per mole of protein it binds tens of moles of Ca2+ ions,
and has a KD of around 1 mM [121]. The diffusion rate of Calreticulin is unknown.
An estimated diffusion rate is 0.027 µm2/ms, based on protein size and diffusion for
Calmodulin, as computed in Means, et al. [119].
Concentrations and precise affinities for Calreticulin in the ICC ER are
unknown; we thus again apply the mobile buffering scheme in the Higgins, et al.
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sarcomere model [70]. Reaction rates and parameters are listed in Table 3-11, and
the mass-action kinetics buffering reaction is given by

(

)

Φce (ce, be) = kbe− be − kbe+ ce be TOT − be ,

(3.28)

where be indicates the Ca2+-bound buffer. beTOT is the total amount of buffer in the
ER, and is set to 6 mM as in the Higgins, et al. model. This reaction term is applied
to buffering in regions Ω2 and Ω3 in equations (3.5) and (3.8), respectively.
As with the cytosolic buffer, we briefly consider the dynamics of this buffer
model with a system of non-diffusive equations

(

)

dce
= kbe− be − kbe+ ce be TOT − be
dt
dbe
= kbe+ c be TOT − be − kbe− be,
dt

(

(3.29)

)

and solve them with MATLAB’s ode23 [114]. In this scenario, we expect IP3R to
lower the ER [Ca2+] during opening. We thus simulate effect of ER [Ca2+] reductions
on the ER buffer. Given reaction rates as listed in Table 3-11, an initial ER [Ca2+] of
200 µM (taken from the Faville, et al. ICC model [55]) and a buffering KD of 630 µM,
the concentration of be is 1.45 mM at equilibrium. For initial reductions of the ER
[Ca2+], the be level should drop, restoring the loss, which we see in Figure 3-14. With
a large initial loss of 190 µM free Ca2+, or 95% of the baseline [Ca2+], the ER buffer
replenishes the free Ca2+ back up to about 170 µM, demonstrating the modeled ER
Ca2+ storage capacity. Note the one-to-one correspondence as well between the be
reduction and ce increase, since the model in equation (3.28) represents the 10:1
binding capacity of Calreticulin (see section 2.3.5) by virtue of an elevated total
buffer concentration; see Higgins, et al. [70] for more detail. The time scale of
restoration is quite slow compared to the cytosolic buffer. Response times of the ER
Figure 3-14 ER Buffer Model
Behavior
Simulated ER buffer response
(black trace) to cei (blue trace)
altered from equilibrium value
of 200 µM. Small deviation of 10
µM (upper pane) results in small
impact on buffer, whereas large
deviation of 190 µM (lower
pane) results in large buffer
depletion. Time scale
equilibration of response is
about 50 ms.
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buffer model to the calcium depletions require up to about 50 milliseconds to
equilibrate.

3.1.4.3 IP3	
  Degradation:	
   Φ p ( p ) 	
  
Degradation pathways for IP3 vary in activity levels across cell types. As for
multiple other aspects of the ICC, IP3 production and degradation is not well
characterized. Recall, some theorize a connection between membrane depolarization
and PLC activity, increasing the [IP3] as with van Helden [185], while others state the
basal [IP3] is adequate for IP3R activity [110] and does not oscillate [150]. Given these
unknowns, we employ a degradation scheme based on the 5-phosphatase activity as
presented in Politi, et al. [136]. The scheme is a constant degradation given by

Φ p (p) = k p p,

(3.30)

where the constant rate kp is set to 0.66 s-1 as in Politi, et al. This reaction term, Φp is
active in the cytosolic regions of the PMU, Ω1 and the bulk cytosol Ω3, and appears in
their respective equations (3.1), (3.2) and (3.8). At this constant degradation rate, the
[IP3] drops by about 50% in 1 second, as shown in Figure 3-15. Note, we activate this
IP3 degradation selectively; some simulations include this term while others do not,
and we indicate as such throughout the results presented in Chapter 4.

3.1.4.4 SERCA	
  Homogenization:	
   ΦSERCA (c,ce) 	
  
The SERCA reaction term is the homogenized, volumetric representation of
δΩ5
the boundary flux SERCA pump JSERCA
detailed in section 3.1.3.3. Conversion of the

Figure 3-15 IP3 Degradation Temporal
Profile
Constant degradation representation of
5-phosphatase action on IP3. Over time
span of 1 second, nearly 50% of IP3 is
converted into inositol 1,4bisphosphate with kp or 0.66 s-1 as given
in Politi, et. al. 2006. By 5 seconds, only
about 50 nM IP3 remains.
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boundary flux term from the dimensions of molar flux (moles / Area Time) into a
source term with appropriate dimensions (moles / Volume Time) is necessary for
inclusion in the reaction-diffusion equation. We convert with the expression
δΩ5
ΦSERCA = γ SERCA JSERCA
,

(3.31)

where γSERCA depends on the cytosolic to ER volume fraction and observed ER
surface to volume ratio:

γ SERCA = γ Cyt γ
ER

Vol
Surf

.

(3.32)

We utilize the estimated mitochondrial and ER volume fractions at 13 and 10% [31],
respectively, resulting in the ratio of cytosolic to ER volume at 7.7, and the measured
surface to volume ratio of the ER in RBL cells of 32 µm-1 [119]. This results in a
conversion factor of 0.241 µm-1, which is listed in Table 3-8. The precise formulation
of the boundary flux term was presented in section 3.1.3.3, with description of
δΩ5
JSERCA
.
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3.2 Model	
  Summary	
  
For convenience, we summarize the multitude of boundary and reaction
terms along with their spatial locales, and the model geometry is presented again.
References for the transporter models used along with terse notes on their
application are provided. All parameters employed in the model are also presented
along with references for their sources or calculations.

3.2.1 Model	
  Terms	
  and	
  Locations	
  
We summarize the model regions, their notations, and the corresponding
physiological domains as well as reactions in each region in Table 3-1. We provide
the geometry figures again here for convenience; refer to section 3.1.1 for details of
the geometry. Table 3-2 lists all the boundary terms, either transporters or
homogenization interfaces; refer to the sections noted for details on each item. Each
boundary transport and reaction sub-model is listed in Table 3-3 and Table 3-4,
respectively, with references to the work each sub-model is taken or adapted from.
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Figure 3-16 Model Geometry
Two-dimensional model geometry provided again for convenience. Panel A shows
overall bulk cytosol, Panel B the PMU, and Panel C the ER-mitochondrial (ER-MT) gap.
See section 3.1.1 for details.
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Table 3-1 Model Region and Reaction Summary
Region

Biological Domain

Reaction Term

Ω1

PMU Cytosolic

See Subdomain Regions Ω1a, Ω1b
Listed Below

Ω1a

PMU Proper; Subdomain

Cytosolic Buffer, Φc (c, b) , Section

Region Ω1

3.1.4.1
IP3 Degradation, Φ p ( p ) , Section
3.1.4.3

ER-MT Gap; Subdomain

IP3 Degradation, Φ p ( p ) ;

Region Ω1

No Buffering

Ω2

Endoplasmic Reticulum

ER Buffer, Φce ( ce, be ) , Section 3.1.4.2

Ω3

Homogenized Cytosolic

Cytosolic Buffer, Φc (c, b)

and

IP3 Degradation, Φ p ( p )

Ω1b

Endoplasmic Reticulum

ER Buffer, Φce ( ce, be )
Volumetric SERCA, ΦSERCA (c,ce) ,
Section 3.1.4.4
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Table 3-2 Model Boundary Term Summary
Boundary Condition
δΩ1

No-flux, Insulation Condition

δΩ2

δΩ2
PMCA: J PMCA
; Section 3.1.3.5

δΩ2
Plasma Membrane Leak: J PMLeak
; Section 3.1.3.5

δΩ3

ER-Homogenized Region Continuity Constraints;
Homogenization Described in Section A.6; Application in
section 3.1.2.2;
See equation (3.7) for constraints.

δΩ4

δΩ4
Mitochondrial NCX: J NCX
; Section 3.1.3.4

δΩ5

δΩ5
ER SERCA: JSERCA
; Section 3.1.3.3

δΩ6

δΩ6
ER IP3R Channel: J IP3R
; Section 3.1.3.1

δΩ7

δΩ7
Mitochondrial Uniporter: JUniport
; Section 3.1.3.2

δΩ8

PMU Cytosolic-Homogenized Region Continuity Constraints;
Homogenization Described in Section A.6; Application in
section 3.1.2.1; See equation (3.4) for constraints.
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Table 3-3 Sub-model Summary 1: Boundary Transporter Models
Item
IP3R

Symbol
δΩ6
J IP3R

Ref.

Notes

[61]

Kinetic stochastically-transitioning
with IP3 and Ca2+ dependency; Section
3.1.3.1

Uniporter

δΩ7
JUniport

[52]

Allosteric model with constant
mitochondrial [Ca2+], [Na+], cytosolic
[Na+] and membrane voltage, ΔΨ MT .
Shifted activity at baseline for steadystate; Section 3.1.3.2

SERCA

δΩ5
JSERCA

[69]

Steady-state derivation from 4-state
Markov bi-directional model;
Adjusted rates for equilibrium at ER
[Ca2+]=200 µM; No ER leakage term;
Section 3.1.3.3

NCX

δΩ4
J NCX

[62, 70]

Steady-state derivation from 6-state
Markov model; Constant cytosolic
[Na+], mitochondrial [Na+], [Ca2+] and
membrane voltage, ΔΨ MT ; Section
3.1.3.4

PMCA

δΩ2
J PMCA

[70]

Unidirectional Hill function; Section
3.1.3.5

PM Leak

δΩ2
J PMLeak

[70]

Linear potential difference; adjusted
for cytosolic [Ca2+]=0.1 µM; Section
3.1.3.5
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Table 3-4 Sub-model Summary 2: Reaction Models
Item

Symbol

Reference

Notes

Cytosolic

Φc (c, b)

[70]

Standard mass-action

Buffer

kinetics; based on
Calmodulin; Section 3.1.4.1

ER Buffer

Φce ( ce, be )

[70]

Standard mass-action
kinetics; based on
Calreticulin; Section 3.1.4.2

IP3 Decay

Φ p ( p)

[136]

First order, constant
degradation; Section 3.1.4.3

Volumetric
SERCA

ΦSERCA (c,ce)

[70]

Volumetric version of
boundary SERCA;
Homogenization procedure
conversion from boundary
flux; Section 3.1.4.4
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3.2.2 Tables	
  of	
  Parameters	
  
The reaction-diffusion model along with each sub-model includes numerous
suites of parameters. We present each parameter along with references if sourced
from other works or note their calculation. These tables include: Model Parameters,
listing initial concentrations, diffusion coefficients, etc.; each boundary transporter,
and the two-dimensional scaling factors for SERCA and ion channels; and reaction
rates for buffers and IP3 degradation.

Table 3-5 Model Parameters
Item

Symbol

Value

Cytosolic Calcium

ci

100 nM

ER Lumenal Calcium

cei

200 µM

[55]

Cytosolic Buffer (total)

bTOT

75 µM

[69]

ER Lumenal Buffer (total)

beTOT

6 mM

[69]

Mitochondrial Calcium
(constant)
Intracellular Sodium
(constant)
Mitochondrial Sodium
(constant)
IP3

CMT

310 nM

[58]

Ncyt

10.1 µM

[55]

NMT

Ncyt/3

[135]

pi

Varied

Diffusion, Cytosolic Calcium

Dc

0.223 µm2/ms

[3]

Diffusion, ER Lumenal
Calcium
Homogenized Diffusion, ER
Lumenal Calcium
Diffusion, Cytosolic Buffer

Dce

0.223 µm2/ms

[3]

DHce

0.11 µm2/ms

Calculated

Db

0.08 µm2/ms

[119]

Diffusion, ER Buffer

Dbe

0.027 µm2/ms

[119]

Homogenized Diffusion, ER
Buffer
Diffusion, IP3

DHbe

0.013 µm2/ms

Calculated

Dp

0.283 µm2/ms

[3]

Faraday’s Constant

F

9.648e4 C mol-1

Ideal Gas Constant

R

8.314 J K-1 mol-1

Temperature

T

302 K
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Table 3-6 IP3R Model Parameters
Item

Symbol

Value

Reference

Maximum Flux Rate

VIP3Rmax

0.0256 pA

IP3 scaling rate 1
(dimensionless)
IP3 scaling rate 2
(dimensionless)
2D Flux Scaling
Term

sf23

1000

Calculated; based on
concentration dependent
conductance [16]
[131]

sf32

50

[131]

σCh

0.01 µm

Calculated

Items below from Gin, et al. [61]
k12

0.74

d32

520 nM

k0

7.84

b32

0.005 ms-1

kC

3.6

V32

7e-6 nM3 ms-1

a23

1/1.023 ms-1

dm32

150 nM

d23

2000 nM

bm32

0.03

b23

2.2 ms-1

Vm32

1.06

V23

1.08e-6 nM2 ms-1

α21

1

dm23

72 nM

dp21

5e-10 nM-3

bm23

0.042

bp21

0.11 ms-1

Vm23

0.3545

Vp21

0.0949 nM3 ms-1

α23

1

α32

1

dp23

5e-9 nM-3

dp32

1.5e-10 nM-3

bp23

0.001 ms-1

bp32

0

Vp23

0.162 nM3 ms-1

Vp32

3e-12 nM3 ms-1
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Table 3-7 Uniporter Model Parameters
Item

Symbol Value

Reference

Maximal Uptake Rate JMaxUni

10,000 ions s-1 [6]

Time Delay const

kUni

0.001 ms

2D Flux Scaling Term

σCh

0.01 µm

Calculated

Items below from Magnus, 1997 [109]
KUniTrans

19 µM

ΔΨ MT

-165 mV

KUniAct

0.38 µM

ΔΨ *MT

-91 mV

nUni

2.8

Table 3-8 SERCA Model Parameters
Item

Symbol

Value

Reference

Base Pump Density

PSERCA

15 µM

[15]

ER Surface to Volume Ratio

γ SERCA

0.241 µm-1

Calculated

Adenosine Tri-phosphate

[ATP]

3000 µM

Calculated

Adenosine Di-phosphate

[ADP]

14.12 µM

Calculated

Phosphate

[Pi]

1.412e4 µm

Calculated

SERCA reaction rates

ks1

2.957e-3 ms-1

Calculated

ks2

7.393e-10 ms-1

ks3

1.932e-6 µM-2 ms-1

ks4

0.111 ms-1

ks5

8.416e-7 ms-1

ks6

0.0317 µM2 ms-1

0
ΔGATP

-50 K J mol-1

[70]

σSERCA

7.2 µm

Calculated

ATP Hydrolysis Gibbs Free
Energy
2D Flux Scaling Term
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Table 3-9 NCX Model Parameters
Item

Symbol Value

Reference

Allosteric HalfMaximal Constant
Allosteric Hille
Coefficient
Membrane Voltage

KmCaact

0.4 µM

[117]

nncxHill

4

[117]

V

-91 mV

[109]

Items below from Higgins, et al., 2007 [70]
2.8857e5 µM ms-1

4.072e-9 µM-2 ms-1

k4
k

k-1

2.0211e7 µM ms-1

k5

3.5971e4 µM ms-1

k2

6.9226e7 µM ms-1

k-5

2.3161e-12 µM-2 ms-1

k-2

3.6422e4 ms-1

k6

8.7734 ms-1

k3
k

4.2357e5 µM ms-1

k-6

4.6971e2 µm ms-1

5.1319e5 µM ms-1

T

302 K

kncx

1.23e-2 µm

k1

−3

−4

2.6458e7 µM ms-1

Table 3-10 PMCA and Leakage Model Parameters
Item

Symbol

Value

Reference
-1

Maximum PMCA Rate

VPMCA

5.455e-4 µm µM ms

[70]

Half-maximal constant

nPMCA
K PMCA

0.5 µM

[70]

Hille Coefficient

nPMCA

2

[70]

Leakage Rate

kPM

Calculated

Plasma Membrane
Voltage
Extracellular Calcium

VPM

1.15e-7 µm µM / ms
mV
-70.1 mV

c0

1800 µM

[70]

[55]
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Table 3-11 Reaction Model Parameters
Item

Symbol Value

Cytosolic Buffer
Forward Rate
Cytosolic Buffer
Reverse Rate
ER Buffer Forward
Rate
ER Buffer Reverse Rate

kb+

0.4096 µM-1 ms-1 [70]

kb−

0.2456 ms-1

[70]

+
kbe

2e-5 µM-1 ms-1

[70]

−
kbe

1.26e-2 ms-1

[70]

kp

6.6e-4 ms

[136]

IP3 Degradation Rate
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4 Results	
  
Our mathematical model is constructed, and (with our fabricated software
tool in hand for its solution – see Appendix A, Solution Methods) we now turn to
simulations of the ICC PMU Ca2+ dynamic. Numerous parameters for relevant
transporters (i.e., densities and transport rates) in the ICC are not well known. We
thus explored variations of these parameters, with the primary aim of determining
under what circumstances the [Ca2+] in the PMU may elevate and reduce sufficiently
for NSCC inhibition and activation.
The simulations can be grouped into two main categories: those with a
degrading IP3 signal and those without. These simulations then include or exclude
the reaction term of equation (3.30). Within these categories, the most significant
variation is the numbers of IP3R channels simulated. We either simulated with only
the channels located in region Ω1b, the ER-MT gap, or with channels located both in
this gap region and region Ω1a, the PMU proper; see the geometry in the Model
Summary of section 3.2 for these locations. These variations result in either
simulations with only three or seven functional channels; the corresponding amount
of Ca2+ released into the PMU then varies as well.
The parameters for the SERCA and uniporter were also varied. We
performed reference simulations at the base transporter rates for these terms (listed
in Table 3-7 and Table 3-8), and compared results with simulations where we
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Figure 4-1 Pilot IP3R Simulation: PMU Channel
Surface plots at time 1.9 ms of simulations with a simple, controlled (non-stochastic) Ca2+
release over time t = [1, 2] ms, for testing peak [Ca2+] values against published results
(see text). These plots are with the channel situated in the PMU. Panel A shows the
distribution of [Ca2+] in the PMU and gap, and Panel B the distribution of nonhomogenized ER lumenal [Ca2+]. Cytosolic buffer is shown in Panel C, and ER lumenal
(non-homogenized) in Panel D. Note there is no cytosolic buffer in the ER-MT gap, and
hence no data is plotted for that region (Panel C).

increased these rates. In some simulations, in order to obtain reductions of the [Ca2+]
below baseline, we modified the uniporter model to include a time dependent
inactivation mechanism, which we describe below in section 4.2.1.

4.1 Preliminary	
  Simulations	
  
To ensure we have a reasonable representation of Ca2+ release, we performed
simple pilot simulations of a single IP3R channel releasing Ca2+ into the PMU, and
situated the channels either in the ER-MT gap or within the PMU proper. The
channel opening and closing was manually controlled with a time-dependent
Heaviside function:

{

(

Jchannel = VIP3R H ( t − ton ) − H t − toff
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)}(ce − c),

(4.1)
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with VIP3R as in Table 3-6, and recall ce and c are the ER lumenal and cytosolic [Ca2+],
respectively. There is no stochastic behavior in these pilot simulations. We set the
time duration of channel opening to 1 ms, since this is the approximate mean open
dwell time shown in Gin, et al. for their IP3R model that we employ [61]. Surface
plots from the two simulations of the resulting cytosolic and ER lumenal Ca2+ and
buffer concentrations within the PMU are shown in Figure 4-1 and Figure 4-2.
We compare our results with those presented by Rudiger, et al. for their
three-dimensional simulations of IP3R activity [145]. With our model, we obtain a
peak [Ca2+] of either 12.25 or 9.16 µM for a channel in the gap or PMU proper,
respectively. The Rudiger, et al. simulations included several mobile and immobile
buffering mechanisms in their model (recall we have only the one mobile buffer),
hence, we compare our result for a channel in the PMU proper since we have no
buffering in the gap region. Our peak simulated value of 9.16 µM is for parameters
at a maximal current at 0.0256 pA and a concentration difference of 200 – 0.1 = 199.9
µM [Ca2+]. Rudiger, et al. obtain a peak cytosolic [Ca2+] at the channel mouth of
about 112 µM, with a 0.1 pA maximal current and concentration difference of 700 –
0.05 = 699.95 µM [Ca2+]. Given the ratios of flux rate (concentration difference times
current) and their simulated peak concentration, our parameters should result in
peak values at around 8.19 µM. This compares favorably with our simulated peak
level of about 9 µM.
Note the differences between our simulations with either a gap or PMU
proper channel: direct comparisons of the maximal [Ca2+] for each simulation is

Figure 4-2 Pilot IP3R Simulation: ER-MT Gap Channel
Surface plots at time t = 1.9 ms for the same pilot simulation as in Figure 4-1, but with a
channel situated in the ER-MT gap region. Panel A shows the [Ca2+] distribution
throughout the PMU and the gap; note higher peak values than in the simulation with
PMU channel. Panel B shows the [Ca2+] distribution in the non-homogenized ER lumen.
Buffers are not shown, since cytosolic buffer is not active in the gap, and the distribution
of ER lumenal buffer is very similar to the simulation with a PMU channel.
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Figure 4-3 Pilot IP3R simulation: Maximum [Ca2+] and ICC Ca2+ Penetration
Panel A shows plots of the maximal [Ca2+] in each simulation as noted (upper panel
PMU channel, lower panel gap channel). Gap channel simulation gives higher peak
[Ca2+] and note the effect of buffering on the PMU channel [Ca2+] profile during Ca2+
release, gradually elevating the peak as opposed to the gap channel profile that remains
fairly flat. Panel B surface plot shows negligible penetration of the single gap channel
[Ca2+] elevation throughout the entire ICC. Hence, in most subsequent plots we omit the
bulk cytosolic [Ca2+]. Inset plot of the average [Ca2+] for the entire ICC over 10 ms shows
channel influx elevates the ICC [Ca2+], at most, a mere 20 nM. The similar solution
profile between the average concentration with the gap channel (inset) and the maximal
[Ca2+] in Panel A, upper pane with the PMU channel, is due to buffering activity.

shown in Figure 4-3A, where the effect of buffering is clear. [Ca2+] peaks near the
PMU proper channel (see surface plot in Figure 4-1A) are also more symmetric and
not ‘indented’ as with the concentrations around the gap channel in the surface plot
of Figure 4-2A. This is due to not only the restriction of diffusion in the narrow strip
of the gap, but also the activity of closely apposed uniporters. Recall, within the gap,
IP3R channel and uniporter subdomains are directly opposite each other across the
narrow 10 nm space (see Figure 3-16), and this is reflected in the result. Peak values
are also of course higher in the gap since there is no cytosolic calcium buffering; note
surface plot of the cytosolic buffer in Figure 4-1C, where no data for the narrow gap
region is plotted. Impact of this single release event on the ER lumenal buffer is
negligible: the calcium-bound buffer is reduced only 432 nM. Cytosolic buffers
respond strongly, where Ca2+-bound buffers elevate about 22 µM over the initial
concentration. These buffer responses are as expected; see section 3.1.4 for results of
the buffer models without diffusion. The [Ca2+] elevation in the gap, however, only
slightly raises the total [Ca2+] throughout the entire ICC region (Figure 4-3), showing
a limited impact of peak [Ca2+] in the gap on bulk ICC concentrations. Thus, in the
majority of subsequent results, we do not present the simulated bulk cytosolic
concentrations with some exceptions.
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Figure 4-4 IP3 Impulse Spatial Distribution
The initial distribution of IP3 was restricted to a narrow strip along the plasma
membrane in the PMU (Panel A). The very steep surface displays artifacts of the
unstructured mesh since the maximal concentration is 500 µM and drops to zero in
about 10 nm. This peak concentration of IP3 was chosen to give a reasonably large [IP3]
signal in the gap after diffusion. Panel B shows the rapid drop of the [IP3] only 3 ms into
the simulation, where peak concentration is now about 2.0 µM.

4.2 	
  Degrading	
  [IP3]	
  Signal	
  
In this first category of simulations we applied the degradation of IP3 as
described in section 3.1.4.3. The initial [IP3] distributions were of two varieties in
this category: either a membrane-localized impulse of IP3 allowed to diffuse into the
interior, or a homeogeneously-distributed [IP3]. We also varied which IP3R channels
were functional: either only in the ER-MT gap (region Ω1b) or the entire suite of IP3R
both in the gap and in the PMU proper itself (region Ω1a). See Figure 3-16 for the
geometric locations of these channels.

4.2.1 IP3	
  Impulse	
  with	
  ER-‐MT	
  Gap	
  IP3R	
  Functional	
  	
  
The first round of simulations was performed with a large initial impulse of
IP3 concentrated at the membrane, since PLC production of IP3 occurs there, and IP3
was then allowed to diffuse into the ICC interior. We situated this impulse only
within the diffusively constrained PMU space and not along the entire membrane
boundary, confining the IP3 signal to the PMU. This initial distribution of the [IP3] is
shown in Figure 4-4. The quite large strength of this impulse was designed to result,
after initial diffusion, with about a 2.0 µM [IP3] signal in the PMU. This should
adequately stimulate IP3R to open at the resting, baseline [Ca2+] of 100 nM. (See the
surface plot of IP3R open probability in Figure 3-6.) Due to rapid, unbuffered
diffusion of IP3 in the cytoplasm at 0.223 µm2/ms, the impulse spreads throughout

4-77

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal

Figure 4-5 IP3 Impulse Results 1: Concentration Distributions and Averages
Panel A surface plot shows distribution of the [Ca2+] while two channels are open in the
gap. After the channels close, the proximal mitochondrial uniporters actively remove
Ca2+ (Panel B, rotated view). Note the three concentration dips inside the gap at the
uniporter sites. Impact of the gap IP3R release on average PMU [Ca2+] is greatly reduced
(Panel C, lower pane) where peak concentrations do not reach 3 µM. Upper pane of
Panel C shows the corresponding average ER lumenal [Ca2+]. Panel D plots are of
averaged ER lumenal (upper pane) and cytosolic (lower pane) Ca2+-bound buffers. Only
during several IP3R release events do the [Ca2+] reductions noticeably affect the lumenal
buffer, whereas the cytosolic buffer responds relatively rapidly to the Ca2+ influxes.
Gradual elevations of free and bound Ca2+ are due to mitochondrial NCX release and ER
SERCA uptake; see text for elaboration.

the PMU and substantially drops down to a peak value of 2.0 µM by 3 ms.
Simulation results in Figure 4-5 are with the SERCA and mitochondrial
uniporters at base, reference parameters of protein density and flux rate, respectively
(see parameters in Table 3-7 and Table 3-8). The surface plot of Figure 4-5A shows
the [Ca2+] when two of the gap channels are open, and their combined efflux results
in a peak [Ca2+] of nearly 25 µM. After the IP3R channels close and the [Ca2+] is
elevated above baseline, the uniporter activity in the gap is then visible as in the
surface plot of Figure 4-5B. Recall from section 3.1.3.2, the uniporter is nominally
active for a cytosolic [Ca2+] under 1 µM.
IP3R activity ceases by 2 seconds, as seen in the plots of the average cytosolic
and ER lumenal [Ca2+] (Figure 4-5C). The degradation of IP3 lowers the [IP3] to half
the initial value by 1 second (see Figure 3-15), and by 2 seconds it is down to roughly
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¼ the initial. This translates into about a 500 nM [IP3] by 2 seconds, which, at
baseline [Ca2+], is an open probability on the order of 1e-6 for the IP3R model used;
hence, the lack of IP3R activity by then. Although the peak [Ca2+] in the gap reaches
25 µM (Figure 4-5A), within the PMU region averages elevate only up to 2.5 µM at
most (Figure 4-5C), and the largest ER lumenal [Ca2+] drop is 6 µM. The combined
reduction of local ER lumenal Ca2+ (decreasing the flux rate from the ER into the
cytosol) and IP3 degradation (decreasing the open probability of IP3R) diminishes the
amount of Ca2+ release and hence elevations of PMU [Ca2+].
Buffering responds as expected (Figure 4-5D). Calcium-bound cytosolic
buffer concentrations increase significantly in response to the IP3R influxes,
occupying about 1/3 of the total buffer (recall bTOT=75 µM) during initial 200 ms of
activity. Meanwhile, in the ER lumen, bound buffer levels transiently drop
reflecting the unbinding of Ca2+, restoring the free Ca2+ lost through the IP3R.
Overall reduction of the ER lumenal buffer is only a slight 1%; this amount of IP3R
activity does not significantly affect the ER lumenal Ca2+ store. In fact, the gradual
release of Ca2+ by the mitochondrial NCX and uptake by the SERCA elevates the
bound buffers more than the transient reduction.
At the plasma membrane of the PMU, the minimum [Ca2+] remains below
400 nM throughout the IP3R activity phase (Figure 4-6). It is here, at the membrane,

Figure 4-6 IP3 Impulse Results 2: Plasma Membrane Ca2+
The minimum [Ca2+] at the plasma membrane in the PMU was computed at each time
step and is plotted in Panel A. Despite increases of the average PMU [Ca2+] up to 2.5
µM, the membrane always has regions where the concentrations are below 400 nM. The
minimum plot does not show the [Ca2+] distribution, however, so a few selected
distributions are shown in Panel B. The upper pane plots the averaged PMU [Ca2+] over
time t =100-200 ms, where the vertical ‘+’ bars indicate times for the middle and lower
pane profiles. At times t = 100.5 and 134 ms (solid and dashed lines, middle and lower
panes, respectively), an open IP3R in the gap symmetrically elevates the [Ca2+] at the
membrane, where the peak at x = 0 corresponds to the gap location in our symmetrically
constructed PMU geometry. Note the dimished effect of the IP3R from the gap to the
membrane, elevating the membrane [Ca2+] to less than 1.0 µM. During periods of IP3R
inactivity (dashed and solid lines, middle and lower panes, respectively), the [Ca2+]
distribution only slightly varies.
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where the [Ca2+] is of greatest interest. The NSCC in the PMU would be located
somewhere along the membrane (see discussion in section 2.3.7), and since we do
not model the NSCC itself, we consider the concentrations along the membrane as
an indicator of whether the NSCC may activate. Note, the plot in Figure 4-6A shows
the minimum [Ca2+] at the membrane, so it may be higher elsewhere along the
membrane, as seen in Figure
4-6B. The distributions of
[Ca2+] along the membrane are
shown at a few select times as
indicated. During IP3R release
in the gap, the [Ca2+]
elevations at the membrane
are symmetric, as influenced
by the symmetric geometry
and position of the Ca2+
source. After the IP3R close,
recovery profiles are nearly

Figure 4-7 Impulse Results 3: NCX Influx

flat. At each time though, the

Surface plot of PMU [Ca2+] at time 997 ms shows
gradual influx of Ca2+ from the NCX (note view is
from lower-left of the PMU). The PMU [Ca2+] is
slightly elevated above baseline by about 50 nM. The
slight dips of concentrations along the edge of the
PMU with the mitochondrial region indicate a
nominal uniporter activity at this [Ca2+]. Gradual
transfer of Ca2+ from the mitochondria by the NCX
across the PMU and uptake by the SERCA slowly
increases ER lumenal [Ca2+].

minimum [Ca2+] always occurs
at the interfaces between the
PMU and the bulk cytosol
where x = ±0.4 µm.
During recovery, out to
1 second and more when the

IP3R activity significantly declines, the Ca2+-ATPase pumps on the membrane and
ER restore concentrations back to baseline by about 2 seconds. During this phase,
the mitochondrial NCX gradually releases Ca2+ stored in the mitochondria out into
the PMU and surrounding bulk cytosol; see the surface plot in Figure 4-7. Recall, the
NCX is more active in releasing Ca2+ when cytosolic [Ca2+] are near baseline, as
shown in the plot of NCX activity in Figure 3-11. This gradual release establishes a
dynamic steady-state across the PMU, where the SERCA pumps uptake this slight
excess of cytosolic Ca2+, as seen in the slow increase of free ER Ca2+ (Figure 4-5C) and
the bound (Figure 4-5D).
With transport rates at base parameters, we do not observe any reductions of
membrane [Ca2+] below baseline. The minimum [Ca2+] over the entire simulation is
the baseline level of 100 nM; we thus only observe elevations above resting. Since
the density of SERCA proteins in the ICC and the mitochondrial uniporter maximal
flux rates are unknown, we varied these values to observe their impact on the PMU
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Ca2+ dynamic and whether we may
obtain any reductions below
baseline. Figure 4-8 shows results
for varying combinations of
transporter rates at base values or
increased by a factor of 10. The
different transporters influence the
IP3R activity in different ways.
Increased uniporter uptake
dampens the peak [Ca2+] (Figure
4-8, upper panes), but does not
shut down the IP3R quite so
dramatically as increased SERCA
density (Figure 4-8, middle panes).
Combined rate increases
effectively confine all IP3R release
to within the first 100 ms (Figure
4-8, lower panes). Impact on the
ER buffers is greatest with the
increased uniporter flux rate alone,
where Ca2+-bound buffer levels are
reduced by as much as 2%, and
remain below initial levels up to 10
seconds (beyond plotted
timescale). All other parameter
combinations eventually result in
elevations of buffered Ca2+ above
baseline. At the plasma
membrane, these IP3R modulations
are reflected in the steady yet low
elevations at an increased
uniporter, and negligable activity
with elevated SERCA density
(Figure 4-8, Panel C). Again we
obtain no reductions below the

Figure 4-8 IP3 Impulse Results 4: Transporter
Parameter Variations
Uniporter flux rate and SERCA densities were
varied and their impacts on the PMU [Ca2+]
(Panel A), ER lumen (Panel B) and at the plasma
membrane (Panel C) are shown. All variations
show decreased peak [Ca2+], but SERCA
increase noticably dampens IP3R release events.

baseline [Ca2+] with any of these parameter combinations, and instead observe only
elevations. Impact of all these variations change the total [Ca2+] (sum of free
cytosolic, ER lumenal and buffered) at most by about 0.3%. This indicates Ca2+ is
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simply being transferred out of the ER into the PMU then back again, showing a
nominal impact of uniporter uptake against the steady background influx via the
mitochondrial NCX.
Faville, et al. in their model results demonstrated reductions of the PMU
[Ca2+] up to 25% below baseline. Since we could not obtain similar reductions with
increased transport rates, we then appended a time-dependent inactivation
mechanism to the uniporter model described in section 3.1.3.2. This added scheme
is a two-state model of the uniporter, where one state is simply the model already
described, and the other is a refractory-open state. The refractory open state is
functionally the same uniporter model, except that it’s activity also depends on a
time-decay mechanism for return to the ‘normal’ state – in addition to the [Ca2+]
dependency. This two-state modification is illustrated with the schematic:
f

(C

)

Uni Cyt


SUniNormal 

 SUniRefractory .

(4.2)

gUni (CCyt ,τ )

When [Ca2+] elevations exceed an arbitrary threshold of 5 µM, we apply the
refractory-open state to the uniporter, such that it continues to operate even when
the [Ca2+] drops well below its normal operational range. This is denoted by the
state SUniRefractory, and the return to the closed uniporter state is a function of the [Ca2+]
and time, whose time-dependent decay rate is given by the parameter τ. We set this
parameter, again arbitrarily, to a value of 0.001 ms to ensure the uniporter remains
active well after the [Ca2+]
drops below its typical
activation range. A surface
plot showing the resulting
time and [Ca2+]
dependency for this
refractory-open uniporter
state is shown in Figure 4-9
(compare plot of uniporter
activity in Figure 3-7).
The resulting
minimal [Ca2+] at the
Figure 4-9 Time Dependent Uniporter Activity

plasma membrane for this

Surface plot shows addition of time dependency to
uniporter activity, extending its uptake to well beyond its
normal range into a sub-micromolar [Ca2+] and for up to
5 seconds. The normalized level of activity corresponds
to normal uniporter uptake rate at [Ca2+]=5 µM.

time-dependent
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inactivating uniporter is
shown in Figure 4-10.
With the uniporter at the
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base flux rate (and SERCA
at base density), the timedependency is still
inadequate for reducing the
[Ca2+] at the membrane
below baseline. Although
the uniporters experience a
sufficiently elevated [Ca2+]
to enter the refractory open
state, their base uptake rate
is inadequate to effect any
Figure 4-10 IP3 Impulse Results 5: Time Delayed
Uniporter
Plots show the minimum plasma membrane [Ca2+] for
three suites of parameters with a time-dependent
uniporter. Upper panel with base rates, middle with
increased uniporter and lower with both uniporter and
SERCA increased.

reductions below baseline –
at the plasma membrane.
We then varied the
uniporter uptake rate,
increasing it by a factor of
10 either with SERCA at

base or increased densities (Figure 4-10, mid and lower panes). A stronger uniporter
uptake combined with the time-delayed inactivation mechanism now drives the
[Ca2+] at the membrane below baseline. The IP3R activity is, however, significantly
reduced to only two open events within 100 ms. The [Ca2+] falls below baseline at
about 600 ms, and maximal reductions are around 6%. The uniporter then remains
active out to about 5
seconds (beyond plotted
timescale), and upon
closure, the [Ca2+] restores
to baseline within 500 ms.
The steady NCX efflux
from the mitochondria
then gradually increases
PMU [Ca2+]. When SERCA
densities are increased,
reductions of the [Ca2+]
below baseline are still
obtained (Figure 4-10,
lower panel), but the IP3R
activity is now only a
single opening event.

Figure 4-11 IP3 Impulse Results 6: Ca2+ Distribution
with Delayed Uniporter Uptake
Uniporters in the gap experience the highest [Ca2+]
during release, and enter refractory open states reducing
the [Ca2+] in the gap well below baseline. Impact of
reduction on the plasma membrane is however a
nominal 6% below resting 100 nM. The minimal [Ca2+] at
the membrane occurs in the center of the PMU.
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With the time-delay mechanism at an increased uniporter rate, losses of total Ca2+
from the system are still around 1% and is only a slight increase compared to the
non-time delayed uniporter results.
The minimal [Ca2+] at the plasma membrane only marginally reflects the
minimal [Ca2+] within the ER-MT gap, where the uniporters remain active during
their refractory phase. The surface plot in Figure 4-11 illustrates the [Ca2+] in the gap
driven down to about 60 nM. Although a significant reduction in the gap,
reductions at the membrane are modest due to distance of the channel from the
membrane, cytosolic buffering, NCX release and plasma membrane leakage. Also,
since the [Ca2+] in the ER is only nominally reduced by 1 µM (not shown), but in the
gap the cytosolic [Ca2+] is well below baseline, the bi-directional SERCA pumps run
in reverse, ejecting calcium from the ER lumen. It is notable the minimum [Ca2+] at
the membrane during the refractory-open uniporter reductions occur at the center of
the PMU, and not the interfaces with the bulk cytosol as seen in Figure 4-6.
Although we confined activity of the IP3R to just the ER-MT gap, ensuring an
efficient transfer of ER lumenal Ca2+ to the uniporters, we only obtain reductions of
the [Ca2+] at the plasma membrane of the PMU with a modified, time-dependent
uniporter. These reductions are also modest, with the greatest reductions of only
around 6% below baseline concentrations.

Figure 4-12 Homogeneous IP3 Results 1:
Concentration Distribution and
Averages
Panel A shows surface plot of [Ca2+] in
the PMU when four channels (two gap,
two PMU) are open. Average plots of
the ER and PMU [Ca2+] (Panel B) and
buffers (Panel C) are shown. In these
simulations, the [IP3]i=2.0 µM and is
homogeneously distributed.
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4.2.2 Homogeneous	
  [IP3]	
  with	
  All	
  IP3R	
  Channels	
  Active	
  
We next ran simulations where not only were the IP3R situated in the gap
active, but also those arranged in the PMU proper itself (see geometry in Figure
3-16). In these simulations, we did not apply an impulse of IP3 concentrated at the
membrane. Instead, since the diffusion of the impulse to a nearly homogeneous
distribution was so rapid in the previous simulation suite, we initially applied a
homogeneous distribution throughout the ICC, at a concentration of 2.0 µM.
Degradation of IP3 is still included. We expect then to see greater overall Ca2+
release and elevations of PMU concentrations than with only the ER-MT gap IP3R
functioning, and this is the case as seen in Figure 4-12. The surface plot of Figure
4-12A, early in the simulation, shows four channels open, two in the gap and two in
the PMU. The peak [Ca2+] in the gap is generally higher than in the PMU, due to
spatial confinement and lack of buffering there. Average PMU [Ca2+] is also
significantly higher in these simulations, where we see averages peaking over 10 µM
and persistently exceeding 1 µM. Compare with the gap-only channel simulations
that peak at averages of around 2.5 µM (Figure 4-5C, lower panel).
Corresponding reductions in the free ER lumenal Ca2+ are observed (Figure
4-12B, upper panel), and concentrations reduce only about 1.0 µM more than in the
previous simulations (Figure 4-5C, upper panel), but this obscures somewhat the
total ER Ca2+ loss. Ca2+-bound buffers in the ER lumen drop down about 2% and
slowly recover (Figure 4-12C); in contrast, we observed elevations in the gap channel
only simulations (see Figure 4-5D, upper panel). Total [Ca2+] (throughout cytosol

Figure 4-13 Homogeneous IP3 Results 2: Uniporter Activation and [Ca2+]
Surface plot of PMU [Ca2+] (Panel A, note rotated view) shows all the uniporters
throughout the gap and PMU encounter a high enough [Ca2+] to substantially activate.
Panel B plots the [Ca2+] at uniporter #1 (see inset) for simulations with either gap only
IP3R (red trace) or all active (blue trace) at base parameters. When IP3R are restricted to
the gap, PMU [Ca2+] elevations are insufficient for uniporter activation.
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Figure 4-14 Homogeneous IP3 Results 3: Plasma Membrane Ca2+
Panel A plot shows the minimum [Ca2+] over time at the plasma membrane, where, with
all IP3R functional, elevations are well over 300 nM until about 600 ms. Distribution of
[Ca2+] at the membrane (Panel B) show greater impact of proximal PMU IP3R on the
membrane [Ca2+]; compare t = 174 ms (middle panel, dotted trace) when a PMU channel
opens and t = 148 ms for a gap channel (solid trace). Distributions in the lower pane
show that at the PMU-bulk cytosol interface (x=±0.4µm), the [Ca2+] may be less with a
gap channel active (dotted trace) than during recovery with no channels open (solid).

and ER, free and bound) is still reduced by a nominal 0.7%.
IP3R channel release in the PMU elevates the [Ca2+] sufficiently for more
uniporter activations (Figure 4-13), as opposed to the gap only channel simulations
(see Figure 4-5B). As shown in Figure 4-13B, the [Ca2+] at the uniporters located
most distant from the gap is considerably higher with PMU channels actively
releasing as opposed to the gap channels only. This in turn also transports more ER
lumenal Ca2+ out of the PMU through the uniporters, and is reflected in the larger
drops of free ER [Ca2+].
At the plasma membrane, the [Ca2+] is well over 300 nM for 600 ms, and
gradually drops back to baseline levels by 2 seconds (Figure 4-14A), as dictated by
the IP3 degradation envelope. This is a substantial increase over the previous
simulations where the membrane [Ca2+] only briefly exceeds 300 nM for roughly 200
ms (see Figure 4-6). Concentration profiles at the membrane for selected times
demonstrate the impact of proximal channel release (Figure 4-14B). Closer IP3R
channels elevate the [Ca2+] more than the distant gap channels, as expected (Figure
4-14B, middle panel). Also, when a gap channel is open (see profile for time t = 118
ms, Figure 4-14B lower panel), the minimal [Ca2+] at the PMU-bulk cytosol interfaces
(x = ±0.4 µm) are lower than during recovery (profile at time t = 105 ms). If the NSCC
are then located near these locations, it may experience [Ca2+] comparable to times
when no channels are active; thus the IP3R situated in the gap are probably not
directly involved in influencing the NSCC itself.
Variations of the transporter rates display influences of the SERCA and
uniporter on IP3R activity similar to those seen already (Figure 4-15), where
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increased SERCA uptake
strongly damps IP3R, and
increased uniporter flux rate
lowers the peak [Ca2+]
decreasing the negative
feedback on IP3R. Without
increased uniporter uptake,
greater SERCA density alone
prevents ER lumenal Ca2+ loss,
whereas with the uniporter
removing more Ca2+ from the
PMU, reductions of the ER
[Ca2+] exceeds 10 µM and
persist longer (Figure 4-15B).
At the plasma membrane,
although we see greater IP3R
activity and a higher [Ca2+]
elevation overall than with the
gap channel only simulation
suite, no reductions of [Ca2+]
below baseline occur. Overall,
change in the total [Ca2+]
(cytosolic, ER lumenal free and
buffered) is still less than 1%.
We then applied the
time-dependent uniporter
model again, and over a range
of transporter parameter
values, in an effort to obtain a
[Ca2+] reduction below baseline
at the plasma membrane
(Figure 4-16). Without an
increased uniporter rate,
however, such reductions do
not occur (Figure 4-16 upper
pane). Only when combined

Figure 4-15 Homogeneous IP3 Results 4:
Transporter Variation
Average [Ca2+] in the PMU (Panel A), ER lumen
(Panel B) and the minimal plasma membrane [Ca2+]
(Panel C) are shown for varied transporter rates as
noted.

with SERCA either at base or increased densities (by a factor of 10) do we obtain
drops of the [Ca2+] below 100 nM. They occur more rapidly with stronger SERCA
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uptake (Figure 4-16 bottom
pane). However,
reductions are at most
about 6% in either case (see
insets, Figure 4-16 middle
and bottom panes), and
within a few hundred
milliseconds of the timedelayed uniporter closure,
the [Ca2+] restores to
slightly above baseline
(beyond plotted timescale).
Figure 4-16 Homogeneous IP3 Results 5: Time Delayed
Uniporter
Time dependent uniporter at base flux rate (upper
pane), increased with base SERCA density (middle
pane) and with both rates increased (lower pane)
shown. Insets for middle and lower panes plotted at
smaller scale for visibility of the [Ca2+] reductions below
baseline. Such reductions are at most 6% at base and
about 4% at increased SERCA density.

And, despite the addition of
a time-delayed uniporter,
reductions in the total
[Ca2+] from the system are
only slightly more than 1%.
We expected more
uniporters to engage in the

time-delayed, refractory open phase with the full suite of IP3R channels functional.
This was not the case. Only the uniporters situated in the ER-MT gap experienced a
[Ca2+] high enough – given a threshold of 5 µM – to enter such a state. The plot in
Figure 4-17 compares the [Ca2+] encountered at the uniporter in the PMU closest to
the ER-MT gap. Although with all channels operational the [Ca2+] is certainly
higher, they do not exceed the activation threshold. The [Ca2+] distributions in the
PMU, when no IP3R are active and the time-delayed uniporters in the gap are in the
refractory-open state, are very similar to those observed in the prior suite of

Figure 4-17 Uniporter #4 [Ca2+]
Comparison
Solution of [Ca2+] at uniporter
closest to the gap (see inset, Figure
4-13B) compared between gap
channel only (red trace) and full
channel suite (blue trace)
simulations with time-delayed
uniporters. [Ca2+] elevations are not
sufficient to activate the time-delay
mechanism for a threshold set at 5.0
µM in either case.
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simulations as provided in the surface plot of Figure 4-9, and are not shown.
In these two simulation suites (with either channels in the gap alone or
throughout the PMU active), we only obtain reductions of the membrane [Ca2+]
below baseline by application of a time-dependent uniporter at an increased
uniporter transport rate. Throughout all these simulations, over all parameter
values and whether with a time-delayed uniporter or not, changes in the total
system [Ca2+] is at most about 1%. Also, the level of IP3R activity is, naturally,
constrained by the degradation profile of IP3 itself. Activity ceases by 2 seconds in
all cases.
Thus, when the IP3 signal is subject to degradation, we may obtain sufficient
elevation of the plasma membrane [Ca2+] for NSCC inhibition, and then reduction
below baseline for NSCC activation only with a time-dependent uniporter. Our
resorting to a non-physiological transport mechanism, however, suggests this is not
the case in the ICC. Alternatively, if the NSCC fully activates with a [Ca2+] below
375 nM as in Figure 2-11, we obtain inhibition only during the first 600 ms when all
IP3R are functional. This suggests we may need a stronger and more persistent IP3
signal to maintain inhibition of the NSCC at a K1/2 = 375 nM value over the time
scales of SD and SW generations experimentally observed on the order of seconds.

4.3 Constant	
  [IP3]	
  Signal	
  
The next round of simulations was with a constant level of IP3 set throughout
the ICC; there is no degradation of IP3 in any of these simulations. The concentration
chosen is somewhat arbitrary; the [IP3] in the ICC, as with so many other parameters,
is not well known. Concentrations are observed to be sufficient for IP3R activity
[110]. We first selected a value of 1.0 µM, which corresponds to the model of Faville,
et al [55], and then a second round of simulations with the [IP3] = 2.0 µM. As with
the degrading IP3 in previous simulations, we either set the channels in the ER-MT
gap or throughout the PMU to be functional.

4.3.1 ER-‐MT	
  Gap	
  Channels	
  Only	
  with	
  [IP3]	
  at	
  1.0	
  µ M	
  	
  
This first set of simulations with a constant, non-degrading IP3 stimulus is
with the suite of gap-only channels, whose results are shown in Figure 4-18. Since
the spatial distribution of the [Ca2+] in the gap and PMU during IP3R release is very
similar to those already encountered, as in surface plots of Figure 4-5, we do not
show them in this case.
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Figure 4-18 1.0 µ M [IP3] Gap Channels Results 1: Averages and Minimal [Ca2+]
Panel A shows the average [Ca2+] in the ER (upper pane) and PMU (lower pane) for a
simulation at reference transporter rates. Corresponding minimum plasma membrane
[Ca2+] over time is shown in Panel B. Panel C plots are of the minimal membrane [Ca2+]
for simulations with increased uniporter (upper pane), SERCA (middle) and both
increased (lower). Time-dependent uniporter results shown in Panel D, which plots the
minimal [Ca2+] at the membrane for parameters noted. Note the small concentration
scales in Panels B - D, which range over about 100 – 250 nM.

The level of IP3R activity is subdued; at this concentration of IP3, the open
probability is only around 2e-4 (see plot of the IP3R Po in Figure 3-6), so we do not
expect vigorous and frequent Ca2+ release. We observe only two temporal clusters of
channel activity at the outset of simulation (within 100 ms) and at around 7.5
seconds (Figure 4-18A). The channels in the gap tend to rapidly drive each other
into refractory states, and the IP3R activity interim time spans are largely dictated by
the durations of these states. Moreover, IP3R activity is so low that the free ER
lumenal [Ca2+] gradually elevates over 10 seconds due to uptake of Ca2+ released into
the PMU from the mitochondrial NCX (Figure 4-18A, upper pane).
At the plasma membrane, the minimum [Ca2+] never exceeds 300 nM (Figure
4-18B), and these minimums always occur at the PMU-bulk cytosol interfaces (not
shown), similar to the distributions observed in Figure 4-6. Varying the transporter
rates and their impact on plasma membrane concentrations is shown in Figure
4-18C. We do not obtain any reductions of the [Ca2+] below baseline in these
variations, although we do observe similar modulation of IP3R activity as seen

4-90

Chapter 4 - Results
previously. Increased
uniporter uptake does
not dampen IP3R release
nearly as much as larger
SERCA densities;
compare Figure 4-18C
Panel B, upper and lower
panes. However, at this
low level of IP3
stimulation, faster
removal by the uniporter
of the released ER Ca2+
inhibits subsequent IP3R
opening since the open
probability is initially so
low at the simulated
[Ca2+]. Note also the

Figure 4-19 1.0 µ M [IP3] Gap Channels Results 2: NCX
Influx and SERCA Uptake
Surface plot of PMU [Ca2+] for a reference parameter
simulation (Figure 4-18A and B) at 5 seconds shows
gradual NCX influx into PMU and uptake by the SERCA.
Note elevation of gap [Ca2+] above the PMU value; SERCA
activity at this concentration is not as high as in Figure 4-7.
Slight dips along edge of mitochondrial region are at sites
of uniporters that are only nominally active at this [Ca2+].

slight elevation above
baseline, and gradual increase to about 105 nM with the larger uniporter rate (Figure
4-18C, upper pane), displaying the dynamic steady-state between mitochondrial
NCX release and SERCA uptake; this results in a spatial distribution of the PMU
[Ca2+] similar to that shown in the surface plot displayed in Figure 4-19.
In order to reduce the [Ca2+] at the plasma membrane below baseline, we
resorted again to a time-dependent uniporter (Figure 4-18D). Such reductions
require an increased uniporter uptake rate, and occur with either base or increased
SERCA densities (Figure 4-18D, mid and lower panes). These give maximal
reductions of about 6%. Increased SERCA density alone with the time-delayed
uniporter at a base flux rate is insufficient, while also greatly reducing numbers of
IP3R release events (results not shown). Numbers of IP3R release events are quite
low; as seen in the plots, as few as 3 or 4 openings over a time span of 10 seconds
transpire. Interestingly, with the time-dependent uniporter at the base flux rate
(Figure 4-18D upper pane), clusters of IP3R openings are more frequent (2.5 seconds)
as compared to the reference simulation (7 seconds, in Figure 4-18B). The removal of
Ca2+ from the gap reduces the probability of IP3R entering refractory phases, but the
lower [Ca2+] also in turn reduces the probability of spontaneous openings; note the
infrequent peaks between the clusters at 200, 2,300 and 5,300 ms (Figure 4-18D upper
pane).
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Regarding the total [Ca2+] change for this simulation, we postpone presenting
this data until the next section. We compare this data with the total [Ca2+] changes
for simulations with the steady [IP3] at 1.0 µM, but with all IP3R operational, which
we turn to next.

4.3.2 All	
  Channels	
  Active	
  with	
  [IP3]	
  at	
  1.0	
  µ M	
  	
  
Results for the entire suite of channels throughout the gap and PMU active
with a constant IP3 signal of 1.0 µM are presented in Figure 4-20. We see greater
overall release activity, as expected, since we now have seven channels operating as
opposed to the previous three. A temporal cluster of IP3R release, at the reference
parameters, occurs sooner with this full suite of channels at around 4,500 ms (Figure
4-20A); compare with the cluster at around 7,500 ms in the prior simulation (Figure
4-18A). The mean closed dwell time for this simulation is around 160 ms; by
contrast, with only the gap channels active, the mean closed dwell time was about

Figure 4-20 1.0 µ M [IP3] All Channels Results 1: Average and Minimal [Ca2+]
Average ER lumenal and PMU cytosolic concentrations plotted in Panel A, upper and
lower panes, respectively. Corresponding minimum [Ca2+] at the plasma membrane
plotted in Panel B. Panels A and B are plots for a simulation at base reference
parameters. Panel C plots [Ca2+] at the membrane with elevated transport rates as noted.
Panel D is with the time-delayed uniporters at either base or increased rates as noted.
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290 ms. Without the spatial
confinement in the gap, the IP3R
do not drive each other into
refractory closed states so much,
and tend to open more frequently.
The greater channel number and
lack of spatial confinement for all
channels is reflected in the higher
peak average PMU [Ca2+] (Figure
4-20A, lower pane) although
minimal concentrations at the
plasma membrane (Figure 4-20B)
only briefly elevate above 300 nM.
Variation of transporter
rates demonstrate the same pattern
as before, where strong SERCA
uptake greatly dampens IP3R
openings, and increased uniporter

Figure 4-21 1.0 µ M [IP3] All Channels Results 2:
Time-dependent uniporter reduction of ER
[Ca2+]
Plots of average ER lumenal and PMU cytosolic
[Ca2+] corresponding to the simulation with a
time-dependent uniporter at an increased flux
rate and SERCA at base density in Figure 4-20D,
middle pane. Uniporter reduction of gap [Ca2+]
down to 60 nM (as in Figure 4-11) in turn drives
SERCA in reverse, slowly draining ER Ca2+ into
the PMU.

uptake lowers the peak [Ca2+] level while extending their overall activity (Figure
4-20C). Yet, in none of these simulations were any reductions below baseline at the
plasma membrane obtained.
We applied again a time-dependent uniporter, and, as with the gap-only
channel results, an increased uniporter uptake rate is required for the [Ca2+] at the
membrane to drop below baseline (Figure 4-20D). Resulting maximal reductions are

Figure 4-22 1.0 µ M [IP3] Total [Ca2+] Comparison
Panel A compares total [Ca2+] (free cytosolic and ER lumenal as well as buffered) for
simulations with only the gap channels active, between the different transport
parameter variations as noted in the legend. Only with a time-delayed uniporter does
the total [Ca2+] reduce below the initial value. A similar trend emerges with the full suite
of IP3R channels active (Panel B), except for the increased uniporter without timedependency.
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around 7%. Similar to the degrading IP3 simulations, none of the PMU uninporters
experience high-enough concentrations of Ca2+ to enter the refractory-open states; all
the time-delayed uniporter activity is in the ER-MT gap. These reductions are at the
cost of diminished IP3R activity; fewer opening events occur as seen in the plots.
This in turn reduces impact on the ER lumenal [Ca2+], where levels are transiently
reduced, at most, by about 5% (not shown).
A collateral effect of the time-dependent uniporter is the gradual reduction of
2+

ER [Ca ] (Figure 4-21, upper pane), instead of the gradual increase as in Figure
4-20A, upper pane. During the refractory-open phase of the uniporter, the [Ca2+] in
the gap drops well below baseline (as in the surface plot of Figure 4-11); this in turn
drives the SERCA in reverse, since the ER lumenal [Ca2+] is near resting levels. See
the plot of the modeled SERCA behavior in Figure 3-9 where this reversal behavior
dependency on cytosolic [Ca2+] is shown.
Changes in the total [Ca2+], for both simulations with either just the gap
channels or all of them active, are mostly elevations (Figure 4-22). Similar to the
prior simulations with a degrading IP3, only with time-delayed uniporters at
increased uptake rates does the total [Ca2+] throughout the cytosol and ER drop,
with one notable exception, however. With all IP3R operational at this constant IP3,
and an increased uniporter uptake rate, the total [Ca2+] is reduced, albeit overall less
so than with the time-delayed uniporter (Figure 4-22B). The total [Ca2+] lost is
greater with the non-time dependent, increased flux rate uniporter up to about 3
seconds. No reductions in the plasma membrane [Ca2+] below baseline occur
without the time-delay mechanism, however. With a time-delayed uniporter, the
total [Ca2+] continues to fall, and the reductions observed in Figure 4-22 result. This

Figure 4-23 2.0 µ M [IP3] Gap Channels Results 1: Averages and Minimal [Ca2+] at
Reference Transporter Rates
Panel A shows the average concentrations in the ER lumen and PMU cytosol, upper and
lower panes, respectively. The stronger and persistent [IP3] maintains a steady IP3R
release of ER Ca2+. Elevations of the [Ca2+] at the plasma membrane (Panel B), show a
steady maintenance of concentrations over 200 nM for 10 seconds.
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suggests if we increase the total [Ca2+] loss, then reductions of membrane [Ca2+]
below baseline may be possible without the artificial time-delayed uniporter
mechanism. For the next suite of simulations, we then increased the strength of the
constant IP3 stimulus, with the aim of releasing more ER lumenal Ca2+, stimulating
more uniporter Ca2+ removal, and possibly obtaining such reductions without
resorting to a non-physiological uniporter modification.

4.3.3 ER-‐MT	
  Gap	
  Channels	
  Only	
  with	
  [IP3]	
  at	
  2.0	
  µ M	
  	
  
The initial set of simulations with a constant IP3R stimulus with a 2.0 µM [IP3]
was performed, as in prior trials, with only channels in the gap functional.
Compared with the 1.0 µM [IP3] result, activity is significantly higher overall as seen
in Figure 4-23. The open probability for IP3R at baseline [Ca2+] of 100 nM is now 5e3, fully an order of magnitude greater than with a 1.0 µM [IP3], and the results reflect
this. Instead of gradual increases in the free ER lumenal [Ca2+], we observe steady
losses down to 170 µM by 10 seconds at base, reference parameters for the
transporters, and losses do not slow down within that time frame. The average
PMU [Ca2+] is steadily maintained at around 500 nM (Figure 4-23A, lower pane),
while at the plasma membrane, the minimal concentrations are over 200 nM for the
duration (Figure 4-23B). Within
the first 4 seconds, only briefly
do minimal levels fall below 300
nM.
With the uniporter
transport flux rate increased –
with no time-dependency – and
the SERCA at base density, we
obtain a reduction below the
baseline [Ca2+] at the plasma
membrane (Figure 4-24, lower
pane). This is the first time of all
simulations presented so far that
no time-dependent uniporter
modification was necessary. ER
calcium losses are significant,
reducing the free [Ca2+] down
about 100 µM (Figure 4-24,

Figure 4-24 2.0 µ M [IP3] Gap Channels Results 2:
Increased Uniporter, Base SERCA Ave. and Min.
[Ca2+]
The average and minimal [Ca2+] is shown (uppermid and lower panes, respectively) for a
simulation with elevated uniporter uptake and no
time-dependency. Note reduction of the ER [Ca2+]
by half to 100 µM by 10 s, and during IP3R
inactivity, the membrane [Ca2+] drops below
baseline at about 9.5 seconds (dotted line, lower
pane).
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Figure 4-25 2.0 µ M [IP3] Gap Channels Results 3: Increased Uniporter [Ca2+]
Distributions
Panel A details the average PMU [Ca2+] over 9.5 to 9.6 seconds (upper panel) and
corresponding [Ca2+] distributions at the membrane for times indicated by vertical ‘+’
bars for simulation presented in Figure 4-24. Solution profile at time 9.523 s (solid trace,
mid pane), where IP3R release elevates the [Ca2+] only to 300 nM, reflects the ER
depletion by this time, and the minimal values are comparable with the [Ca2+] at x = ±0.4
µm when no IP3R are active (dotted trace). Distributions of [Ca2+] show reduction below
baseline occurs at ER-PMU-plasma membrane interface where the SERCA are pumping
Ca2+ back into the ER (x = -0.4 µm, lower pane). Surface plot in Panel B shows the
dynamic steady-state between NCX efflux and SERCA uptake; note slight peaks along
the mitochondrial boundary at uniporter sites, indicating their reverse activity at this
low PMU [Ca2+].

upper pane), and these are reflected in the progressively lower peak average PMU
and minimal membrane [Ca2+] during IP3R release over the simulated time (Figure
4-24, middle and lower panes). Drops below baseline at the membrane are initially
at about 9500 ms (Figure 4-25A, lower pane), and occur at the left-end PMU bulk
cytosol interface (x = -0.4 µm). This is due to the SERCA uptake, driving the PMU
[Ca2+] down since the ER lumenal concentrations are so low. Also, as soon as an IP3R
channel opens in the gap, the membrane [Ca2+] elevates again, but not dramatically;
in fact, at the endpoints – near the bulk cytosol – concentrations are nearly the same
as during a recovery phase (Figure 4-25A, middle pane). When the IP3R fall inactive,
a gradient forms across the PMU, as shown in the distribution at the membrane
(Figure 4-25A, lower pane) and the surface plot at the simulation end (Figure 4-25B),
due to NCX Ca2+ influx from the mitochondria and SERCA uptake.
We performed simulations with elevated SERCA density as well, and only in
combination with increased uniporter uptake do we obtain significant reductions of
the membrane [Ca2+] below baseline (Figure 4-26). (With only the SERCA density
increased, reductions eventually do occur, but to a lesser degree, and the results are
not shown.) Reduction in the ER [Ca2+] is significant (about 30 µM after 10 seconds),
but overall IP3R activity is suppressed. Drops below baseline occur before 4 seconds,
but are at most a nominal 1%. Not until a large cluster of IP3R release events at
around 4.5 seconds and subsequent recovery at 5 seconds, do membrane
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concentrations of Ca2+ begin
to fall significantly below
baseline (about 4%).
Reductions frequently recur,
and are always during the
IP3R activity interims (Figure
4-26).
The change in total
[Ca2+] (free cytosolic, ER
lumenal and buffered) shows
the impact of increased
Figure 4-26 2.0 µ M [IP3] Gap Channels Results 4:
Increased Uniporter and SERCA
Upper and middle panes show the average ER lumenal
and PMU cytosolic [Ca2+] for a simulation with both
uniporter and SERCA rates increased. The minimal
plasma membrane [Ca2+] shown in the lower pane
indicates frequent drops below the initial [Ca2+].

uniporter uptake (Figure
4-27). By far, the simulation
with only the uniporter
transport rate increased
reduces the total [Ca2+] more
than any other combination.

The total [Ca2+] throughout the system is reduced by over 700 µM. By comparison,
the SERCA rate increase in solo hardly changes the total at all over 10 seconds; this is
not surprising given the competition between the uniporter and SERCA for any Ca2+
released into the PMU. If
SERCA outcompetes the
uniporter for free Ca2+,
then the total [Ca2+]
should remain about the
same. Alternatively, it is
interesting to note that
with both transport rates
increased, total change in
[Ca2+] is roughly similar
to the reference
parameter simulation,
yet we obtain reductions
in the [Ca2+] below
baseline at the
membrane. It is the
stronger SERCA uptake
that provides the

Figure 4-27 2.0 µ M [IP3] Gap Channels Results 5: Total
[Ca2+] Impact
Varying transport parameter impact on total [Ca2+] (free
cytosolic, ER lumenal and bound) is shown. The uniporter
increase in solo removes dramatically far more Ca2+ from
the system than any other combination. Increasing just
SERCA reduces total loss, since the pumps outcompete the
uniporter for free Ca2+ in the PMU.
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Figure 4-28 2.0 µ M [IP3] All Channels Results 1: Reference Parameters
Panel A shows average ER lumenal (upper pane) and PMU (lower pane) [Ca2+] for a
simulation with all IP3R throughout the PMU and ER-MT gap operational. IP3R activity
persists at this [IP3] as with the gap-only simulations, but the overall peak PMU [Ca2+] is
higher and the ER lumenal [Ca2+] drops by nearly 40 µM after 10 seconds. Panel B plots
minimal [Ca2+] at the plasma membrane, which stays above 350 nM for the duration.

reductions, driving the PMU [Ca2+] down during the rapid recovery of ER lumenal
Ca2+. Compare as well these total [Ca2+] losses with the steady increases when the
[IP3] is set to a constant 1.0 µM (Figure 4-22), demonstrating the effect of higher IP3R
activity on the transfer of Ca2+ from the ER to the uniporter: more IP3R release
provides more Ca2+ available for uniporter uptake. This in turn permits the SERCA
to reduce the PMU [Ca2+] with no time-dependent uniporter modifications.

4.3.4 All	
  Channels	
  Active	
  with	
  [IP3]	
  at	
  2.0	
  µ M	
  
Now with all IP3R throughout the PMU and gap active (Figure 4-28), at the
reference transport parameters, we obtain a comparable reduction in the ER lumenal
[Ca2+] to the gap channel only simulation (see Figure 4-23A), but with markedly
higher average PMU [Ca2+] (Figure 4-28A, upper pane). At the plasma membrane,
the [Ca2+] is over 300 nM for the duration (Figure 4-28B). Although displaying a
significant depletion of about 40 µM over the 10 seconds simulated time, the gradual
ER Ca2+ loss is not sufficient to reduce the Ca2+ release through the IP3R such that the
membrane [Ca2+] drops below about 350 nM. No reductions below the baseline
concentration occur.
We again varied the uniporter uptake rate, increasing it by a factor of 10, and
we do not obtain any reduction below baseline in contrast to the gap channel only
simulation (Figure 4-29). This is most likely due to simply more functional channels:
the reductions observed in (Figure 4-24) occurred when all the IP3R were in
refractory-closed states. With the channels in the PMU operational as well, the
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likelihood of all channels
shutting off is simply less,
especially at this level of IP3
stimulation and without all
channels subject to the
spatial confinement of the
gap.
The ER lumenal
[Ca2+] is lower with all IP3R
active (down to about 80
µM, Figure 4-29, upper pane)
than with only the gap
channels (down to about 100
µM, Figure 4-24), yet the
membrane [Ca2+] remains
well above baseline in this

Figure 4-29 2.0 µ M [IP3] All Channels Results 2:
Increased Uniporter
Simulation with stronger uniporter uptake (by factor of
10) greatly reduces the ER lumenal [Ca2+] by 120 µM
(upper pane), reflected in gradually smaller elevations
of PMU average and membrane [Ca2+] (mid and lower
panes).

instance (Figure 4-29, lower
pane). The release of Ca2+ through the IP3R elevates PMU concentrations above
baseline, as expected, and reductions below are only possible during phases of IP3R
inactivity. Eventual total exhaustion of the ER Ca2+ store may change this fact, but it
does not occur within the 10 seconds simulated time for this transporter parameter
suite.
Combining the increased uniporter uptake with a larger SERCA density does

Figure 4-30 2.0 µ M [IP3] All Channels Results 3: Increased Uniporter and SERCA
Simulation results shown with the uniporter flux rate and SERCA density increased (by
factors of 10). The average [Ca2+] in the ER and PMU (Panel A, upper and mid panes)
and the minimum membrane [Ca2+] (lower pane) are shown. Distributions of the [Ca2+]
at the membrane is shown for times indicated in Panel B, upper pane. Note the impact
of proximal IP3R, where the peak membrane [Ca2+] is higher at 3,277 ms but the average
[Ca2+] is lower. During IP3R inactivity, the distribution shows NCX efflux and SERCA
uptake across the PMU (lower pane). The minimum [Ca2+] occurs at closest point
between ER-plasma membrane at x = -0.4 µm.
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reduce the membrane [Ca2+] below baseline (Figure 4-30A, lower pane), and the
reductions occur during IP3R inactivity. Initial drops below baseline are about 4% at
around 1.3 seconds; comparable gap-channel only simulations obtained reductions
at around 4 seconds (Figure 4-26). Reductions frequently recur since the stronger
SERCA uptake dampens IP3R release, as seen in previous simulations, and the
SERCA respond to the lower ER lumenal [Ca2+] by driving down the PMU Ca2+. The
distribution of [Ca2+] at the membrane due to the dynamic between NCX efflux and
SERCA uptake during these phases is demonstrated in Figure 4-30B. The minimums
occur at the ER-membrane proximal region (x = -0.4 µm). Note, in simulations
where the SERCA density is increased without stronger uniporter uptake,
reductions below baseline are observed but take considerably longer to occur (not
shown).
To better observe the impact of the uniporter and SERCA on the PMU [Ca2+],
we performed trials with either the uniporter or the SERCA completely inoperative
(Figure 4-31). These were with all IP3R throughout the PMU and gap functional and
the [IP3] was still set to 2.0 µM. With no SERCA recovery of ER Ca2+, the uniporter’s
removal of total Ca2+ appears to continue indefinitely; there is no apparent
exponential decay profile to the ER lumenal [Ca2+] reduction, and it is instead linear
in appearance (Figure 4-31A). Although eventual ER Ca2+ store exhaustion will
surely reduce IP3R flux rates and PMU [Ca2+] should drop, we do not observe this
over the 10 second simulated time scale. Alternatively, when the uniporter is not
removing Ca2+ from the system, concentrations are fairly stabilized; there is no
gradual ER lumenal [Ca2+] reduction or any diminishing IP3R flux rate (Figure

Figure 4-31 2.0 µ M [IP3] All Channels Results 4: Inactive SERCA or Uniporter
Panel A plots of simulation with SERCA pumps completely turned off and uniporter
flux rate increased by factor of 10. A steady depletion of the ER [Ca2+] down to about 80
µM results since no ER Ca2+ is recovered by way of the pumps, and the PMU [Ca2+]
elevation remains at nearly micromolar levels throughout. Panel B are results from a
simulation with the uniporter inactive and SERCA at base density. Since no Ca2+ is lost
from the ER-cytosolic system to the mitochondria, concentrations throughout do not
gradually drop. Ca2+ is simply transferred back and forth between the ER and cytosol.
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4-31B). In this scenario, Ca2+ is
simply transferred back and
forth between the ER and
cytosol. Hence, both SERCA
and uniporter transport in
tandem is required for
maintenance of the ER lumenal
[Ca2+] and any reductions in the
PMU [Ca2+] below baseline.
Another trial was
performed with only the PMU
IP3R channels active (Figure
4-32). Instead of the ER-MT gap
only or all channels functional,
we deactivated the channels
situated in the gap, and ran a
simulation with an increased
uniporter flux rate and the
SERCA at base density. Results
indicate the gap channels are
very efficient at transferring ER
Figure 4-32 2.0 µ M [IP3] All Channels Results 5:
PMU IP3R Only
Plots for the simulation with only IP3R situated in
the PMU proper functional (region Ω1a – see
geometry in Figure 3-16), with the uniporter
increased by 10 and SERCA at base density.
Without the gap IP3R releasing Ca2+ directly
opposite uniporters, ER Ca2+ losses are not as
significant. The [Ca2+] directly at a uniporter
channel mouth in the gap (uniporter #6, see Figure
4-13) is compared between this simulation (red
trace) and one with all IP3R operational (blue trace).
Without gap IP3R activity, gap uniporters
encounter significantly less Ca2+, and thus less total
[Ca2+] is removed.

Ca2+ to the uniporter (Figure
4-32A, upper pane). The ER
lumenal free [Ca2+] is now
reduced only about 60 µM, as
opposed to the roughly 120 µM
drop when the gap channels are
also active for the same
transporter parameters (Figure
4-29). This diminished loss of
ER Ca2+ is reflected in the strong
and persistent PMU [Ca2+]

elevation over the simulated timescale (Figure 4-32A, middle and lower panes). It
appears, extrapolating from the result, eventually the ER lumenal [Ca2+] will lower
enough such that the PMU [Ca2+] will correspondingly drop, but the time span
required for this to occur is clearly more so than with all the channels functional.
This is since the uniporters in the gap are not removing as much Ca2+, since less Ca2+
is encountered during release by IP3R in the PMU (Figure 4-32B). The [Ca2+] at a

4-101

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal
uniporter in the gap is compared between a simulation with the gap channels active
and one without, showing the peak [Ca2+] differs considerably. Moreover, since
there is no buffering in the
gap, the Ca2+ there is all
freely available for removal;
hence, the gap is an efficient
Ca2+ transport regime
between the ER and
mitochondria.
Total [Ca2+]
reductions are plotted in
Figure 4-33 for simulations
with all IP3R active, at the
reference and increased
transporter rates. We
observe again the dramatic
effect of increased uniporter
uptake – in solo – as

Figure 4-33 2.0 µM [IP3] All Channels Results 6: Total
[Ca2+] Comparison
Total [Ca2+] (free ER lumenal, cytosolic and bound)
shown for four simulations with transport parameters
as noted. Increased uniporter alone is with the most
significant redution by about 800 µM.

compared to all other combinations. Over 800 µM of [Ca2+] is removed from the
system in this instance; compare with the removal of about 650 µM or so when only
the gap channels are active (Figure 4-27), reflecting the effectiveness of the ER-MT
gap in transferring ER Ca2+. Note as well, when both the uniporter and SERCA rates
are increased in these simulations with all IP3R, we observe greater total [Ca2+] losses
than when only the gap channels are operational. More uniporters activate
throughout the PMU with the correspondingly higher average [Ca2+]; this allows the
uniporters to compete more effectively with the stronger SERCA pump activity than
before with only the gap IP3R; compare with Figure 4-27.
With an [IP3] of 2.0 µM, we then obtain significant IP3R activity in either the
gap-only or full suite of channel simulations. The ER lumenal [Ca2+] is reduced
substantially from 30 up to over 100 µM. Elevations of the [Ca2+] at the plasma
membrane are well into the hundreds of nanomolar, and, depending on the ER
lumenal [Ca2+], also fall below 375 nM (the NSCC K1/2 in Figure 2-11) and the baseline
100 nM given sufficient SERCA and / or uniporter activity. Impact on the total
[Ca2+] throughout the ER and cytosol are far more dramatic with this level of IP3R
activity than at the [IP3] = 1.0 µM simulations, and these reductions in total system
Ca2+ in turn permit reductions of the [Ca2+] at the plasma membrane without
resorting to the non-physiological time-dependent uniporter.
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Overall, of the two main categories of simulation either with a degrading or
constant [IP3], we can obtain reductions of the [Ca2+] below baseline at the plasma
membrane. In the degrading case, such reductions require the time-dependent
uniporter, and the spatial location of these reductions is typically at the center of the
PMU membrane (see Figure 4-11). With a constant and sufficiently strong IP3
stimulus, the reductions occur without the uniporter time-dependency, and their
spatial location is typically at the bulk-cytosol and PMU interface near the ER (see
Figure 4-25 and Figure 4-30). Moreover, increased uniporter flux rate or SERCA
densities are required; base transporter rates – which we have assumed – are
insufficient regardless of the IP3 signaling variety.
As regards inhibition of the NSCC, elevations of [Ca2+] above either the 120
[55] or 375 nM [150] marks are obtainable, but depend on the level and duration of
IP3R activity. Almost any IP3R activity is sufficient for occasional elevations above
120 nM, whether with channels just in the gap or throughout the PMU, whereas the
higher threshold level of 375 nM requires more IP3R activity and is aided by
proximity to the membrane. With degrading IP3, these elevations are naturally
confined within the envelope of IP3 decay and consequent IP3R activity reduction
(Figure 4-14). Alternatively, a constant [IP3] of 1.0 µM is not quite adequate for
maintaining the membrane [Ca2+] above 120 µM except within the brief clusters of
IP3R release events (Figure 4-20). With the [IP3] set at a fixed 2.0 µM, elevations are
readily maintained above this level (Figure 4-28), and above the 375 nM mark as
well, depending on transporter rates.
Paradoxically, the elevations of [Ca2+] above either of these possible K1/2
values for the NSCC are dependent on the rates of either uniporter uptake or SERCA
density, which in turn are required for the reductions of the [Ca2+] below these
levels. For instance, with the [IP3] at 2.0 µM and all IP3R functional, we observe a
steady elevation of the membrane [Ca2+] above 120 or 375 µM; but, in order to reduce
the [Ca2+] again below these levels, increased uniporter and/or SERCA density is
also required. Additionally, with an initial impulse of [IP3] at around 2.0 µM
combined with steady degradation, elevation of the [Ca2+] above either K1/2 value
and reduction below are possible, but requires again a non-physiological uniporter
to obtain any reductions below baseline.
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5 Discussion	
  
We have constructed a reaction-diffusion model of the spatio-temporal
calcium dynamics in the ICC PMU. Our model coupled a stochastically
transitioning IP3R model, representative of individual channel dynamic responses
over a microsecond timescale, to locally changing concentrations of IP3 and Ca2+.
This IP3R model was applied to multiple boundaries within our reaction-diffusion
model, effectively simulating the behavior of a cluster of IP3R channels in a spatially
confined region, the PMU. The stochastic release of Ca2+ into the PMU in turn
activated removal of Ca2+ by a deterministic model of mitochondrial uniporters. We
spatially arranged IP3R and uniporters in configurations either maximizing potential
Ca2+ transport between them, i.e., the ER-MT gap, or at a distance with cytosolic Ca2+
buffering in the intervening space, i.e., the PMU proper. The combined release of ER
Ca2+ and mitochondrial uptake represented the integrated transport of cytosolic Ca2+
evidently central to the GI tract pacemaking signals generated by the ICC.
Our model also coupled the PMU cytosolic and ER lumenal regions with a
homogenized space. This homogenized space was coupled to the non-homogenized
via boundary condition matching (both solutions and gradients), and permitted
representation of both the cytosolic and ER lumenal [Ca2+] in the ICC bulk interior
without inclusion of ER geometric detail. This greatly reduced the computational
expense in solving our model.

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal
We solved our homogenized, stochastic and deterministically coupled model
with an unstructured finite element spatial discretization and an adaptive timestepping time integration method (detailed in Appendix A Solution Methods). The
model of stochastically transitioning IP3R was coupled with the finite-element time
integrator by means of the hybrid Gillespie method, permitting only relevant
channel transitions (opening and closing) to affect the progress of the time integrator
– another reduction in computational expense (also detailed in Appendix A).
Since numerous parameters in the ICC are simply unknown, we varied the
level and distribution of IP3 stimulus and some of the transporter rates. Two
primary categories of IP3 stimulation were applied: a degrading pulse (either
spatially localized near the plasma membrane of the PMU or homogeneously
distributed throughout), and a constant, homogenously distributed concentration.
We focused transporter rate variations on the SERCA protein density, and hence
level of SERCA uptake into the ER, as well as the mitochondrial uniporter uptake
flux rate.
Our objective in assembling this model was the exploration of conditions
where the [Ca2+] in the PMU may both elevate sufficiently for inhibition of the NSCC
and reduce for its activation. The Sanders hypothesis proposed the mechanism for
this dual [Ca2+] elevation and reduction is the integrated transport of Ca2+ between
the ER and mitochondria by the IP3R channels, uniporters and SERCA pumps. The
integrated transport is also posited to occur within the spatially confined PMU
subregion of the ICC; hence our model’s focus on Ca2+ transport within an idealized
PMU.

5.1 Implications	
  for	
  the	
  Sanders	
  Hypothesis	
  
The Sanders hypothesis proposed that transient reductions in the PMU [Ca2+]
are the fundamental mechanism producing SD of the ICC membrane that in turn
generate SW of gastro-intestinal contractions [150]. The proposed sequence of
events producing such [Ca2+] reductions is:
1. IP3R release ER Ca2+ into PMU;
2. Mitochondrial uptake removes more Ca2+ than released;
3. SERCA pumps decrease the PMU [Ca2+] during ER store recovery;
4. The NSCC activates and initiates electrical activity.
One crucial observation underlying this hypothesis is that SW activity depends on
the activation of IP3R [77, 110, 185, 190]; in the absence of IP3, or if the IP3R are
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blocked, SW do not occur. Hence, this hypothesis requires a mechanism whereby
the resting [Ca2+] does not activate NSCC, but, paradoxically, Ca2+ release via the
IP3R causes a local decrease in concentration below baseline. The hypothesis thus
has a twofold requirement for the PMU [Ca2+]: adequate elevation of [Ca2+] for NSCC
inhibition, and adequate reduction of [Ca2+] for NSCC activation. We consider our
results in light of these two requirements.

5.1.1 PMU	
  [Ca2+]	
  Reductions	
  
We note here our model was designed to maximize, as far as physiologically
reasonable, the effectiveness of Ca2+ transporter removal from the PMU. This
included a fixed mitochondrial [Ca2+], which ensures the uniporter uptake rate
continues to operate without any attenuation due to [Ca2+] elevations within the
mitochondrial matrix. This also restricted the NCX efflux transport of Ca2+ back into
the PMU. Additionally, the ER lumenal [Ca2+] was set at a relatively low value of
200 µM, where in other cell types resting values are 500 µM or higher [119], enabling
relatively quick depletion of ER Ca2+ reserves. These conditions were set within the
PMU geometry configuration we constructed, which permitted maximal transfer of
Ca2+ between the IP3R and uniporters as in the ER-MT gap. The transport rates of
SERCA pumps and uniporters were additionally varied over orders of magnitude,
allowing exploration of extreme conditions necessary for PMU [Ca2+] reductions.
In our simulations, we obtain reductions of the PMU [Ca2+] below baseline at
the plasma membrane only under certain conditions.
•

A degrading IP3 signal (either a plasma-membrane localized impulse,
diffusing into the PMU or a homogeneously-distributed pulse) cannot, by
itself, provide a decrease in [Ca2+] below baseline (Figure 4-6 or Figure 4-14).
•

Increased SERCA density or uniporter flux rate by an order of
magnitude, either alone or in tandem, is further inadequate for such
reductions (Figure 4-8 or Figure 4-15).

•

Increased SERCA or uniporter transport combined with a timedependent uniporter inactivation mechanism (shutting off slower than
activating) decreases the [Ca2+] below baseline (Figure 4-10 or Figure
4-16). However, we know of no physiological justification for a timedependent mitochondrial uniporter inactivation mechanism.

•

A constant IP3 signal of sufficient strength at 2.0 µM depletes the ER Ca2+
reserve approximately 5 – 10 seconds after IP3 application, with a consequent
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decrease in total Ca2+ from the PMU, when combined with uniporter
transport increased an order of magnitude (Figure 4-27 or Figure 4-33).
Under these conditions, the PMU reaches a steady state where stochastic IP3R
activations result in transient peaks of [Ca2+], but in the intervening times the
[Ca2+] at the plasma membrane are driven below baseline, which require that
SERCA transport is also increased (Figure 4-26 or Figure 4-30). If such
decreases below baseline were adequate to activate the NSCC, then the
simulations would predict stochastic activation of the NSCC.
Hence, our model predicts that, if we do not have a time-dependent
uniporter – for which no experimental evidence exists – then reductions in the [Ca2+]
below baseline will only occur at a maintained and sufficiently large [IP3], and they
occur only during periods of IP3R inactivity. If the decrease of [Ca2+] was sufficient
to active the NSCC, then our simulations predict elevating the [IP3] will eventually
result in stochastic activation of the NSCC. On the other hand, reduction of [IP3] in
turn lowers IP3R Ca2+ release, permitting restoration of ER lumenal [Ca2+] (and total
PMU Ca2+), reduction of PMU [Ca2+] back to baseline, persistent activation of the
NSCC, and elimination of SW activity (see Figure 2-12, showing persistent inward
currents of the NSCC).
Thus our model provides a mechanism whereby the NSCC can be activated
by elevations in [IP3] and consequent localized reductions of the PMU [Ca2+]. This
mechanism is dependent on depletions of ER Ca2+ by transfer to the mitochondria
through the uniporter. It is
the timescale for this
depletion that determines
the timescale for NSCC
activation. These depletions
are necessarily related to the
rate of uniporter uptake,
strength of IP3 signal and
level of IP3R activity.
Increased [IP3] stimulates
greater IP3R activity, more
Ca2+ transfer to the
mitochondria and thus more
Ca2+ loss over a shorter
timescale (Figure 5-1). The
losses may in turn translate
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Figure 5-1 Constant [IP3] =8 µ M, All IP3R, 10x
Uniporter Flux, Base SERCA Density
Average ER (upper pane), PMU (middle) and
minimum plasma membrane (lower) [Ca2+] shown for
simulation with a very strong IP3 signal. Depletion of
ER Ca2+ by 50% is by 2 seconds, although membrane
[Ca2+] remain at around 500 nM out to 5 seconds.
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into faster reductions of PMU
membrane [Ca2+] and NSCC
activations than at lower levels
of IP3 stimulation. These
model results are consistent
with proposals that ER
calcium store cycling is the
mechanism for determining
time scales of SD and SW [40,
150, 185].
With their
compartmental model, Faville,
et al. demonstrated reductions
in [Ca2+] up to 25% below
baseline (Figure 5-2), in turn
generating regular membrane
depolarization oscillations
[55]. We obtain comparably
scaled reductions but only
with time-dependent
uniporters, for which no
physiological evidence exists.
Moreover, we cannot
reproduce their almost
simultaneous IP3R calcium
release and [Ca2+] reduction in

Figure 5-2 Compartmental ICC Model Results
Faville, et al. [55] simulation results are shown for ER
(upper panel A), ER-MT gap PMU (middle panel B)
and PMU proper (lower panel C) [Ca2+] in their
compartmental model. They obtained apparently
simultaneous ER Ca2+ release (via their IP3R model),
sharp gap [Ca2+] elevation, and PMU [Ca2+] reduction
of around 25% below their initial baseline of 120 nM.
(Source, [55], Fig. 4)

the PMU, even when uniporter rates are increased by two orders of magnitude
(computations not shown). Instead, our simulations with a maintained high [IP3]
show a reduction in cytosolic [Ca2+] only over about 10 seconds, depending on
uniporter uptake and [IP3] strength. In simulations with uniporter uptake blocked,
total Ca2+ reductions are negligible and the PMU [Ca2+] remains well into
micromolar ranges (Figure 4-31B); Ca2+ is simply transported back and forth between
the ER and cytosol. The closely apposed IP3R and uniporters in the gap are very
efficient at transport of ER Ca2+: simulations with these channels inactivated show
that gap Ca2+ transport is responsible for a significant portion of the total PMU [Ca2+]
loss (Figure 4-32A). Our results thus indicate ER Ca2+ depletion is due to
mitochondrial uptake; this is consistent with observations where disruption of
mitochondrial uniporter uptake ceases slow waves [190]. Comparison with
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experimentally observed ICC cytosolic [Ca2+] shows qualitatively similar reduction
trends as in Torihashi, et al. (see Figure 2-15) [180], or Park, et al. [132], suggesting
ER Ca2+ store depletions occur in the ICC. Our simulations though may
underrepresent total mitochondrial uptake either by too few uniporters in the model
or by exclusion of the poorly characterized rapid uptake mechanism, or ‘RaM’ [67].

5.1.2 NSCC	
  Inhibition	
  
The persistent inward currents measured by Koh, et al. (see Figure 2-12)
indicate some mechanism must maintain an elevated [Ca2+] in the PMU sufficient for
inhibition of the NSCC, otherwise, with persistent NSCC currents, no SW signals are
produced [97]. We obtain a [Ca2+] at the PMU plasma membrane over baseline
under any condition giving IP3R release. When IP3 is subject to degradation, either
with the gap only or all channels functional, resulting IP3R activity elevates the
membrane [Ca2+] over 100 nM for about a second – at base reference transporter
rates (Figure 4-6 and Figure 4-14). Without degradation, for sufficient [IP3], such
elevations are easily maintained for the entire 10 second duration (Figure 4-23, and
Figure 4-28).
If, however, the NSCC inactivation curve is as shown in Figure 2-11, where
the K1/2 is roughly 375 nM [55], then a difficulty emerges. In order to prevent NSCC
activations, the [Ca2+] must be maintained significantly higher than the normal
baseline concentration of about 100 nM observed in many cells [14]. Within the

Figure 5-3 PMU [Ca2+] Elevation Containment
Surface plot in Panel A shows the [Ca2+] during IP3R activity in the PMU and diminished
impact on surrounding bulk cytosol. Peak [Ca2+] in the PMU are up to 25 µM, yet bulk
cytosol concentrations remain under 1 µM, demonstrating impact of the diffusive
restrictions forming the spatial PMU pocket. Plots in Panel B compare the average [Ca2+]
in the PMU (lower pane) and the bulk cytosol (upper pane) during a simulation with
[IP3]=2.0 µM, and all IP3R active. Although the diffusive containment of the PMU
diminishes the elevations of [Ca2+] observed in the bulk cytosol, they nevertheless
remain well over baseline concentrations of 100 nM.
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PMU, this is obtainable with
sufficient IP3R activity, but
then the [Ca2+] in the bulk
cytosol is elevated over 100
nM as well (Figure 5-3).
Although the PMU contains
the vast majority of the peak
[Ca2+] to within its spatially
confined region (Figure
5-3A), the bulk cytosol still
encounters significant [Ca2+]
2+

Figure 5-4 Elevated Resting PMU [Ca ]
Surface plot showing distribution of Ca2+ with pumps
and leakages into and out of PMU manipulated to
produce an elevated PMU [Ca2+] over the 375 nM K1/2
NSCC value. Bulk cytosolic transport rates are still set
to produce a baseline [Ca2+] of 100 nM. Diffusive
leakage from the PMU into bulk cytosol elevates the
[Ca2+] up to an average of around 200 nM.

elevations (Figure 5-3B).
Since prolonged and
persistent elevations of free
Ca2+ are toxic to cells [86],
this is a major difficulty with
the Sanders hypothesis.

Moreover, it is not clear how to reconcile this difficulty if the steady state [IP3] is
maintained at a high level in the ICC, since experimental observations show that
inhibition of IP3R blocks SW activity [165, 185, 190].
Alternatively, the [Ca2+] in the PMU may also simply be maintained at a
different resting level than the rest of the ICC by virtue of pump (PMCA, SERCA)
and NCX efflux activity into and out of the PMU. We tested this possibility by
manipulating parameters for pumps and leakage into and out of the PMU – while
retaining the same parameters in the bulk cytosol for maintenance of a baseline
[Ca2+] at 100 nM. Figure 5-4 shows the result of a trial where the PMU [Ca2+] is
elevated over the 375 nM K1/2 value, but bulk cytosolic concentrations rise over 100
nM to around 240 nM. Note, there is no IP3R activity in this trial; it is aimed entirely
at producing a disparate steady-state distribution. We varied parameters of the
pumps and exchanger, but within the space of values explored we could not hold
bulk cytosolic concentrations at 100 nM while elevating the PMU [Ca2+] over 375 nM
without some leakage out of the PMU. The PMU pocket, although a diffusive
constriction, is not sufficient to prevent diffusive leakage altogether from the PMU.
It is thus difficult to see how the PMU could have a raised [Ca2+] over 400 nM while
the remainder of the cell maintains the required lower resting [Ca2+] – without any
IP3R activity.
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5.2 Spatial	
  Implications	
  
The diffusive constriction formed by the PMU pocket is but one spatial
aspect of interest emerging from our model results. Arrangements and selective
activations of the IP3R channels in either the gap or PMU proper demonstrate the
varying impact and apparent importance to the ICC Ca2+ dynamic. Distributions of
[Ca2+] in the PMU under the differing conditions simulated also suggest possible
locations for the NSCC at the plasma membrane. We now consider these spatial
implications of our simulations.

5.2.1 PMU	
  IP3R	
  Locations	
  and	
  Roles	
  	
  
Our model shows the impact of proximity between the IP3R and plasma
membrane [Ca2+]. When IP3R are situated only within the ER-MT gap, the channels
exert only a relatively limited effect on the [Ca2+] at the membrane, due to the
intervening distance, cytosolic buffering, and tightly proximal mitochondrial
uniporters, as shown in Figure 4-14. On the other hand, IP3R closer to the membrane
can dramatically elevate the membrane [Ca2+]. The importance of proximity is as
expected. Our results indicate though that the IP3R situated in the PMU proper also
poorly transfer Ca2+ to the mitochondrial uniporters. Although the activity of PMU
IP3R release can push the peak [Ca2+] in the PMU to 25 µM or more (Figure 5-3), the
amount of free Ca2+ diffusing across the PMU to the uniporter uptake sites is
insufficient for substantial uniporter activation, unlike with the IP3R located in the
gap directly opposite the uniporters (compare Figure 4-13B and Figure 4-32B). The
resulting amount of ER Ca2+ transferred by the gap IP3R is then significantly greater,
where the ER [Ca2+] reductions are halved when simulations exclude the gap
channels (compare Figure 4-29 and Figure 4-32). These results suggest differing
roles for the IP3R in the different spatial locations. Channels situated in the ER-MT
gap are very efficient at transferring Ca2+ from the ER to the mitochondria, and
channels in the PMU are more effective at influencing the plasma membrane [Ca2+].
Both of these effects are simply due to spatial proximity, and suggest the ICC PMU
arrangement of ER, mitochondria and plasma membrane are for maximizing both
ER to mitochondrial Ca2+ transfer, and membrane [Ca2+] elevations. Alternate
distributions of IP3R, either more channels in the PMU proper or the ER-MT gap,
could also be related to the time-scale calibration issues discussed above. With a
preferential distribution of IP3R in the gap, ER Ca2+ depletions may be more rapid
than with more IP3R channels near the membrane, which more effectively inhibit the
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NSCC. This observation of course hinges on actual physiological distributions and
densities of the IP3R in the ICC PMU, which are unknown and await some
experimental measurement.

5.2.2 Membrane	
  [Ca2+]	
  Distributions	
  and	
  the	
  NSCC	
  
In our efforts to obtain reductions of [Ca2+] below baseline at the membrane,
we observed distinct spatial distributions of Ca2+ that differed depending on the
simulation category. With time-dependent uniporters, the minimum [Ca2+] along
the membrane typically occurred near the center of the PMU, at x=0.0 µm (Figure
5-5, upper pane). In contrast, under circumstances with adequate ER [Ca2+]
depletions where we only required increased transport rates and no uniporter timedependency, the minimal [Ca2+] result near the ER-PMU interface at x=-0.4 µm
(Figure 5-5, lower pane). This suggests that if the NSCC were located at either of
these two locations along the PMU membrane, they would have a higher probability
of stochastic activation (given a NSCC K1/2 of 120 nM). These distinct distributions
are a natural consequence of the mechanism producing the reductions below
baseline: either the ER-MT gap uniporters in a refractory-open state, or the SERCA
toiling to restore the depleted ER
Ca2+ reservoir.
Thus, if we exclude the
non-physiological timedependent uniporter case, a
likely position for the NSCC is
near the ER, at around x = -0.4
µm in our geometry. Recall the

discussion regarding the NSCC
presence in the PMU of section
2.3.7, where we noted Daniel, et
al. showed caveolae are involved
in SW production in the ICC [40].
It was also observed that TRPC4
channels are in these caveolae,
and that caveolae are colocalized with the ER within 40

Figure 5-5 PMU Sites of Minimal Membrane
[Ca2+]
Plots show distributions of the [Ca2+] at the
membrane under different simulation protocols.
Upper pane shows the site of concentration
reductions below baseline occurs near the PMU
center with a time-delayed uniporter, whereas
without the time-dependent uniporter (lower
pane) it results near the ER region at x = -0.4.

nm [39]. In light of evidence suggesting the NSCC are a member of the TRPC4
subfamily of channels [187], our simulation results indicating the NSCC are likely
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positioned near the ER-PMU interface are consistent with these observations.
Confirmation that the NSCC are indeed TRP-class channels is needed, however [84].

5.3 SERCA	
  and	
  Uniporter	
  Modulation	
  of	
  the	
  IP3R	
  	
  
We constructed a model of integrated Ca2+ transport between the ER and
mitochondria, via release from the IP3R and uptake by the uniporter, aimed at
studying potential NSCC activity. This allowed us the collateral benefit of observing
the effects of varying SERCA and uniporter transport rates on IP3R channel
dynamics. Comparison between simulations at base, reference transport parameters
and increased uniporter or SERCA transport rates indicates the two transporters
modulate IP3R activity in different ways (Figure 5-6). Increased uniporter uptake
clearly reduces the overall
peak [Ca2+], which in turn
reduces the amount of
negative feedback on the IP3R.
This increases the number of
IP3R openings, reducing the
mean and maximal closed
dwell times (Table 5-1).
Recent observations in smooth
muscle cells of mitochondrial
uniporter uptake prolonging
IP3R activity by reducing
negative Ca2+ feedback are
consistent with these results
[27, 130].
The effect of stronger
SERCA pump activity

Figure 5-6 SERCA and Uniporter IP3R Modulation
Comparison of IP3R activity for simulations with
fixed [IP3] = 2.0 µM, all IP3R functional. Plots show
the average [Ca2+] in the PMU for simulations with
base, reference parameters (upper pane), increased
uniporter and base SERCA (middle) and increased
SERCA in solo (lower).

modulation is not quite so clear from the plot of average [Ca2+], where peak values
appear lower overall. A comparison of the mean open and closed dwell times for
IP3R channels between these simulations clarifies their impact (Table 5-1). Larger
SERCA density tends to increase the number of IP3R openings as with stronger
uniporter uptake, but with greater maximal refractory times between clusters of
opening events. In some instances it significantly reduces IP3R activity (i.e., Figure
4-20). This is consistent with experimental observations SERCA shape IP3R activity
[134], where we observe SERCA density modulates IP3R release frequency. The
combination of greater uniporter uptake and larger SERCA pump density can
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Table 5-1 IP3R Activity Modulation (Constant 2.0 µ M [IP3], All IP3R Active)
Uniporter
Flux

SERCA
Density

Open Dwell
Time Mean

Closed Dwell
Time Mean

Closed Dwell
Time Max

Base

Base

0.277 ms

5.72 ms

582 ms

Increased

Base

0.280

3.94

382

Base

Increased

0.280

4.98

700

Increased

Increased

0.282

9.36

1400

dramatically reduce IP3R activity, as seen in Table 5-1, or in the results presented
throughout Chapter 4.
These modulations by the two primary Ca2+ removal systems available to the
ICC provide mechanisms for calibrating the IP3R release activity, and hence the
timescale for ER Ca2+ depletions and consequent potential NSCC activations, as
discussed earlier. Such calibrations through variation of SERCA and /or
mitochondrial uniporter density are also likely employed in various cell types for
modulation of the IP3R and other Ca2+ release systems, such as the RyR in muscle
cells.

5.4 Limitations	
  of	
  the	
  Model	
  
The primary aspect in SD production not included in our model is the NSCC
itself. Although we can predict where localized, transient [Ca2+] reductions at the
membrane occur, indicating potential circumstances conducive to NSCC activation,
our exclusion of consequent openings of the NSCC, and the corresponding Ca2+
influxes, renders our simulations irrelevant. NSCC activation would not only
increase the local [Ca2+] due to its opening, but also due to NSCC depolarization of
the membrane which in turn opens neighboring voltage-gated, dihydropiridineinsensitive Ca2+ channels known involved in SW generation (see discussion in
section 2.3.1). Hence, once the NSCC activates, we cannot then predict how the ICC
PMU system responds with our model in its current state. The simulations shown
indicate that ER [Ca2+] depletions are critical to any substantial reductions in IP3R
Ca2+ efflux strength and SERCA recovery activity, which in turn result in membrane
[Ca2+] reductions. Upon Ca2+ influx through the NSCC and other channels, the ER
stores may be replenished sufficiently to elevate IP3R activity (and reduce SERCA
uptake) enough to inhibit the NSCC again. This sequence is likely central to the
mechanism in the ICC cycling the ER calcium stores, which are suggested involved
in SW generation [40, 150, 185].
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With this model, we also cannot study the coordination of multiple PMUs in
a single cell, or the generation of SW activity. Such computations would require a
much simpler model of the PMU, similar to simulations of a cardiac cell requiring a
simple computational model of the diadic cleft. No such simple model of the PMU
exists, and will be constructed only with the greatest care.
Our simulations show the significance of uniporter uptake and its impact on
total PMU [Ca2+] through removal of Ca2+ released by the IP3R. We assumed,
however, a fixed [Ca2+] within the mitochondrial matrix, which ignores localized
saturation of Ca2+ buffers and consequent reduction of the mitochondrial uniporter
uptake effectiveness. In turn, the mitochondrial NCX would also increase its
activity, due to any elevations of free Ca2+ within the matrix. Levels of
mitochondrial free Ca2+ changes over the duration are estimated to be into the
micromolar range [58, 64], although these are only estimates. It is known the free
mitochondrial [Ca2+] may change significantly during cell signaling [142], and this
will undoubtedly in turn affect mitochondrial Ca2+ transport. Inclusion of dynamic
mitochondrial Ca2+ would then provide a more accurate insight into the integrated
transport of Ca2+ from the ER to the mitochondria through the uniporters, and out
again via the NCX.
The two-dimensional geometry of our idealized PMU can never fully and
accurately represent the Ca2+ dynamics in the physiologically three-dimensional
ICC. Although our model provides insights into the dynamic, the two-dimensional
limitation would always require some modifications within some modeling
framework for representing the three-dimensional, especially regarding boundary
fluxes. The scheme we employed, as described in section 3.1.3.6, where the flux rates
were scaled as per surface to length ratios, is an accommodation to this fact. A fully
three-dimensional geometric representation would then be much more realistic and
not require any modification scheme aimed at improving the model. Of course, this
would entail the corresponding computational expense of three-dimensional
simulations, and thus encourage development of either a multiple-processor, or
parallel, capability for the solution code, or attempts at simplifying aspects of the
model. One possibility is reducing the representation of the ER-MT gap to a pseudosteady state approximation. For instance, during release of Ca2+ into the gap, we
might assume formation of a steady-state [Ca2+] profile, formulated with Green’s
functions and coupled to the surrounding diffusive medium with appropriate
boundary conditions, which is solved with the numerical method applied.
Moreover, any effort at modeling the generation of SW by the ICC must then
also include dynamically changing membrane voltages, which we omit entirely from
our investigations here. In addition to the NSCC and voltage-gated Ca2+ channels,
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involvement of a Ca2+-activated chloride channel, recently shown to be present in
ICC [198], complicates the ICC SW generation picture. Elevations of the [Ca2+]
activating the Cl- channel appear involved in generating the SW, but inhibition of the
Ca2+-activated chloride channel has no effect on SD [83], indicating the NSCC is the
primary generator of SD. Integration of individual PMU Ca2+ dynamics, activating
and inactivating the NSCC, into a collective ICC model for study of SW production
would then require inclusion of the Ca2+-activated chloride channel. This would also
require modeling the NSCC behavior itself, along with its associated Ca2+ influx and
activation of the Ca2+-activated chloride channel. Further, modeling of the NSCC
membrane depolarization and activation of the dihydropiridine-insensitive, voltagegated Ca2+ channels observed in the ICC [93], as well as the interaction and
coordination of neighboring PMU [150], would be required.

5.5 Conclusions	
  
Despite these limitations in our simulation efforts here, we can confirm that
Ca2+ transport between the ER and mitochondria across the PMU via IP3R channels,
SERCA pumps, and uniporters is likely crucial to the production of SD. Given a
clearer characterization of the ICC – either with a NSCC K1/2 of 120 or 375 nM – we
can also suggest which variety of transport is necessary, and the level of [IP3] and
strength of uniporter and SERCA uptake required to both elevate and reduce the
[Ca2+] at the plasma membrane for sufficient NSCC inhibition and stochastic
activation. If the [IP3] oscillates in the ICC, then the control of NSCC activations is
naturally directly linked to strength of the oscillations, where initial IP3R stimulation
and confined release within the IP3 degradation envelope determines the timescales
of SD production. Such a scenario also may require an as of yet unobserved timedependent uniporter mechanism. Alternatively, if the [IP3] are held at an adequately
elevated level, IP3R activity then leads to ER Ca2+ reserve depletions. However, at
such a level of IP3R calcium release, the surrounding bulk cytosolic [Ca2+] appear
elevated to a toxic level; this requires experimental confirmation of the actual resting
[Ca2+] in the ICC before such a possibility can be accepted. If this scenario is indeed
the case, then the timescales of depletion are in turn determined by the strength of
uniporter uptake and SERCA replenishment. These levels of transport also
determine the probability of NSCC activation depending on the actual physiological
level of Ca2+ inhibition. Until the NSCC is fully characterized (i.e., as a TRP-class
channel), and the relevant parameters of the IP3R, SERCA and uniporters (including
density, spatial distributions, etc.) along with the production and degradation
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activity of IP3 in the ICC are experimentally determined, the ICC generation of SD
mechanism cannot be precisely elucidated.
We can, however, predict with certainty the ICC will continue to be a fertile
subject for research. After well over a century of controversy since their initial
discovery by Cajal in 1889, and their difficult classification and identification as the
pacemaking cells in the GI tract, they continue to provide yet more challenges.
Understanding the precise calcium dynamical engine the ICC deploy in generating
the pacing signals will undoubtedly continue to test both experimental and
theoretical capabilities for some time. With such a varied and controversial history,
even elucidation of this calcium pacing dynamic may also emerge as only yet
another facet of an atypical and intriguing cellular system.
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Appendix	
  A

Solution	
  Methods	
  

Our model described in Chapter 3 includes multiple space and time scales,
along with several reacting and diffusing ionic and protein species. Solution then
requires an appropriate method capable of effectively handling these challenges.
Our chosen numerical approach is the unstructured finite element method
implemented with an adaptive time stepping scheme for management of the multispatial and temporal scales. We here provide a brief overview of the unstructured
finite element method, the particular time integration scheme used, and the method
applied to solving the resulting sparse and large matrices. The IP3R model with
stochastically transitioning states requires particular attention, and we describe the
hybrid Gillespie solution technique used for its efficient representation. In our
model, we represent the complex ER geometry with a simplification via a method
known as homogenization, which is also detailed.

A.1 The	
  Finite	
  Element	
  Method	
  
Our model of reaction-diffusion equations is a system of parabolic partial
differential equations (PDEs) of the general form:

∂u
= D∇ 2 u + f (x),
∂t

(A.1)
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where x ∈Ω ⊂  n is the spatial coordinate vector with dimensions n, and D is the
diffusion coefficient. Three numerical methods for approximate solutions of (A.1)
are finite difference (FDM), finite volume (FVM), and finite element (FEM) methods.
Each method approaches the spatial operator, ∇ 2, in different ways for constructing
discrete representations of the domain Ω. Finite differencing is the most
conceptually straightforward of the trio, utilizing difference approximations. FVM
and FEM are similar methods, and permit flexibility in handling complex and
arbitrary geometries but are conceptually more complex and in some ways more
difficult to implement.
Our model includes complicated sub-models of Ca2+ transporters as
Neumann boundary flux conditions, as with the IP3R or uniporter, situated between
diffusively distinct subdomains, as with the ER or cytosol. Our representation of the
complex ER geometry further requires boundary solution and gradient matching
(the homogenization method, see section A.6). We determine to implement a FEM
solution of our systems of equations for the following reasons:
•

Unstructured meshing allows resolution of multiple spatial scales;

•

Neumann flux conditions are inherently simple to implement;

•

Multiple reacting and diffusing species are easily configured in distinct or
diffusively coupled spatial domains;

•

Coupling of homogenized and non-homogenized domains is trivial.

FVM or FDM are both viable in their own right, although with their own strengths
and weaknesses; these are debated with some vigor from their respective, devoted
camps. For some discussion of comparisons, see for instance Gresho and Sani [66].
Thomas presents the FDM lucidly, as well as some details of the FVM [174].
Regardless, we deploy the FEM for our model solution.
Our implementation of the FEM is within the high-level MATLAB
environment, which provides multiple numerical solution tools such as sparse
matrix handling routines (important for FEM), linear-algebra solver packages, and
post-processing capabilities [114]. In some instances, we constructed customized
codes in lieu of built-in MATLAB routines, and added capabilities where needed.
This included a custom linear solver for the resulting FEM system of equations
(GMRES, see section A.3 and A.4.1) and the netCDF binary data file format for
handling the large solution data sets [126].
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A.1.1 FEM	
  Historical	
  Notes	
  
The FEM originated in
1941 with the papers “Solution of
Problems of Elasticity by the FrameWork Method,” by A. Hrennikov
[80], and in 1943 with R.
Courant’s work “Variational
Methods for the Solution of
Problems of Equilibrium and
Vibrations” [32]. Both
represented their respective
problems with solutions of
discretized finite regions
assembled into global
approximations, although
Courant deployed piecewise
polynomials as well (Figure A-1).
With Clough’s paper in 1960, the

Figure A-1 Historical Triangular Net
Discretization
The region labeled ABCD (left) was partitioned
into successively finer triangular spatial
discretizations as shown (right) from the 4
triangles in (a) to the 27 in (d). Courant presented
these discretizations in the Appendix of his 1943
paper on boundary value problems and
vibrations. (Source: [32])

phrase ‘Finite Elements’ first emerged with his application of the FEM to plane stress
analysis, and thus is considered the formal FEM genesis [29].
The FEM languished somewhat, awaiting advancements in computing
power. Prior to digital computation, legions of human computers toiled away at
calculations, as described by Richardson for his efforts at numerical solution of
differential equations:
“So far I have paid piece rates for the operation (Laplacian) of about n/18
pence per coordinate point, n being the number of digits…one of the quickest
boys averaged 2000 operations (Laplacian) per week for numbers of 3 digits,
those done wrong being discounted…”
-Richardson, 1910 [141]
Fortunately, for our contemporary computational needs (and the liberation of school
boys from such tedium), we enjoy the significant power of digital solutions. From
the advent of the Digital Equipment Corporation VAX in the 1970’s, the FEM impact
has since expanded, commensurate with digital computing power, into a vast field.
Applications typically range within engineering topics such as structural analysis,
reacting-fluids, and of course computational biology.
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Figure A-2 Region Ω with Triangular
Mesh
Region Ω (gray) is an arbitrary
(compact, simply connected) region,
surrounded by boundary Γ. A spatial
discretization of linear, unstructured
triangles is superimposed over Ω,
approximating its spatial extent.

A.1.2 Galerkin	
  FEM	
  Formulation	
  
The FEM draws from multiple mathematical fields including variational
calculus, interpolation and numerical integration. For our purposes, the application
of interest is, of course, for reaction-diffusion PDEs, which are a subset of parabolic
PDE types the FEM can handle. The derivation here is focused on our particular
problem; for a more general or detailed derivation see Reddy [138], for instance.
Our solution requires a variational or weak formulation via suitable test
functions applied to our governing equation

∂u(x ,t)
= D∇ 2 u(x ,t) + f (x ,t) , x ∈Ω ⊂  2
∂t
u(x ,0) = u0 (x)
∂u(x ,t)
= q(x ,t),
∂n

(A.2)

x ∈Γ,

in a two-dimensional Cartesian domain, Ω, with x = [x,y] and boundary Γ; see
Figure A-2. Note, our diffusion coefficient, D, is constant and we assume diffusion is
isotropic in the ICC, so Dx = Dy. Rearrangement of (A.2) and multiplication with a
test function, w, gives:

⎧ ∂u

⎫

∫Ω w ⎨⎩ ∂t − D∇ u − f ⎬⎭ dA = 0
2

⎧ ∂u
⎫
∫Ω ⎨⎩w ∂t − Dw (∇ ⋅ ∇u) − fw ⎬⎭ dA = 0,

(A.3)

where w is a continuously-differentiable function, w ∈C1 ( Ω ) . Recall the relation

−w∇ 2 u = ∇w∇u − ∇ ( w∇u ) ;
we may then represent (A.3) as:

A-4

(A.4)

Appendix A – Solution Methods
⎧ ∂u

⎫

∫Ω ⎨⎩w ∂t + D ⎡⎣∇w∇u − ∇ ( w∇u)⎤⎦ − wf ⎬⎭ dA = 0,

(A.5)

where the divergence theorem

∫ ∇ ⋅G dA = ∫ Gin̂ ds,

(A.6)

allows us to write

⎧ ∂u

⎫

∫Ω ⎨⎩w ∂t + D∇w∇u − wf ⎬⎭ dA − D∫ Γ w∇uin̂ ds = 0,

(A.7)

separating the time derivative, bulk interior, and source term, f, from the boundary
contribution. The variational or weak formulation (A.7), of equation (A.2), is the
essential representation used in the FEM to solve our system of reaction-diffusion
equations. Note the reduced order of differentiation on u, weakening restrictions on
suitable approximations of u from C2(Ω) to C1(Ω).
We partition our region Ω, into triangular sub-regions or elements, Ωe; see
Figure A-2. In the element Ωe, we may represent (A.7) as

⎧ ∂u

⎫

∫Ωe ⎨⎩w ∂t + D∇w∇u − wf ⎬⎭ dA − ∫ Γe wq ds = 0,
e

(A.8)

where we let q e = D∇uin̂ . We approximate the values of u over the element with
linear interpolation by
3

ue (t, x) ≈ ∑ u ej (t)ψ j ( x ),
j

( )

ψ j (x ) = δ xj ,

(A.9)

representing u over Ωe with a plane intersecting the three values of u at each vertex,
or node, of Ωe: u1e = u e (x1 ), u2e = u e (x2 ), and u3e = u e (x3 ). This assumes the solution
u(x,t) is separable into time and space dependent functions, which may not be true
over a time span of interest, say, t ∈ ⎡⎣to ,T ⎤⎦ , but over a time interval t ∈[ t + Δt ] this is
a reasonable assumption given small enough Δt. The interpolant ψj, needs only be a
continuously-differentiable function ψj ∈C1 (Ω), since equation (A.7) has only firstorder derivatives of u, an advantage of the weak formulation. We then substitute
the linear interpolation of ue from equation (A.9) into (A.8), which gives the
following:
3
⎧⎪ ∂ 3 e
⎫⎪
e
w
u
(t)
ψ
x
+
D∇w∇
u
(t)
ψ
x
−
wf
wq e ds = 0, (A.10)
(
)
(
)
⎨
⎬ dA − 
∑
∑
j
j
∫Ωe ⎪ ∂t j j j
∫
Γe
j
⎪⎭
⎩
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or simply
3
⎧⎪ 3
⎫⎪
∂u ej
e
e
w
ψ
∫Ωe ⎨ ∑j j ∂t + D∇w∑j ∇ψ j u j − wf ⎬ dA − ∫ Γe wq ds = 0,
⎩⎪
⎭⎪

(A.11)

where we have removed the notational dependencies.
In order to solve (A.11), we require an actual test function, w. The Galerkin
formulation of the FEM uses the interpolating function ψ, as the test function w,
simplifying some of the calculations. We have three such test functions, ψi, where i =
[1, 2, 3], for each node in Ωe. The ith equation for (A.11) with ψi is then given by
3
⎧⎪ 3
⎫⎪
∂u ej
e
ψ
ψ
+
D∇
ψ
ψ q e ds = 0
i ∑ ∇ψ j u j − ψ i f ⎬ dA − 
∫Ωe ⎨ i ∑j j ∂t
∫
Γe i
j
⎪⎩
⎪⎭
3
⎧⎪
⎫⎪
∂u ej
ψ
ψ
∑ ∫Ωe ⎨ i j ∂t + D∇ψ i∇ψ j uej ⎬dA − ∫Ωe ψ i f dA − ∫ Γe ψ i qe ds = 0.
j
⎪⎩
⎪⎭

(A.12)

This results in a system of three equations for the three unknowns, u ej . If we let

Mije = ∫ ψ iψ j dA,

K ije = ∫ D∇ψ i ∇ψ j dA,

Ωe

f ie

Ωe

= ∫ ψ i f dA,

Qie

Ωe

e
=
∫ ψ i q ds,

(A.13)

Γe

for each j, we may then represent (A.12) as the system

M e u e + K e u e = f e + Q e

(A.14)

for the element Ωe, where u e = ∂u e ∂t . M is called the ‘mass’ and K the ‘stiffness’
matrix for historical reasons, i.e. the FEM’s development for structural analysis. By
virtue of the weak formulation of equation (A.2) and interpolation of u over element
Ωe, we have reduced the PDE of our problem into an ODE, at least for this one

element.
The boundary term, Qe, requires some attention. Figure A-3 shows the
element Ωe and its edges Γe1, Γe2 and Γe3, along with associated boundary flux
e
functions qe1
(s) , qee 2 (s) and qee3 (s) , where the subscript ‘en,’ with n = [1, 2, 3],

indicates the respective edges of Ωe. We compute the boundary contribution by
2

3

k

n

Qie = ∑ ∑ 
∫

A-6

Γ en

e
ψ ke qen
ds,

(A.15)
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Figure A-3 Edge Element Ω e
A close-up of an element situated along
the edge of triangular mesh for region Ω,
showing the three nodes (n1, n2, n3), edges
(Γe1, Γe2, Γe3), and boundary terms
e
( qe1
(s) , qee 2 (s) , qee 3 (s) ). Edge Γe2 has the
only non-zero boundary term; it’s length
is here given as le2 (upper right). Location
of Gaussian quadrature points shown at
‘x’ along Γe2.

where ψ ke is the one-dimensional analogue of the two-dimensional interpolant ψi
along the edges of element Ωe. For this edge element, the only non-zero flux term is
along edge Γe2, where the flux term qee 2 (s) is applied:
2

Qie = ∑ ∫
k

Γe 2

ψ ke (s)qee 2 (s)ds.

(A.16)

We approximate the integral over s = [0,le2], where le2 is the length of edge Γe2, with
Gaussian quadrature. Figure A-3 shows two quadrature points along the edge as
mapped from the interval [0, 1] to [0, le2]. The approximated form of Qie is then:
2

2

k

m

Qie ≈ ∑ ∑ ψ ke (sm )q2e (sm )v m ,

(A.17)

where sm are the quadrature points and vm are the quadrature weights for edge Γe2.
The remaining terms in equation (A.14) all require integrations over the
region Ωe. For an element such as Ωe, with arbitrary orientation and area, it is easier
to integrate if we map it to an element with normalized length and height as shown
in Figure A-4. We transform elements in our mesh to and from this isoparametric or
master element, Ω̂e , via the relations
3

x = ∑ xneψ̂ n (ξ , η )
n
3

y=∑
n

yneψ̂ n

(ξ , η )

(A.18)

where ψ̂ n are linear interpolating functions analogous to ψi, mapping the three
vertices n̂ of Ω̂e to the nodes n of Ωe. We may then apply Gaussian quadrature to
an arbitrary element Ωe via integration of the master element.
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Figure A-4 Isoparametric
Element
An arbitrary element, Ωe, is
mapped to a regular ‘master’
element Ω̂ e , from (x,y) into (ξ,η),
where ξ and η both vary from
[0,1]. Points pn correspond to
Gaussian quadrature points p̂n .

The transformations in equation (A.18) are presented with dependencies on
(ξ,η) to illustrate integration with Ω̂e as applied to the source term f e in our system
of equations (A.14). Coordinates of the Gaussian quadrature points for the regular,
right triangle in Ω̂e are known to be

(

)

(

)

(

)

p̂1 = 1 , 1 , p̂2 = 2 , 1 , p̂3 = 1 , 2 ,
6 6
3 6
6 3

(A.19)

in (ξ,η) coordinates [34]. Given nodal coordinates (xn,yn) for Ωe, we may readily
compute its corresponding Gaussian quadrature coordinates in (x,y). This is, by
design, for an arbitrary element Ωe. In turn, we may compute the source term
contribution to equation (A.14) by integrating its value over the master element Ω̂e
thus:

f ie = ∫ ψ i f dA
Ωe

= ∫ ψ̂ i f det ( JΩe ) dξ dη
Ω̂e

≈

(A.20)

1 3
∑ψ̂ (s ) f (sm )det ( JΩe ) vm ,
6 m i m

where we compute f at each quadrature point sm, where vm are the quadrature
weights and JΩe is the Jacobian of element Ωe. This ith integration is computed for
each of the three nodes and added into equation (A.14).
We perform a similar integration over Ω̂e for Me (see equation (A.13)) where

Mi,e j ≈

1 3
∑ψ̂ (s )ψ̂ (s )det ( JΩe ),
6 m i m j m

(A.21)

and each term is as before in equation (A.20), except there is no time-dependency via
the source term f ( x ,t ) (we simplified the notation from the expression in (A.2)).
This implies, for a fixed spatial discretization of Ω, Me may be computed only once.

A-8

Appendix A – Solution Methods
Computation of Ke involves differentiation of the ψi, which is straightforward
since they are linear interpolants. However, we require integration over the master
element Ω̂e , so we must express Ke in terms of ψ̂ i :

K ije = ∫ D∇ψ i ∇ψ j dA
Ωe

(A.22)

−1
−1
= ∫ D ĴΩe
∇ψ̂ i ĴΩe
∇ψ̂ j det(JΩe )dξ dη ,
Ω̂

where

ĴΩe

⎛ ∂x
∂x
∂ξ
∂η
⎜
=⎜
∂y
⎜ ∂y
∂ξ
∂η
⎝

⎞
⎟
⎟,
⎟
⎠

(A.23)

which is the Jacobian of the master element Ω̂e mapping for the current element Ωe,
given in (A.18). Gaussian quadrature is not necessary for computing (A.22), since
the linear interpolant derivatives and resulting integration is tedius but
straightforward. As with the expression for Me, Ke has no time dependency; we thus
only require one computation of Ke, given a fixed discretization. Note as well the
−1
inverse Jacobian terms ĴΩe
in (A.22) require non-singular determinants, indicating

the element’s nodes may not be collinear, as expected.
With the depiction of our problem on element Ωe via equation (A.14) and
each term’s computation in equations (A.17) and (A.20) - (A.22), we now assemble
the element’s depiction into the entire problem for Ω itself. We present the assembly
in the case of the stiffness matrix, ‘K.’
The matrix Ke for Ωe is of the form

⎛ ke
⎜ 11
K e = ⎜ k e21
⎜ e
⎜⎝ k 31

e
k12

k e22
k e32

e ⎞
⎛
k13
node1
node1 ↔ 2 node1 ↔ 3
⎟
⎜
e
node 2
node 2 ↔ 3
k 23 ⎟ ↔ ⎜ node 2 ↔ 1
⎟
node 3
k e33 ⎟⎠ ⎜⎝ node 3 ↔ 1 node 3 ↔ 2

⎞
⎟
⎟
⎟
⎠

(A.24)

where each row and column correspond to the nodal connectivity (on the right of
equation (A.24)). (The structure is analogous to a matrix of Markov probabilities; see
section A.5 below.) These nodal connectivities are for the local node numbering of
element Ωe that are part of the global mesh of nodes and connectivities (see Figure
A-5). The relation between local nodes of Ωe and the corresponding global node
numbering determines each individual element’s contribution over the entire
domain Ω.
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Figure A-5 Local and Global
Nodes
Each element Ωe in the mesh
representation of Ω is
connected to the surrounding
elements by shared nodes.
The local node numbering
(lni) corresponds to the global
nodes (gni) connecting each
element. Mapping between
the global and local nodes
facilitates assembly of the full
Ω representation.

The matrix K for the whole problem over Ω is of similar form to Ke in (A.24),
but is constructed over all the global nodes thus

⎛ k
… k1,N
1,1
⎜
K=⎜  

⎜ kN ,1  kN ,N
⎝

⎞
⎛
gnode1
… gnode1 ↔ gnodeN
⎟
⎜



⎟ ↔⎜
⎟
⎜⎝ gnodeN ↔ gnode1 
gnodeN
⎠

⎞
⎟
⎟ , (A.25)
⎟⎠

where in our example mesh of Figure A-5, we have N = 41 nodes. Note, each term
ki,j is initially zero until the final assembly of K; the non-zero terms are determined
by the connectivity of nodes in the mesh, as will become evident. Contribution of Ke
to this global matrix is by virtue of the local to global node number map, as shown in
Figure A-5:

⎡ ln1 ↔ gn32 ⎤
⎢
⎥
⎢ ln2 ↔ gn39 ⎥
⎢⎣ ln3 ↔ gn40 ⎥⎦
Ωe

(A.26)

indicating where the kie, j of Ke correspond to the ki,j of K. This map allows us to add
in the Ke contribution to K as follows:

⎛
⎜
⎜
⎜
⎜
K=⎜
⎜
⎜
⎜
⎜
⎜
⎝
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k1,1

…





k1,32

…

k1,39

k1,40

k 32,1

e
e
k 32,32 + k1,1
 k 32,39 + k1,2

e
k 32,40 + k1,3


k 39,1




e
k 39,32 + k 2,1  k 39,39 + k e2,2


k 39,40 + k e2,3

k 40,1

k 40,32 + k e3,1  k 40,39 + k e3,2

k 40,40 + k e3,3

…

k41,40

k 41,1 …

k41,32

k41,39

k1,41 ⎞
⎟
 ⎟
k 32,41 ⎟
⎟
 ⎟
⎟
k 39,41 ⎟
k 40,41 ⎟
⎟
k 41,41 ⎟⎠

(A.27)
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where subscripts of summed terms (in blue) correspond to the mapping in (A.26).
Each element in the discretization of Ω contributes similarly its own local Ke terms
into the global matrix K. The connectivity of global nodes via the elements defined
in the mesh is reflected in the non-zero terms of (A.27): only rows and columns of K
with corresponding connected nodes have non-zero terms. This results in the
typical FEM sparse matrix, since only a relatively small number of nodes are
connected in the mesh. For instance, in (A.27), the terms k1,32 and k32,1 are both zero
since node 1 is not connected to node 32; see Figure A-5. The mass matrix, M, is
likewise constructed and has a sparsely filled pattern identical to that for K.
In addition to the assembly of the matrices K and M, we also require the
inclusion of sources and boundary flux terms in the vectors f and Q, respectively.
Analogous to assembly of the global matrices, these vector terms sum each element’s
individual contributions via local to global node mapping. Non-zero terms of f and
Q are only at nodes where sources or boundary fluxes occur. The contributions from
the element Ωe with nodal map (A.26) is then

⎛
q1
⎜

⎜
⎜
q32
⎜

Q=⎜
⎜ q + qe
2
⎜ 39
⎜ q40 + q3e
⎜
⎜⎝
q41

⎞
⎟
⎟
⎟
⎟
⎟,
⎟
⎟
⎟
⎟
⎟⎠

⎛
f1
⎜

⎜
⎜ f + fe
⎜ 32 1

f =⎜
⎜ f + fe
⎜ 39 2
⎜ f 40 + f3e
⎜
⎜⎝
f 41

⎞
⎟
⎟
⎟
⎟
⎟,
⎟
⎟
⎟
⎟
⎟⎠

(A.28)

and notice there is no boundary contribution from the element’s local node 1, or
global node 32, occurs, since there is no boundary flux at that node.
The lack of contribution in Q by local node 1 for Ωe is naturally due to the fact
it does not reside on Γ. This obscures a detail in our computation of Q, however.
Equation (A.17) includes a local node 1 computation for fluxes along edges Γe1 and
Γe3 (see Figure A-3). These are internal edges shared with neighboring elements of
Ωe. By conservation, fluxes across these edges must balance: material transport out
of one element must be equal yet opposite to transport into the next element. Fluxes
from surrounding elements along internally shared edges thus cancel in the global
assembly, and their net contribution to Q is zero.
A notable characteristic of the FEM is an inherent representation of
insulating, zero-flux boundary conditions. As seen in equation (A.28), applying
such an insulation condition along Γ to our problem over Ω is trivial: simply set Q to
the zero vector. Transport then occurs only between neighboring elements through
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the nodal connectivity reflected in the global matrices K and M. These features of
the FEM we exploit in our model’s solution. We can, by virtue of controlling
connectivity between elements, establish internal diffusive boundaries within some
region Ω. Collecting elements into groups, or blocks, we can define multiple,
diffusively distinct subdomains, and specify which diffusive species (protein, ion,
etc.) is active in each subdomain. This permits great flexibility in efficiently solving
our model with its multiple species in distinct cellular compartments (i.e., ER and
cytosol). Also, along internal boundaries between these groups, we can further
apply boundary transport conditions such as ion pumps or channels. The
homogenization procedure used in our model, which requires solution and gradient
matching (see section A.6 and equations (3.4) and (3.7)), is readily managed by
arranging neighboring element blocks with different diffusion coefficients. We
describe these meshing aspects further in section A.7.
We have constructed a spatial discretization of u in Ω given by

u ≈ uΔx =

Ne

∑ umeψ ie ,

(A.29)

m=1

where Ne is the total number of elements representing Ω, and Δx depicts the overall
element size. The error in our spatial approximation is estimated with

EL2 = u − uΔx

L2

≤ cΔx k+1 ,

(A.30)

with k the order of interpolant ψ, and c is an arbitrary positive constant. We then
have two means of controlling the spatial discretization error either by increasing the
order of interpolant k, or decreasing element size Δx . Increasing k to quadratic or
higher order interpolations requires more nodes per element Ωe, and decreasing

Δx requires more elements representing Ω, increasing Ne. With order 1 linear
interpolants, we obtain an L2-norm error estimate of O( Δx 2), and this is a reasonable
level of accuracy. We may further control this by simply increasing Ne, reducing the
element size Δx as needed especially in regions of interest.
Our assembly of a FEM representation for the solution of a reaction-diffusion
equation on an arbitrary spatial discretization for some region Ω is complete. The
final system of equations is

Mu + Ku = f + Q.

(A.31)

This system is now an ordinary differential equation (ODE) for the entire region, and
we next turn to solution of the time-dependent problem for u .
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A.2 Time	
  Integration	
  
We require an appropriate method of solving (A.31) for the multiple time
scales inherent in our model. Fortunately, reduction of the PDE in equation (A.2) to
a time-dependent ODE in (A.31) allows us to bring the considerable ODE solution
machinery to bear on our problem. Of the time integration methods applicable here,
we select a 2nd-order, fully-implicit, predictor-corrector scheme as detailed in Gresho
and Sani [66].
An A-stable, implicit trapezoidal (TR) integrator is employed. Although it is
a neutrally-stable method and generates spurious oscillations in solutions, it does so
only when Δt is chosen too large. TR is combined with a computationally
inexpensive explicit method: the 2nd order Adams-Bashforth (AB). We use the
explicit solution from AB as a predictor for initializing solution efforts of the final
integration with TR as the corrector. The combination further allows time step-size
control via computation of local truncation errors between the AB predictor and TR
corrector.
For a general ODE of the form

y′ = f ( t, y )
y0 = y(t0 ),

(A.32)

t ≥ t0 ,

where y’ is dy/dt, the TR method is applied thus

{

}

1
Δt f ( tn−1 , yn−1 ) + f ( tn , yn )
2
1
= yn−1 + Δt { yn−1
′ + yn′ }
2

yn = yn−1 +

(A.33)

where yn = y ( tn ) ,tn = nΔt, and Δt is the time step size. Solution of (A.33) for yn
requires the two ‘acceleration’ terms, y′ , at tn and tn-1. Also, the AB method applied
to (A.32) is with

1
⎧3
⎫
yn = yn−1 + Δt ⎨ yn−1
′ − yn−2
′ ⎬
2
⎩2
⎭

(A.34)

requiring another acceleration term at n-2. In order to apply AB and TR to our
system (A.31) and solve for un, we will require solutions at un-1, as well as
accelerations at un-1 and un-2. Hence, initializing the time integrations at n = 1 and 2
must be performed by other means.
We thus apply a 1st-order method at the first time step, and avoid solution
degradation by decreasing the initial Δt. The backward Euler implicit method is
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suitable for computing the initial solution, u1. We recast the system of equations in
(A.31) for inclusion of discrete time,

Mu n + Kun = Fn ,

(A.35)

collecting the source and boundary terms into Fn at time tn. Approximating the
acceleration by the 1st order estimate,

u n 

1
( u − un−1 ) ,
Δtn n

(A.36)

allows us to solve (A.35) with backward Euler at n = 1 via

⎧ 1
⎫
M⎨
un − un−1 ) ⎬ + Kun = Fn
(
⎩⎪ Δtn
⎭⎪

( M + Δtn K ) un = Mun−1 + ΔtFn

(A.37)

Aun = b.
We may then compute the solution and acceleration at u1.
At the second time step, we still lack sufficient acceleration data to compute
the AB predictor in (A.34); hence, we utilize TR but with no initial guess from the AB
method. The 2nd order estimate of acceleration with

u n 

2
( u − un−1 ) − u n−1
Δtn n

(A.38)

substituted into (A.35) permits

⎡ 2
⎤
M⎢
un − un−1 ) − u n−1 ⎥ + Kun = Fn
(
⎣ Δtn
⎦
⎛ 2
⎞
⎛ 2
⎞
⎜⎝ Δt M + K ⎟⎠ un = M ⎜⎝ Δt un−1 + u n−1 ⎟⎠ + Fn
n
n

(A.39)

Aun = b,
where the A and b clearly differ from the formulation in (A.37). Upon solution of
(A.39) at n = 2, we then have u2, and a 2nd order estimate of u 2 with (A.38).
Now equipped with adequate solution and acceleration vectors, the full
predictor-corrector scheme is then engaged at n = 3, where we compute the AB
predictor:

unp = un−1 +
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⎡⎛
⎤
Δt ⎞
Δt
1
Δtn ⎢⎜ 2 + n−1 ⎟ u n−1 − n−1 u n−2 ⎥ ,
2
Δtn−2 ⎠
Δtn−2
⎢⎣⎝
⎥⎦

(A.40)
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which is used as the initial guess for solution of (A.39). In this expression we first
encounter the adaptive time stepping in terms Δtn-1 and Δtn-2, which we now describe
in some detail.

A.2.1 Variable	
  Δ t	
  Scheme	
  
Given an initial time step size of Δt0, we reduce this Δt for initializing the
integration procedure as detailed above. Over the first few solution steps, an
adaptive time stepping algorithm increases Δt back to Δt0, if certain criteria are
satisfied. Three such criteria are tested before the algorithm increases Δt:

i.

Estimated truncation error is within a user-specified tolerance, εt;

ii.

Relative change in solution also within a user-specified tolerance, Δumax;

iii.

Solution method for the system Aun+1 = b converges within a specified
constraint.

These are the primary criteria, although additional conditions such as Δtmin ≤ Δt ≤
Δtmax are applied.
We deploy a truncation error estimate for the TR solution at time tn+1 as given
in Gresho and Sani [66] for criterion (i). It is based on the difference between the
predicted solution unp , and the corrected un:
p
un+1 − un+1
dn =
,
Δt
⎛
⎞
3 ⎜ 1 + n−1
Δtn ⎟⎠
⎝

(A.41)

which is derived from Taylor estimates of the truncation error. This is used in turn
to estimate the ‘best’ new time step:

Δtn+1

⎛ε
⎞
= Δtn ⎜ t
⎝ d 2 ⎟⎠

1

3

,

(A.42)

given a user-specified tolerance εt. This Δtn+1 is used as an upper bound on
acceptable Δt and is naturally constrained by εt. If Δtn+1 < Δtn, then the algorithm
reduces the time step to satisfy (A.42). For more details on this estimate, see Gresho
and Sani [66].
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The estimate based on (A.42) is excellent for calibrating Δt variations during
relatively gradual changes in u, fine-tuning the solutions. However, in practice, it
poorly resolves sudden and dramatic events such as an activating point source on a
boundary (i.e., an IP3R opening event). For instance, if Δt is at Δtmax during an IP3R
opening, a relatively long time span (Δtmax) may pass before the scheme in (A.42)
responds adequately. Thus the additional criterion (ii) listed above, where we
compute relative change in the solution (term by term) with

Δu =

un+1 − un
un

(A.43)
∞

and compare against a user-specified tolerance of Δumax. If this is violated, the
algorithm discards the new solution un+1, reduces the time step (based on histories of
Δumax violations, truncation error Δt adjustments,
etc.), and re-solves for un+1 at a new Δtn+1. This
process repeats until all criteria are satisfied. If this
is not possible (i.e., Δu > Δumax with Δtn+1 = Δtmin), the
algorithm may force the solution through at Δtmin
or exit with a warning depending on user input
settings.
Criterion (iii) necessarily involves the

Arnoldi Process Algorithm

q1 = r0 r0 2 ;
for n = 1 to k - 1
v = Aqn
for j = 1 to n
hjn = qTj v
v = v - hjnqj

manner of solving the system Au = b. We have yet

hn+1,n = v

to present the method employed for solving this

qn+1 = v/ hn+1,n

2

system and we do so next.

A.3 GMRES	
  Linear	
  Iterative	
  Method	
  
The sparse and non-symmetric matrix A resulting from the FEM formulation
is not amenable to direct solution methods, i.e., inversion of A. Further, A may be a
large m x m matrix with m on the order of 104 or more. Hence, an iterative scheme,
the generalized minimal residuals, or GMRES, is used. We briefly sketch the
method here; see Saad [146], Walker [186] or Kelley [88] for more details. We
implemented the version of GMRES described here in a customized code for our
MATLAB FEM numerical solver; this was necessary due to issues discovered with
the MATLAB built-in GMRES. See section A.4.1 for discussion of these issues.
Initially introduced by Saad and Schultz in 1986 [147], GMRES assumes A is
nonsingular and utilizes a Krylov subspace approach aimed at reducing the residual
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r = Au − b

(A.44)

to within a specified error tolerance, which we label εg. With an initial guess of u0,
the residual is then

r0 = Au0 − b,

(A.45)

and the corresponding Krylov subspace is

K k ( r0 ) = r0 , Ar0 ,…, A k−1r0

(A.46)

at the kth step during the GMRES procedure. An orthonormal basis of Kk is
constructed iteratively via an Arnoldi process, which is similar to the Gram-Schmidt
algorithm (see Arnoldi Process Algorithm box). The Arnoldi process computes the
matrices

⎛
⎜
⎜
Qk = ⎜ q1
⎜
⎜
⎝

q2

⎞
⎟
⎟
 qk ⎟ ,
⎟
⎟
⎠

⎛ h
11
⎜
h
⎜ 21
Hk = ⎜
⎜
⎜
⎜
⎝



h1k

h22



hk ,k−1

hkk
hk+1,k

⎞
⎟
⎟
⎟,
⎟
⎟
⎟
⎠

(A.47)

which satisfy the relation

AQk = Qk+1 H k .

(A.48)

At the kth iteration, the norm of the residual rk is given by

b − Auk = b − A ( u0 + Qk yk )
= r0 − AQk yk
= β q1 − Qk+1 H k yk ;

β = r0 2 , q1 = r0 / β

= Qk+1 ( β e1 − H k yk ) ; e1 =
= ( β e1 − H k yk ) ,

(1

0 0  0

(A.49)

)

T
(m,1)

since we have an orthonormal basis with Qk+1. We may then solve for the yk
minimizing (A.49) and if rk < εg, we compute the approximate solution by

u k = u o + Qk y k ;

(A.50)

otherwise, the process continues. The GMRES iterates are known to converge by m,
or the size of A, for exact arithmetic [147].
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In practice, however, solving for yk at each iteration and computing the
residual is inefficient. The QR factorization’s upper triangular matrix for Hk is
readily extracted with Givens rotations, fortunately while the GMRES iterations are
computed. With the rotation matrices

⎛ 
⎜ g
i1
Gi = ⎜
⎜ gi+1,1
⎜
⎝

ci

si

−si

ci

c i2 + si2 = 1, c i = hii

⎞
⎟
⎟,
⎟
⎟
 ⎠

hii2 + hi+1,i , si = hi+1,i

(A.51)

hii2 + hi+1,i ,

and G = GkGk−1 G1 , we may then obtain

( β e1 − Hk yk )

= G ( β e1 − H k yk )
= gk − R k yk ,

(A.52)

where R k is upper triangular. Conveniently, the minimal rk is available in the last
term of gk with no further computation, permitting rapid testing of the convergence
criterion, rk < εg, without solving (A.52). Upon successful convergence, extraction
of the approximate solution uk is then via the QR factorization already iteratively
constructed:

 =g
Ry
k
k
uk = u0 + Qk yk .

(A.53)

The rate of GMRES convergence is improved substantially by preconditioning the
matrix A. We apply an incomplete LU factorization as provided in the MATLAB
toolbox; see Saad’s extensive work for more details on preconditioning method
applications to these sparse iterative schemes [146].
We now describe criterion (iii) permitting the adaptive time stepping
algorithm to increase Δt. The convergence of GMRES is required to satisfy the
residual tolerance of εg. This condition is applied with an additional, user-set
maximal number of iterations or kmax. If rk max > ε g for k = kmax, then the algorithm
decreases Δt until convergence is achieved within these constraints. If convergence
is not possible given constraint of Δtmin, then the solver fails and exits.
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A.4 Seuss:	
  an	
  Unstructured	
  FEM	
  Reaction-‐Diffusion	
  Solver	
  
Our implementation of the FEM formulation for reaction-diffusion systems
on unstructured spatial discretizations, with an adaptive time stepping capability
(christened ‘Seuss’), was tested for accuracy. We compared solutions against
expected equilibrium concentrations given initial data for conservation of mass.
Also, transient solutions computed by Seuss were compared against solutions
computed with software provided by Sandia National Laboratories (SNL) named
MPSalsa [156].
We constructed a simple square region, Ω: (0 ≤ (x,y) ≤ 1), on a structured
spatial discretization mesh of linear triangular elements constructed with the SNL
mesh generation toolkit, CUBIT [36]. For this test problem, we distributed the initial
data with a two-dimensional Gaussian as illustrated in Figure A-6A. On this mesh
we then numerically solve a simple, non-dimensionalized, Fickian diffusion
problem,

∂u
= D∇ 2 u
∂t
u ( x, y,0 ) = u0

(A.54)

∂u
= 0, (x, y) ∈δΩ,
∂n
with Neumann insulating boundary conditions, diffusion D = 1.0, and the initial
condition, u0, given by the two-dimensional Gaussian exponential
⎡

u0 (x, y) = e

2⎤

−10⎢( x−0.5) +( y−0.5) ⎥
2

⎣

⎦

.

(A.55)

The total amount of material in the region is then
utot = ∫∫ u0 dA.

(A.56)

Ω

We solve (A.54) with varying mesh refinements of region Ω, using a fixed Δt = 0.01,
and compare the resulting numerical equilibrium concentration against the exact
value computed in (A.56). The result over the suite of meshes is presented in Figure
A-6C, where we see an O( Δx 2) convergence of the solution as expected from
equation (A.30).
With the same test problem (A.54), but with D reduced to 0.1, we then
compared transient solutions of our MATLAB code, Seuss, against the SNL software,
MPSalsa, but on only one mesh with Δx =0.05. We computed the MPSalsa reference
solution with Δt = 1e-4, whereas with Seuss we varied the time step sizes over Δt =
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Figure A-6 Seuss Test Problem
Square region Ω (x,y ∈ [0,1]), the regular spatial discretization with a triangular mesh,
and the initial data distribution are shown in Panel A. The plotted mesh is with 800
elements and 441 nodes corresponding to Δx =0.05. Initial distribution is allowed to
diffuse to equilibrium; Panel B shows distribution at t = 0.2 into simulation. A
comparison between the exact equilibrium value (calculated, see text) and the numerical
results over a range of Δx =0.01 to 0.25 is shown in Panel C. Relative errors are aligned
along an expected 2nd order convergence (note logarithmic scale). Panel D shows
comparisons between Seuss transient solutions and a MPSalsa reference solution of the
same problem over time t = [0,5]. Relative L2 norms of error over all nodes at each
timestep, with varying time step sizes Δt = 0.1, 0.01, 0.001 and 1e-4 (see legend), are
computed against the MPSalsa reference solution which used Δt=1e-4. Relative errors
are greatest for the Seuss solution at the largest Δt = 0.1 and remain near 1e-5 out to
equilibrium. All other time step sizes eventually reduce relative errors to below 1e-7.

0.1, 0.01, 0.001 and 1e-4. Adaptive time stepping was disabled for this test. Results
showing the relative L2 norms (computed over all nodes at each time step) between
the MPSalsa reference solution and the suite of Seuss solutions are provided in
Figure A-6D. Initial relative errors are somewhat high due to different time
integration initialization procedures between Seuss and MPSalsa. (Seuss reduces Δti
by 1/5, whereas MPSalsa reduces by 1/10.) Otherwise, Seuss and MPSalsa generate
solutions at the same Δt = 1e-4 with relative errors on order of 1e-7 (blue trace). Each
step size eventually converges to similarly low relative errors with the exception of
the Seuss solution with Δt = 0.1 (green trace), which remains in the 1e-5 range out to
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equilibrium. Notice the subtle oscillations generated with the Δt = 0.1 solution
around t = 2, demonstrating the TR susceptibility to inappropriately large Δt. This
suggests we must carefully manage Δt in our numerical solutions.
The time expended in generating the reference solution with MPSalsa was
about 575 seconds (441 unknowns over 55,000 time steps), and required a total of
246,361 GMRES iterations (residual tolerance εg =1e-6). By comparison, the time to
solve the identical problem on the same platform with Seuss (executed within
MATLAB in ‘batch’ mode with no Java GUI) was about 205 seconds using a total of
18,728 GMRES iterations (residual tolerance εg =1e-9). The Seuss code was then 65%
faster to solve test problem (A.54) in this particular case, mostly due to better
convergence with the Seuss GMRES. With other test problems the performance
varies, and overall the two
codes are comparable in speed
and accuracy, although Seuss
is a serial-only (one processor)
solver, whereas MPSalsa is
designed for parallel
computations. MPSalsa was
implemented in C, compiled
with level 2 optimization (gcc
–O2), and uses the free, opensource SNL linear solver
package Trilinos [148]. Seuss

Table A-1 Adaptive Time Step Solution
Parameters
Item
Initial TimeStep
Max Stepsize
Min Stepsize
Truncation Error Tolerance
Maximum Solution
Change

Symbol
Δti
Δtmax
Δtmin
εt
Δumax

Value
1e-2
1e-2
1e-6
0.1
1.0

GMRES Convergence
Tolerance

εg

1e-9

Maximum GMRES
Iterations

kmax

100

was implemented in MATLAB and heavily vectorized for memory efficiency and
performance, along with a customized GMRES linear solver (see section A.4.1).
We applied the unstructured mesh and adaptive time stepping capability of
Seuss to a simple calcium dynamic problem, where we simulated a single calcium
channel influx event, dimensioned in microns and milliseconds. A small subdomain
on the scale of an ion channel mouth (white line, 10 nm) was placed in a 1 µm2
region (see mesh in Figure A-7). A simple, Heaviside-in-time flux condition was
applied to this channel subdomain,

Jchannel = γ

fluxrate

( H(t − t

on ) −

)

H(t − toff ) ,

(A.57)

where we set ton to 1.0 ms, toff to 2.0 ms, and the strength of channel flux, γfluxrate = 100
µm µM ms-1. A reaction term was taken directly from the Calmodulin buffering
model in section 3.1.4.1, resulting in the following system of equations
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(

)

dc
= Dc ∇ 2c + kb− b − kb+ c bTOT − b
dt
db
= Db∇ 2 b + kb+ c bTOT − b − kb− b
dt
∂c
= Jchannel , (x, y) ∈δΩch
∂n
c(x, y,0) = 0.1 µ M

(

)

(A.58)

b(x, y,0) = 10.72 µ M,
which is identical to the system in equation (3.27) but with the spatial diffusive terms
and flux condition added. Recall, we performed a simulation of calcium buffering
reactions to demonstrate the response of a Calmodulin model to elevations of [Ca2+].
Similarly, here c is the concentration of Ca2+, and b is the concentration of Ca2+-bound
buffer, both in µM. Diffusion coefficients are as listed in Table 3-5, and boundary
conditions other than on the channel subdomain, δΩch, are Neumann insulation, zero
flux.
We configured the adaptive time stepping routine with constraints given in
Table A-1. Figure A-8A shows
solutions of averaged calcium, c, and
buffer, b, as well as the adaptive time
step size Δt, over the time span of
solution for t = [0, 10] ms. The initial,
reduced time steps at around 1e-3
rapidly increase to Δtmax due to a low
truncation error dn, from equation
(A.41). Sharp changes in the solution,
Δu, during opening and closing of the
boundary flux forces reductions in Δt as
seen at times t = 1 and 2 ms, where Δt is
reduced down to minimums of around
1e-6 ms. Alternatively, after the influx
ceases at 2 ms, the truncation error
parameter, εt, prevents rapid increase of
Δt up to Δtmax, due to the calcium-buffer
reactions over t = 2 to 4 ms. No GMRES

Figure A-7 Seuss Demonstration: Mesh
Plot of an unstructured triangular mesh with
800 elements. It includes a channel subdomain
(white line) of 10 nm in width, which is also
subdivided into 4 elements of size 2.5 nm. By
comparison, a structured mesh with a
comparable resolution of the channel
subdomain results in 160,000 elements (not
shown), or fully 20 times more elements than
the unstructured mesh shown. All meshes were
constructed with the mesh generation toolkit,
CUBIT [36].

iteration failures occur in this simulation, where the most iterations to within
tolerance εg, are k = 17; this is 3.8% of the maximum required for convergence (m =
441).
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Figure A-8 Seuss Demonstration: Results
Panel A shows average solutions for c (upper pane) and b (middle pane), along with Δt
size (lower pane). Panels B and C are surface plots of the solution for c and b during flux
event at 1.9 ms, respectively. Note the confinement of c elevation to a small
microdomain around the source. Panel D is a surface plot for c, but in a simulation with
no buffering. Note the higher peak [Ca2+] and deeper penetration of the elevations as
compared with Panel B, when buffering is active.

A comparison simulation was performed with all parameters identical except
with the buffering reaction excluded. A surface plot that demonstrates the impact of
no buffering is presented in Figure A-8D, where higher [Ca2+] and overall greater
penetration of the influx is seen. Buffers thus confine and dampen the Ca2+ influxes
as expected from discussion in section 3.1.4.1.
We performed additional tests of Seuss for accurate solution of the buffer
models described in sections 3.1.4.1 and 3.1.4.2. This was accomplished by
essentially setting the diffusion coefficients to zero (removing spatial dependency) in
system (A.58), which permitted comparison of the Seuss time integration method
against MATLAB ODE simulations of the same buffer models. We obtain, for all
practical purposes, identical results between the Seuss and MATLAB solutions and
the computations are not shown.
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Figure A-9 MATLAB’s GMRES Error
Test simulations with the adaptive time stepping algorithm in Seuss demonstrated
serious issues with the built-in MATLAB GMRES implementation. Panel A shows two
such test results comparing solutions performed with MATLAB’s and our customized
GMRES. During Δt reductions, while resolving an influx event, MATLAB’s GMRES
generates increasing truncation errors, in turn forcing the adaptive Δt routine into more
Δt reductions (red trace). Direct comparison of the relative errors over a long time-span
(tens of thousands of time steps) shows MATLAB’s GMRES is overall less accurate than
our customized implementation (using Givens rotations, as described in section A.3).

A.4.1 MATLAB’s	
  GMRES	
  	
  
We discovered issues with the built-in MATLAB implementation of GMRES.
Although perfectly acceptable for most use, MATLAB’s GMRES generates subtle
errors in its approximate solutions that accumulate over time, which are also
magnified when applied to a small Δt in our FEM code. The adaptive time stepping
algorithm in Seuss is sensitive to these errors and generates significant and
unacceptable deviations from reference solutions, as shown in Figure A-9A. We
thus wrote a customized GMRES solver, within MATLAB, based on the description
in section A.3. Figure A-9B shows the relative error comparison between the built-in
MATLAB GMRES, and our implementation in Seuss.

A.4.2 Nonlinear	
  Solver	
  Exclusion	
  
The systems of reaction-diffusion equations resulting in our model include
non-linearities in the buffering kinetics and the pumping mechanism dependencies
on [Ca2+]. We however do not deploy any nonlinear solution capability in addition
to the AB-TR predictor corrector time integration scheme. Instead, we constrain the
maximum Δt and GMRES iterations such that we obtain a linear approximation of
the nonlinear problem. The fully implicit method we implemented along with the
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robust adaptive time stepping
algorithm, although not ideal
without a nonlinear iterator,
performs adequately for our
purposes here. This
implementation is also similar to
that used by Rudiger, et al. in their
simulations of stochastically

Figure A-10 IP3R Model Schematic
As presented in section 3.1.3.1, the Gin, et al. [61]
IP3R model with modifications by Palk, et al.
[131] has transitions dependent on [Ca2+] (‘c’)
and [IP3] (‘p’), which are dynamic variables in
our reaction-diffusion model, complicating their
simulation.

transitioning IP3R coupled to a
reaction-diffusion, continuum
model of Ca2+ dynamics
discretized by the FEM [145].

A.5 The	
  Hybrid-‐Gillespie	
  Stochastic	
  Method	
  
Since we include stochastic behavior for a suite of up to 7 IP3R channels
situated in our idealized PMU (see Figure 3-16), we present here the method used
for simulating the IP3R model, described in section 3.1.3.1, coupled to the solution of
our model’s reaction-diffusion systems detailed above. The usual Monte Carlo
approach is briefly described, but only for contrast with the method applied: the
hybrid Gillespie model for stochastic systems.
Consider the reaction scheme in the IP3R model from Gin, et al. [61] in Figure
A-10; for convenience, we reproduce the IP3R model schematic here. The Monte
Carlo approach to simulating transitions between the state, C1, C2, C3 and O in the
schematic, is to construct a transition matrix where the rows and columns
correspond to the possible state changes thus:

AIP3R

⎛ 0
⎜
⎜ k21
=⎜
0
⎜
⎜⎝ 0

k12

0

0

k23

k32

0

kC

0

0 ⎞
⎟
kO ⎟
.
0 ⎟
⎟
0 ⎟⎠

(A.59)

Row 1 corresponds to state C1, where the only possible transition to C2 is indicated
by the term k12. Each row of AIP3R is constructed similarly. As the time integrator
proceeds over t + Δt, the probability of a channel transition from the current state, Sc,
to a new state Sn is given by
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(

)

N

P Sn ,t + Δt⏐Sc ,t = Δt∑ ac ,i ,

(A.60)

i

where the ac,i correspond to the current state’s row of transition rates, and N = 4 is
the total number of states in our IP3R scheme. Drawing a uniformly distributed
random number between [0, 1] at each time step during integration determines
whether a state transition occurs, and the comparison
k

N

i=1

i=k

∑ ac ,i ≤ r1 < ∑ ac ,i

(A.61)

indicates which transition occurred.
This is a straightforward but cumbersome approach. Probabilities of
transition clearly depend on the size of Δt, and some transitions (depending on the
rates k) may be on the order of microseconds, whereas the diffusion problem is on
the order of milliseconds. This restricts the possible Δt to microseconds,
independent of the reaction-diffusion solution constraints. The IP3R model then
dictates progression of the time integrator. The time to solve the overall problem
then increases unnecessarily, especially during transitions that are not between the
open (Ca2+ flux active) and shut (no Ca2+ flux) configurations, which are the only
relevant states to the reaction-diffusion problem.
Alternatively, consider the probability that no transition out of state Sc occurs
over Δt

(

)

N

P Sc ,t + Δt⏐Sc ,t = 1 − Δt∑ ac ,i ,

(A.62)

i

and over n time steps, this becomes

(

)

n

)

n

N
⎛
⎞
P Sc ,t + nΔt⏐Sc ,t = ⎜ 1 − Δt∑ ac ,i ⎟
⎝
⎠
i

(

⎛
⎞
τ N
P Sc ,t + τ⏐Sc ,t = ⎜ 1 − ∑ ac ,i ⎟ ,
n i
⎝
⎠

(A.63)

if we let τ = nΔt. Taking the limit n → ∞ gives

(

)

−τ
a
P Sc ,t + τ⏐Sc ,t = e ∑ i=1 c ,i ,
N

(A.64)

and, if we let ac = ∑ i=1 ac ,i , the probability distribution of the dwell time for state Sc
N

is then
P (τ < τ c ≤ τ + dτ ) = ac e −τ ac ⋅ dτ
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over a time span of dτ. Gillespie presented a method exploiting the distribution in
(A.65) for calculating the exact time a transition occurs instead of the Monte Carlo
steady march through time, at stepsizes of Δt, while nothing is happening in the
system [60]. The method again draws a uniformly distributed random

(

)

number, r1 ∈Rand [ 0,1] , and satisfies the exponential distribution (A.65) with

⎛ 1⎞
acτ c = ln ⎜ ⎟
⎝ r1 ⎠

(A.66)

giving the next time of transition out of state Sc at τc. Determining which transition

(

)

happens is by comparison with another random number, r2 ∈Rand [ 0,1] , as in
expression (A.61).
Gillespie’s method (or the Doob-Gillespie method, for Doob initially
developed the idea in 1945 [45]) allows stepping immediately in time to the next
state change, dramatically reducing computational expense for reaction schemes
where the probabilities of transition are constant. This is not the case in our
problem, however. Transitions in the IP3R model between the closed states (C1, C2,
C3, see Figure A-10) are dependent on local [Ca2+] and [IP3]; we cannot directly apply
Gillespie’s method.
Fortunately, Alfonsi, et al. [1] developed a hybridization of Gillespie’s
method with deterministically changing transition rates. Rudiger, et al. then
adapted it to their coupled, stochastically-transitioning IP3R channel and reactiondiffusion dynamic [Ca2+] model of Ca2+ blips, or rapid and relatively large spikes in
[Ca2+] [145]; a similar modeling scheme to ours. We present their adaptation here,
which essentially averages the transition rate changes over t + dτ by
t+dτ

∫t

(

)

ac [Ca 2+ ], η dη .

(A.67)

By use of a tracking variable

(

g′ (η ) = ac [Ca 2+ ], η
g ( 0 ) = 0,

)

(A.68)

and drawing a random number

(

)

⎛
⎞
ξ = ln ⎜ 1 ⎟ ,
⎝ r1 ⎠

(A.69)

where again r1 ∈Rand [ 0,1] , and a transition occurs when g′ (η ) ≥ ξ . We select
which transition happens based on expression (A.61) with another similar random
number, r2. g′ (η ) is then reset with g(0) = 0, and the process is repeated.

A-27

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal
Applying this scheme to our reaction-diffusion model permits tracking the
evolution of individual IP3R channel states without forcing the time integrator to
languish in unnecessarily small Δt’s. Additionally, transitions between the closed
states are veiled from the time stepper, thus limiting the individual IP3R model
impact on the reaction-diffusion solver to only channel openings and closings. We
still apply a restriction on the adaptive time stepper, however. Upon opening or
closing, the IP3R model indicates to the time stepping routine the exact time value
when g′ (η ) ≥ ξ and the transition occurred. The adaptive stepper then adjusts to
incorporate the change.
Comparisons between the Monte Carlo and hybrid Gillespie simulations of
the IP3R channel model are shown in Figure A-11. We derived the probabilities for
each state, given fixed values of [Ca2+] and [IP3], and compared this analytical
probability with both simulated results. The open probability, for instance, is given

Figure A-11 Stochastic Modeling Simulation Comparison
Probabilities of four states (closed, ‘C1,’ ‘C2‘ and ‘C3,’ and open, ‘O’) analytically
computed (blue traces) and compared with Monte Carlo (black ‘+’) and hybrid Gillespie
(red ‘+’) simulation methods. Each simulation was performed over a range of fixed
[Ca2+] with [IP3] set at 2.0 µM.
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by

P0 (c, p) =

k12 k32 ( c, p ) kO

k12 k32 ( c, p ) kO + k12 kC k23 (c, p) + k12 kO k32 (c, p) + kO k32 (c, p)k21 (p)

, (A.70)

and the other states are derived similarly. Overall, the hybrid Gillespie method
performs adequately, generating modest errors as compared with the Monte Carlo
simulations and the exact probabilities.

A.6 Homogenization	
  Procedure:	
  ER	
  Representation	
  
As its name suggests, the endoplasmic reticulum is a reticulated intracellular
structure with a complex geometry. The convoluted structure includes tubular and
flat regions interconnected and extended throughout the cell. Implementing a
realistic representation of this geometry is computationally expensive as
demonstrated in Means, et al. [119]. Our primary interest is the Ca2+ dynamic within
the PMU, which the ER surrounds and does not penetrate; see Figure 3-1. Including
the ER geometry in our model would thus unnecessarily increase the difficulty of
solution. We consider the application of a procedure known as homogenization for
simplifying the ER geometry representation. This procedure permits the simulation
of ER lumenal and cytosolic Ca2+ diffusion at every point in the same space by
representing the ER geometry with an effective diffusion coefficient.
By assuming a regular, periodic structure for the ER (see Figure A-12), Goel,
et al. computed effective diffusion coefficients for Ca2+, given ER and cytosolic
volume ratios [62]. The fraction of Ω occupied by this periodic ER structure is called
Ωe, and the surrounding cytosolic region is Ωc = Ω \ Ωe. Diffusion of cytosolic Ca2+,
c, in region Ωc and ER lumenal Ca2+, ce, in region Ωe is represented by:

∂c
= Dc ∇ 2c,
∂t
∂ce
= Dce ∇ 2ce,
∂t

x ∈Ωc ,

(A.71)

x ∈Ωe .

The size of the periodic structure, Ωe, is considered in a limiting, infinitely small case.
After asymptotic expansions about the limiting parameter, Goel, et al. derived the
expressions for the O(0) terms,
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Figure A-12 Periodic ER Structural Unit
A regular structure is assumed to represent
an ER geometry with a tubular,
interconnected shape (Ωe). This ‘trestle’ is
the fundamental shape repeated periodically
throughout a cytosolic domain (Ωc) for the
homogenization procedure. The ER trestle
shape (volume, and edge length Γ)
determines the diffusive constriction in the
ER. (Source: [62] Fig. 2)

∂c
= a∇ 2c,
∂t
∂ce  2
γe
= b∇ ce,
∂t

γc

x ∈Ωc ,

(A.72)

x ∈Ωe ,

where the γc and γe indicate ratios of cytosol or ER volume to total volume in region
Ω, and a and b are homogenized diffusion coefficients for the respective regions.
These homogenized coefficients depend on the assumed ER geometry as shown in
Figure A-12; see Goel, et al. for details of this dependency [62]. The resulting
effective diffusion coefficients for this periodic ER structure, a γ c and b γ e , and
their dependency on ER volume fraction is shown in Figure A-13.
The fraction of ER volume in the ICC is estimated to be 10% [31]. With this
value, and utilizing the assumed periodic ER structure above, we may thus
represent ER lumenal Ca2+ in the same region as bulk cytosolic Ca2+. Reducing the
ER Ca2+ diffusion coefficient from 0.223 to approximately 0.11 µm2/ms permits this
simplification. The reduced coefficient indicates the diffusive restriction of the ER
structure. Note the cytosolic diffusion coefficient is essentially unchanged. As seen
in Figure A-13, at this ER volume fraction, the effective cytosolic diffusion is about
0.225 µm2/ms.
Boundary conditions between homogenized and non-homogenized regions
must satisfy continuity constraints. The gradients and concentrations between these
regions must match, and homogenization requires enforcement of the following
conditions:

cnonH = c Hom
∂cnonH ∂c Hom
=
,
∂n
∂n
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Figure A-13 Homogenized
Effective Diffusion
Coefficients
Resulting diffusion
coefficients from
homogenization procedure
(scale: um2/s; see text). As
volume fraction of the ER
lowers, diffusive
constriction increases and
the effective coefficient
drops (black trace).
Cytosolic diffusion rate, on
the other hand, increases
(red trace). (Source: [62]
Fig. 8)

where n is the typical unit normal vector along the boundary. These conditions are
applied to each boundary between homogenized and non-homogenized regions for
diffusive species subject to such homogenization.
The description here of the homogenization procedure is quite terse. For
details on the method, see Goel, et al. [62]. An example of its application is further
found in the Higgins, et al. model of a sarcomere [70].

A.7 Mesh	
  Generation	
  	
  
Before we can finally begin simulations of our idealized two-dimensional
PMU, we must first construct spatial discretizations of the geometry shown in Figure
3-16. All of our discretizations were performed with the mesh generation toolkit,
CUBIT from Sandia National Laboratories [36]. We utilize linear triangular elements
in our FEM depicted in section A.1.2, so all the constructed meshes are naturally
composed of triangular elements with three nodes each.
Two spatial scales are relevant to our problem, where the individual ion
channel mouths are on the order of 10 nm [37], and the PMU, embedded in a
subdomain of the ICC, is on the scale of a micron. Our application of unstructured
triangular elements should thus incorporate both of these spatial scales.
An overview of the mesh of the surrounding bulk cytosol and the PMU is
shown in Figure A-14, and details of the ion channel regions are shown in Figure
A-15, where each color corresponds to a region listed in the reaction-diffusion
equations section 3.1.2. As seen, element sizes dramatically reduce from the outer
boundary of the bulk cytosol (blue) to the PMU interior (green). Maximal element
areas in this region are about 5e-3 µm2 in the bulk interior. In interfaces with the
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Figure A-14 ICC PMU Mesh
Spatial discretization of the two-dimensional geometry is shown. Panel A shows bulk
cytosol mesh (blue), which has the largest elements overall. PMU proper (green) and the
ER-mitochondrial (ER-MT) gap (yellow) and ER (red) domains are set within the bulk
cytosol, next to a mitochondrial space (black), which is not meshed since we exclude the
mitochondria from our model; see Chapter 3. Panel B is a zoomed view of PMU and ER
regions. Ion channel subdomains line boundaries between the regions; element sizes
drop dramatically for resolution of the channel subdomains. See text for details.

PMU, they are as small as 5e-5 µm2 at the PMU proper (Figure A-15A) and 3.8e-6
µm2 at the ER-mitochondrial (ER-MT) gap (yellow, in Figure A-15B). Note, the
black, non-meshed interior region corresponds to the mitochondrial area (white
region in Figure 3-16), and is not included in our model; see Chapter 3.
The PMU proper, ER-MT gap and ER (red) are the regions with ion channel
subdomains (Figure A-15C and D); note the refined elements around locations of
each channel. The channel subdomains are 10 nm wide, and partitioned into edges
of length 2.5 nm. Near these subdomains the element sizes are quite small at around
2e-6 µm2, although the automatic unstructured mesh algorithm in CUBIT generates
some elements with areas as small as 4.5e-7 µm2 in the PMU interior. Within the ER
region, the mesh coarsened in conjunction with the surrounding bulk cytosol, up to
maximum element areas of around 3e-4 µm2.
In the ER-MT gap of the PMU, we forced the algorithm to generate a
structured mesh (Figure A-15B and D). The mesh is, however, not precisely
structured due to idiosyncracies of the software package CUBIT; it is nevertheless
adequate for our purposes. The direct apposition of IP3R and uniporter subdomains
(white lines) in the narrow 10 nm gap proved too spatially restrictive for
unstructured element size variations. This increased the numbers of elements for
this region, but the increase is relatively low since the gap area itself is quite small
compared to the whole geometry. The gap should also experience large and steep
concentration gradients due to the channel subdomains situated within, so increased
element resolution is probably necessary.
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Figure A-15 PMU Mesh Detail
Zoomed view in Panels A and B detail the PMU region interface (green) with the ER
(red) and bulk cytosol (blue) regions. White lines indicate the ion channel subdomains
of 10 nm in length. Unstructured mesh was constrained around resolution of the ion
channels while element sizes were increased further away from the channel
subdomains. PMU-bulk cytosol interface was resolved with two elements (Panel A,
green and blue mesh interface), whereas the PMU ER-MT gap interface was resolved
with four (Panel B, blue and yellow mesh interface). Gap width is set at 10 nm and with
several ion channel subdomains situated in it, we expect large and steep concentration
gradients; hence we apply a structured mesh and relatively fine resolution. Detailed
view of elements surrounding an ion channel subdomain shown in Panel C. Individual
element edge lengths set at 2.5 nm, resulting in four elements abutting the channel
subdomain on either side. ER-MT gap and PMU proper interface (yellow and green
meshes) shown in Panel D; element sizes only gradually increase into the ER and PMU
proper regions. ER mesh (red) resolution constrained by ion channel subdomains and
surrounding bulk cytosol mesh (blue).

Total number of elements for the entire geometry is 7,456 triangles and 4,102
nodes. Element sizes range over the small 4.5e-7 µm2 in the PMU interior to the
large 5e-3 µm2 in the bulk cytosol. The minimal Jacobian for all elements is 0.42,
indicating no element is poorly shaped (i.e., no nodes of a triangular element are
nearly collinear). Additionally, computations of the spatial discretization terms for
the FEM matrix, K, in equation (A.22) are all non-singular. Statistics of elements for
each region are given in Table A-2, where it is clear that more elements are dedicated
to resolving the PMU, ER-MT gap and the ER than the bulk cytosol.
The number of reacting and diffusing species and the regions they are active
in dictates final assembly of the total problem. For instance, cytosolic Ca2+, c, is
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Table A-2 ICC PMU Mesh Statistics (Areas in µ m2)
Total
Region
Area

Max
Element
Area

Min
Element
Area

Average
Element
Area

Number
of
Elements

Number
of
Nodes

PMU
Proper
(Ω1a)
ER-MT
Gap (Ω1b)
ER (Ω2)

0.043

1.26e-4

4.7e-7

1.7e-5

2,538

1,403

1.25e-3

3.36e-6

3.13e-6

3.3e-6

384

245

0.071

3.16e-4

1.21e-6

2.87e-5

2,452

1,322

Bulk
Cytosol
(Ω3)

1.31

4.86e-3

3.78e-6

6.3e-4

2,082

1,132

Region

active in regions Ω1a (PMU Proper), Ω1b (ER-MT gap) and Ω3 (homogenized, bulk
cytosol), so elements in the respective regions, and their nodes, are included in the
FEM depiction for the reacting and diffusing variable c. Each variable in turn has its
FEM depiction similarly constructed, and is then assembled into the full problem.
Total numbers of nodes and elements for each species (calcium and buffers in
cytosol and ER) are given in Table A-3; note the cytosolic buffer, b, has a slightly
smaller total number of unknowns since we do not include buffering in the ER-MT
gap (see section 3.1.2.1). The final resulting problem size is a total of 12,873
unknowns per time step.
We have assembled a reaction-diffusion model of the spatio-temporal
calcium dynamics in the ICC PMU. Our model includes the integrated transport of
calcium between the ER and mitochondria, as well as protein buffering in the cytosol
and ER lumen. Calcium and buffer dynamics in the ER lumen are represented with
effective diffusion coefficients provided by the homogenization method. The
homogenized ER lumen and cytosol was then coupled to the non-homogenized
regions, which greatly simplified computation by excluding complex details of the
ER structure. A stochastically transitioning IP3R channel model is coupled with the
reaction-diffusion
model through

Table A-3 ICC PMU Species Mesh Statistics

dynamically varying

Species

Total Elements

Total Nodes

concentrations of

Cytosolic Calcium (c)

5,004

2,764

Ca and IP3. We

Cytosolic Buffer (b)

4,620

2,529

simplified solution of

ER Calcium (ce)

4,534

2,408

the model by

ER Buffer (be)

4,534

2,408

including only

IP3 (p)

5,004

2,764

2+

opening and closing
events of the IP3R models through application of the hybrid Gillespie stochastic
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method. Our adaptive time stepping algorithm also permits simulating the
aggregate behavior of these channel events over the time scale of seconds. This
algorithm is in turn built on the unstructured finite element discretization capability,
efficiently resolving both nano- and micrometer spatial scales of our geometry.

A-35

Bibliography	
  

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

Alfonsi, A., et al., Exact simulation of hybrid stochastic and deterministic models
for biochemical systems. ESAIM Proc., 2005. 14: p. 1-13.
Aliev, R.R., W. Richards, and J.P. Wikswo, A simple nonlinear model of electrical
activity in the intestine. J Theor Biol, 2000. 204(1): p. 21-8.
Allbritton, N.L., T. Meyer, and L. Stryer, Range of messenger action of calcium
ion and inositol 1,4,5-trisphosphate. Science, 1992. 258(5089): p. 1812-5.
Alvarez, W.C.M., L.J., The Myogenic Nature of the Rhythmic Contractions of the
Intestine. Am J Physiol, 1922. 59: p. 421-430.
Ambache, N., The electrical activity of isolated mammalian intestines. J Physiol,
1947. 106(2): p. 139-53.
Babcock, D.F. and B. Hille, Mitochondrial oversight of cellular Ca2+ signaling.
Curr Opin Neurobiol, 1998. 8(3): p. 398-404.
Balke, C.W., T.M. Egan, and W.G. Wier, Processes that remove calcium from the
cytoplasm during excitation-contraction coupling in intact rat heart cells. J Physiol,
1994. 474(3): p. 447-62.
Bassani, J.W., R.A. Bassani, and D.M. Bers, Calibration of indo-1 and resting
intracellular [Ca]i in intact rabbit cardiac myocytes. Biophys J, 1995. 68(4): p.
1453-60.
Bassani, J.W., W. Yuan, and D.M. Bers, Fractional SR Ca release is regulated by
trigger Ca and SR Ca content in cardiac myocytes. Am J Physiol, 1995. 268(5 Pt
1): p. C1313-9.
Bayliss, W.M. and E.H. Starling, The movements and innervation of the small
intestine. J Physiol, 1899. 24(2): p. 99-143.
Bedard, K., et al., Cellular functions of endoplasmic reticulum chaperones
calreticulin, calnexin, and ERp57. Int Rev Cytol, 2005. 245: p. 91-121.
Berridge, M.J., Calcium oscillations. J Biol Chem, 1990. 265(17): p. 9583-6.
Berridge, M.J., Inositol trisphosphate and calcium signalling. Nature, 1993.
361(6410): p. 315-25.
Berridge, M.J., P. Lipp, and M.D. Bootman, The versatility and universality of
calcium signalling. Nat Rev Mol Cell Biol, 2000. 1(1): p. 11-21.
Bers, D.M., Excitation-Contraction Coupling and Cardiac Contractile Force. 2 ed.
2001: Kluwer Academic.
Bezprozvanny, I. and B.E. Ehrlich, Inositol (1,4,5)-trisphosphate (InsP3)-gated Ca
channels from cerebellum: conduction properties for divalent cations and regulation
by intraluminal calcium. J Gen Physiol, 1994. 104(5): p. 821-56.
Bezprozvanny, I., J. Watras, and B.E. Ehrlich, Bell-shaped calcium-response
curves of Ins(1,4,5)P3- and calcium-gated channels from endoplasmic reticulum of
cerebellum. Nature, 1991. 351(6329): p. 751-4.
Blaustein, M.P. and W.J. Lederer, Sodium/calcium exchange: its physiological
implications. Physiol Rev, 1999. 79(3): p. 763-854.
Bozler, E., The Relation of the Action Potentials to Mechanical Activity in
Intestinal Muscle. American Journal of Physiology, 1946. 146: p. 496-501.
Brini, M. and E. Carafoli, Calcium pumps in health and disease. Physiol Rev,
2009. 89(4): p. 1341-78.
Burggren, F., K. Franch, and D. Randall, Animal Physiology. 4th ed. 2000, New
York, USA: W.H. Freeman and Co.
Burns, A.J., et al., Interstitial cells of Cajal in the guinea-pig gastrointestinal tract
as revealed by c-Kit immunohistochemistry. Cell Tissue Res, 1997. 290(1): p. 1120.

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.

B-ii

Cajal, S., El plexo de Auerbach de los batracios. Nota sobre el plexo de Auerbach de
la rana. Trab Lab Histol Fac Med Barcelona, 1892: p. 23-28.
Cajal, S., Les preuves objectives de l’unite ́ anatomique des cellules nerveuses. Trav
Lab Rech Biol Univ Madrid, 1934. 29: p. 1-137.
Cajal, S.R., Estructura del centro nervioso de las aves. Rev. Trimes. Hist. Norm y
Patol., 1888. 1: p. 1-10.
Cajal, S.R., Nuevas aplicaciones del método de coloración de Golgi. Gaceta Médica
Catalana, 1889. 12: p. 613-16.
Chalmers, S. and J.G. McCarron, Inhibition of mitochondrial calcium uptake
rather than efflux impedes calcium release by inositol-1,4,5-trisphosphate-sensitive
receptors. Cell Calcium, 2009. 46(2): p. 107-13.
Chin, D. and A.R. Means, Calmodulin: a prototypical calcium sensor. Trends Cell
Biol, 2000. 10(8): p. 322-8.
Clough, R.W., The Finite Element Method in Plane Stress Analysis. Journal of
Structures Division, ASCE, Proceedings of 2nd Conf. on Elec. Comp., 1960: p.
345-378.
Condrescu, M., L. Osses, and R. DiPolo, Partial purification and characterization
of the (Ca2+ + Mg2+)-ATPase from squid optic nerve plasma membrane. Biochim
Biophys Acta, 1984. 769(1): p. 261-9.
Corrias, A. and M.L. Buist, Quantitative cellular description of gastric slow wave
activity. Am J Physiol Gastrointest Liver Physiol, 2008. 294(4): p. G989-95.
Courant, R.L., Variational Methods for the Solution of Problems of Equilibrium and
Vibration. Bulletin of the American Mathematical Society, 1943. 49: p. 1-23.
Cousins, H.M., et al., Electrical coupling between the myenteric interstitial cells of
Cajal and adjacent muscle layers in the guinea-pig gastric antrum. J Physiol, 2003.
550(Pt 3): p. 829-44.
Cowper, G.R., Gaussian quadrature formulas for triangles. International Journal
for Numerical Methods in Engineering, 1972. 7(3): p. 405-408.
Cox, D.A., et al., Selectivity of inhibition of Na(+)-Ca2+ exchange of heart
mitochondria by benzothiazepine CGP-37157. J Cardiovasc Pharmacol, 1993.
21(4): p. 595-9.
CUBIT, http://cubit.sandia.gov, in SAND Technical Reports 06-7156. 2006, Sandia
National Laboratories.
da Fonseca, P.C., et al., Domain organization of the type 1 inositol 1,4,5trisphosphate receptor as revealed by single-particle analysis. Proc Natl Acad Sci U
S A, 2003. 100(7): p. 3936-41.
Daniel, E.E., Communication between interstitial cells of Cajal and gastrointestinal
muscle. Neurogastroenterol Motil, 2004. 16 Suppl 1: p. 118-22.
Daniel, E.E., A. El-Yazbi, and W.J. Cho, Caveolae and calcium handling, a review
and a hypothesis. J Cell Mol Med, 2006. 10(2): p. 529-44.
Daniel, E.E., et al., The role of caveolae and caveolin 1 in calcium handling in
pacing and contraction of mouse intestine. J Cell Mol Med, 2009. 13(2): p. 352-64.
de Lima, M.A., et al., Interstitial cells of Cajal in chagasic megaesophagus. Ann
Diagn Pathol, 2008. 12(4): p. 271-4.
Dickens, E.J., F.R. Edwards, and G.D. Hirst, Selective knockout of intramuscular
interstitial cells reveals their role in the generation of slow waves in mouse stomach. J
Physiol, 2001. 531(Pt 3): p. 827-33.
Dogiel, A., Zur Frage u ̈ ber die Ganglien der Darmgeflechte bei den Säugetieren.
Anat Anz, 1895. 10: p. 517-28.
Dogiel, A., Ueber den Bau der Ganglien in den Geflechten des Darmes und der
Gallenblase des Menchen und der Sä ugethiere. Arch Anat Physiol Anat Abstr,
1899. 53: p. 130-158.
Doob, J.L., Markoff Chains - Denumerable Case. Transactions of the American
Mathematical Society, 1945. 58(3): p. 455-473.
Edwards, F.R. and G.D. Hirst, Mathematical description of regenerative potentials
recorded from circular smooth muscle of guinea pig antrum. Am J Physiol
Gastrointest Liver Physiol, 2003. 285(4): p. G661-70.

Bibliography
47.
48.
49.
50.
51.
52.
53.

54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.

Edwards, F.R. and G.D. Hirst, An electrical description of the generation of slow
waves in the antrum of the guinea-pig. J Physiol, 2005. 564(Pt 1): p. 213-32.
Edwards, F.R. and G.D. Hirst, An electrical analysis of slow wave propagation in
the guinea-pig gastric antrum. J Physiol, 2006. 571(Pt 1): p. 179-89.
Edwards, F.R., G.D. Hirst, and H. Suzuki, Unitary nature of regenerative
potentials recorded from circular smooth muscle of guinea-pig antrum. J Physiol,
1999. 519 Pt 1: p. 235-50.
Eisenrauch, A. and E. Bamberg, Voltage-dependent pump currents of the
sarcoplasmic reticulum Ca2(+)-ATPase in planar lipid membranes. FEBS Lett,
1990. 268(1): p. 152-6.
El-Sharkaway, T.Y. and E.E. Daniel, Ionic mechanisms of intestinal electrical
control activity. Am J Physiol, 1975. 229(5): p. 1287-98.
Fall, C.P. and J.E. Keizer, Mitochondrial modulation of intracellular Ca(2+)
signaling. J Theor Biol, 2001. 210(2): p. 151-65.
Faussone Pellegrini, M.S., C. Cortesini, and P. Romagnoli, [Ultrastructure of
the tunica muscularis of the cardial portion of the human esophagus and stomach,
with special reference to the so-called Cajal's interstitial cells]. Arch Ital Anat
Embriol, 1977. 82(2): p. 157-77.
Faussone-Pellegrini, M.S. and L. Thuneberg, Guide to the identification of
interstitial cells of Cajal. Microsc Res Tech, 1999. 47(4): p. 248-66.
Faville, R.A., et al., A biophysically based mathematical model of unitary potential
activity in interstitial cells of Cajal. Biophys J, 2008. 95(1): p. 88-104.
Ferreira, V., et al., Does Trypanosoma cruzi calreticulin modulate the complement
system and angiogenesis? Trends Parasitol, 2005. 21(4): p. 169-74.
Garcia-Lopez, P., et al., Updating old ideas and recent advances regarding the
Interstitial Cells of Cajal. Brain Res Rev, 2009. 61(2): p. 154-69.
Gerencser, A.A. and V. Adam-Vizi, Mitochondrial Ca2+ dynamics reveals limited
intramitochondrial Ca2+ diffusion. Biophys J, 2005. 88(1): p. 698-714.
Gibbons, S.J., et al., Apoptotic cell death of human interstitial cells of Cajal.
Neurogastroenterol Motil, 2009. 21(1): p. 85-93.
Gillespie, D.T., Exact Stochastic Simulationn of Coupled Chemical Reactions.
Journal of Physical Chemistry, 1977. 81(25): p. 2240-2361.
Gin, E., et al., A kinetic model of the inositol trisphosphate receptor based on singlechannel data. Biophys J, 2009. 96(10): p. 4053-62.
Goel, P., J. Sneyd, and A. Friedman, Homogenization of the Cell Cytoplasm: The
Calcium Bidomain Equations. SIAM Multiscale Modeling and Simulation, 2006.
5(4): p. 1045-1062.
Goto, K., S. Matsuoka, and A. Noma, Two types of spontaneous depolarizations
in the interstitial cells freshly prepared from the murine small intestine. J Physiol,
2004. 559(Pt 2): p. 411-22.
Graier, W.F., M. Frieden, and R. Malli, Mitochondria and Ca(2+) signaling: old
guests, new functions. Pflugers Arch, 2007. 455(3): p. 375-96.
Gray, P.T., Oscillations of free cytosolic calcium evoked by cholinergic and
catecholaminergic agonists in rat parotid acinar cells. J Physiol, 1988. 406: p. 35-53.
Gresho, P.M. and R.L. Sani, Incompressible Flow and the Finite Element Method.
Vol. 1. 2000, Chichester: John Wiley & Sons, Ltd.
Gunter, T.E. and S.S. Sheu, Characteristics and possible functions of mitochondrial
Ca(2+) transport mechanisms. Biochim Biophys Acta, 2009. 1787(11): p. 1291308.
Gyorke, I. and S. Gyorke, Regulation of the cardiac ryanodine receptor channel by
luminal Ca2+ involves luminal Ca2+ sensing sites. Biophys J, 1998. 75(6): p. 280110.
Higgins, E.R., M.B. Cannell, and J. Sneyd, A buffering SERCA pump in models
of calcium dynamics. Biophys J, 2006. 91(1): p. 151-63.
Higgins, E.R., et al., Modelling calcium microdomains using homogenisation. J
Theor Biol, 2007. 247(4): p. 623-44.

B-iii

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal
71.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.

B-iv

Hildebrand, R., [The Wurzburg anatomist Albert von Koelliker and his relations
with Camillo Golgi and Santiago Ramon Cajal]. Sudhoffs Arch, 1989. 73(2): p.
145-55.
Hilgemann, D.W., Numerical approximations of sodium-calcium exchange. Prog
Biophys Mol Biol, 1988. 51(1): p. 1-45.
Hilgemann, D.W., New insights into the molecular and cellular workings of the
cardiac Na+/Ca2+ exchanger. Am J Physiol Cell Physiol, 2004. 287(5): p. C116772.
Hilgemann, D.W., D.A. Nicoll, and K.D. Philipson, Charge movement during
Na+ translocation by native and cloned cardiac Na+/Ca2+ exchanger. Nature,
1991. 352(6337): p. 715-8.
Hille, B., Ion Channels of Excitable Membranes. 3 ed. 2001, Sunderland, MA
USA: Sinauer Associates, Inc.
Hirst, G.D., et al., Regenerative component of slow waves in the guinea-pig gastric
antrum involves a delayed increase in [Ca(2+)](i) and Cl(-) channels. J Physiol,
2002. 540(Pt 3): p. 907-19.
Hirst, G.D. and F.R. Edwards, Generation of slow waves in the antral region of
guinea-pig stomach--a stochastic process. J Physiol, 2001. 535(Pt 1): p. 165-80.
Hoeflich, K.P. and M. Ikura, Calmodulin in action: diversity in target recognition
and activation mechanisms. Cell, 2002. 108(6): p. 739-42.
Holaday, D.A., H. Volk, and J. Mandell, Electrical activity of the small intestine
with special reference to the origin of rhythmicity. Am J Physiol, 1958. 195(2): p.
505-15.
Hrennikoff, A., Solution of Problems in Elasticity by the Framework Method.
Transactions of the ASME, Journal of Applied Mechanics, 1941. 8: p. 168-175.
Huizinga, J.D., et al., W/kit gene required for interstitial cells of Cajal and for
intestinal pacemaker activity. Nature, 1995. 373(6512): p. 347-9.
Huizinga, J.D., N. Zarate, and G. Farrugia, Physiology, injury, and recovery of
interstitial cells of Cajal: basic and clinical science. Gastroenterology, 2009. 137(5):
p. 1548-56.
Hwang, S.J., et al., Expression of anoctamin 1/TMEM16A by interstitial cells of
Cajal is fundamental for slow wave activity in gastrointestinal muscles. J Physiol,
2009. 587(Pt 20): p. 4887-904.
Jin, N.G., S.D. Koh, and K.M. Sanders, Caffeine inhibits nonselective cationic
currents in interstitial cells of Cajal from the murine jejunum. Am J Physiol Cell
Physiol, 2009. 297(4): p. C971-8.
Johnson, H.W. and M.J. Schell, Neuronal IP3 3-kinase is an F-actin-bundling
protein: role in dendritic targeting and regulation of spine morphology. Mol Biol
Cell, 2009. 20(24): p. 5166-80.
Kass, G.E. and S. Orrenius, Calcium signaling and cytotoxicity. Environ Health
Perspect, 1999. 107 Suppl 1: p. 25-35.
Keith, A., A New Theory of the Causation of Enterostasis. The Lancet, 1915.
186(4799): p. 371-375.
Kelley, C.T., Iterative Methods for Linear and Nonlinear Equations. 1995,
Philadelphia, PA; USA: Society for Industrial and Applied Mathematics.
Kilic, A., et al., Alterations in the density of interstitial cells of Cajal in achalasia.
Dig Dis Sci, 2008. 53(6): p. 1488-92.
Kim, B.J., et al., Involvement of mitochondrial Na+-Ca2+ exchange in intestinal
pacemaking activity. World J Gastroenterol, 2006. 12(5): p. 796-9.
Kim, I.H., et al., Inositol 1,4,5-trisphosphate 3-kinase a functions as a scaffold for
synaptic Rac signaling. J Neurosci, 2009. 29(44): p. 14039-49.
Kim, T.W., et al., Muscarinic regulation of pacemaker frequency in murine gastric
interstitial cells of Cajal. J Physiol, 2003. 546(Pt 2): p. 415-25.
Kim, Y.C., S.D. Koh, and K.M. Sanders, Voltage-dependent inward currents of
interstitial cells of Cajal from murine colon and small intestine. J Physiol, 2002.
541(Pt 3): p. 797-810.

Bibliography
94.
95.
96.
97.
98.
99.
100.
101.
102.
103.
104.
105.
106.
107.
108.
109.
110.
111.
112.
113.
114.
115.

Kinoshita, M., et al., Positive regulation of capacitative Ca2+ entry by intracellular
Ca2+ in Xenopus oocytes expressing rat TRP4. Cell Calcium, 2000. 28(3): p. 1519.
Kirichok, Y., G. Krapivinsky, and D.E. Clapham, The mitochondrial calcium
uniporter is a highly selective ion channel. Nature, 2004. 427(6972): p. 360-4.
Kito, Y. and H. Suzuki, Electrophysiological properties of gastric pacemaker
potentials. J Smooth Muscle Res, 2003. 39(5): p. 163-73.
Koh, S.D., et al., A Ca(2+)-inhibited non-selective cation conductance contributes to
pacemaker currents in mouse interstitial cell of Cajal. J Physiol, 2002. 540(Pt 3): p.
803-14.
Koh, S.D., K.M. Sanders, and S.M. Ward, Spontaneous electrical rhythmicity in
cultured interstitial cells of cajal from the murine small intestine. J Physiol, 1998.
513 ( Pt 1): p. 203-13.
Kraichely, R.E. and G. Farrugia, Mechanosensitive ion channels in interstitial
cells of Cajal and smooth muscle of the gastrointestinal tract. Neurogastroenterol
Motil, 2007. 19(4): p. 245-52.
Lange, K. and U. Brandt, Calcium storage and release properties of F-actin:
evidence for the involvement of F-actin in cellular calcium signaling. FEBS Lett,
1996. 395(2-3): p. 137-42.
Lange, K. and J. Gartzke, F-actin-based Ca signaling-a critical comparison with
the current concept of Ca signaling. J Cell Physiol, 2006. 209(2): p. 270-87.
Langton, P., et al., Spontaneous electrical activity of interstitial cells of Cajal
isolated from canine proximal colon. Proc Natl Acad Sci U S A, 1989. 86(18): p.
7280-4.
Li, F.Y., et al., Clinical application prospects of gastric pacing for treating
postoperative gastric motility disorders. J Gastroenterol Hepatol, 2007. 22(12): p.
2055-9.
Liu, J., C.L. Prosser, and D.D. Job, Ionic dependence of slow waves and spikes in
intestinal muscle. Am J Physiol, 1969. 217(5): p. 1542-7.
Liu, L.W., L. Thuneberg, and J.D. Huizinga, Selective lesioning of interstitial
cells of Cajal by methylene blue and light leads to loss of slow waves. Am J Physiol,
1994. 266(3 Pt 1): p. G485-96.
Lukyanenko, V., A. Chikando, and W.J. Lederer, Mitochondria in
cardiomyocyte Ca2+ signaling. Int J Biochem Cell Biol, 2009. 41(10): p. 1957-71.
Lytton, J., Na+/Ca2+ exchangers: three mammalian gene families control Ca2+
transport. Biochem J, 2007. 406(3): p. 365-82.
Maeda, H., et al., Requirement of c-kit for development of intestinal pacemaker
system. Development, 1992. 116(2): p. 369-75.
Magnus, G. and J. Keizer, Minimal model of beta-cell mitochondrial Ca2+
handling. Am J Physiol, 1997. 273(2 Pt 1): p. C717-33.
Malysz, J., G. Donnelly, and J.D. Huizinga, Regulation of slow wave frequency
by IP(3)-sensitive calcium release in the murine small intestine. Am J Physiol
Gastrointest Liver Physiol, 2001. 280(3): p. G439-48.
Malysz, J., et al., Generation of slow wave type action potentials in the mouse small
intestine involves a non-L-type calcium channel. Can J Physiol Pharmacol, 1995.
73(10): p. 1502-11.
Marchant, J.S. and C.W. Taylor, Cooperative activation of IP3 receptors by
sequential binding of IP3 and Ca2+ safeguards against spontaneous activity. Curr
Biol, 1997. 7(7): p. 510-8.
Mathias, J.R. and C.A. Sninsky, Motility of the small intestine: a look ahead. Am J
Physiol, 1985. 248(5 Pt 1): p. G495-500.
MATLAB, http://www.mathworks.com. 2009, The MathWorks, Inc.: Natick,
MA; USA.
Matlib, M.A., et al., Oxygen-bridged dinuclear ruthenium amine complex
specifically inhibits Ca2+ uptake into mitochondria in vitro and in situ in single
cardiac myocytes. J Biol Chem, 1998. 273(17): p. 10223-31.

B-v

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal
116.
117.
118.
119.
120.
121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
131.
132.
133.

134.
135.
136.
137.
138.

B-vi

Matsuoka, S. and D.W. Hilgemann, Steady-state and dynamic properties of
cardiac sodium-calcium exchange. Ion and voltage dependencies of the transport
cycle. J Gen Physiol, 1992. 100(6): p. 963-1001.
Matsuoka, S. and D.W. Hilgemann, Inactivation of outward Na(+)-Ca2+
exchange current in guinea-pig ventricular myocytes. J Physiol, 1994. 476(3): p.
443-58.
Matsuoka, S., et al., Regulation of the cardiac Na(+)-Ca2+ exchanger by Ca2+.
Mutational analysis of the Ca(2+)-binding domain. J Gen Physiol, 1995. 105(3): p.
403-20.
Means, S., et al., Reaction diffusion modeling of calcium dynamics with realistic ER
geometry. Biophys J, 2006. 91(2): p. 537-57.
Mei, F., et al., An age-dependent proliferation is involved in the postnatal
development of interstitial cells of Cajal in the small intestine of mice. Histochem
Cell Biol, 2009. 131(1): p. 43-53.
Michalak, M., et al., Calreticulin, a multi-process calcium-buffering chaperone of
the endoplasmic reticulum. Biochem J, 2009. 417(3): p. 651-66.
Minami, A., Y.F. Xia, and R.S. Zucker, Increased Ca2+ influx through Na+/Ca2+
exchanger during long-term facilitation at crayfish neuromuscular junctions. J
Physiol, 2007. 585(Pt 2): p. 413-27.
Morse, M.J., R.C. Crain, and R.L. Satter, Light-stimulated inositolphospholipid
turnover in Samanea saman leaf pulvini. Proc Natl Acad Sci U S A, 1987. 84(20):
p. 7075-7078.
Nanney, L.B., et al., Calreticulin enhances porcine wound repair by diverse
biological effects. Am J Pathol, 2008. 173(3): p. 610-30.
Nasi, E. and D. Tillotson, The rate of diffusion of Ca2+ and Ba2+ in a nerve cell
body. Biophys J, 1985. 47(5): p. 735-8.
netCDF, http://www.unidata.ucar.edu/software/netcdf/. 2004, Unidata: Boulder,
CO; USA.
Nonidez, J., The present status of the neurone theory. Biol Rev, 1944. 19: p. 30-40.
Nuccitelli, R., D.L. Yim, and T. Smart, The sperm-induced Ca2+ wave following
fertilization of the Xenopus egg requires the production of Ins(1, 4, 5)P3. Dev Biol,
1993. 158(1): p. 200-12.
Ogawa, H., et al., Structure of the Ca2+ pump of sarcoplasmic reticulum: a view
along the lipid bilayer at 9-A resolution. Biophys J, 1998. 75(1): p. 41-52.
Olson, M.L., S. Chalmers, and J.G. McCarron, Mitochondrial Ca2+ uptake
increases Ca2+ release from inositol 1,4,5-trisphosphate receptor clusters in smooth
muscle cells. J Biol Chem, 2010. 285(3): p. 2040-50.
Palk, L., et al., A dynamic model of saliva secretion. J Theor Biol, In Submission.
Park, K.J., et al., Spatial and temporal mapping of pacemaker activity in interstitial
cells of Cajal in mouse ileum in situ. Am J Physiol Cell Physiol, 2006. 290(5): p.
C1411-27.
Perera, I.Y., I. Heilmann, and W.F. Boss, Transient and sustained increases in
inositol 1,4,5-trisphosphate precede the differential growth response in
gravistimulated maize pulvini. Proc Natl Acad Sci U S A, 1999. 96(10): p. 583843.
Petersen, C.C., O.H. Petersen, and M.J. Berridge, The role of endoplasmic
reticulum calcium pumps during cytosolic calcium spiking in pancreatic acinar cells.
J Biol Chem, 1993. 268(30): p. 22262-4.
Pivovarova, N.B., et al., Depolarization-induced mitochondrial Ca accumulation in
sympathetic neurons: spatial and temporal characteristics. J Neurosci, 1999. 19(15):
p. 6372-84.
Politi, A., et al., Models of IP3 and Ca2+ oscillations: frequency encoding and
identification of underlying feedbacks. Biophys J, 2006. 90(9): p. 3120-33.
Rahman, T. and C.W. Taylor, Dynamic regulation of IP3 receptor clustering and
activity by IP3. Channels (Austin), 2009. 3(4): p. 226-32.
Reddy, J.N., An Introduction to the Finite Element Method. 2 ed. 1993, Boston,
MA; USA: McGraw-Hill.

Bibliography
139.
140.
141.
142.
143.
144.
145.
146.
147.
148.
149.
150.
151.
152.
153.
154.
155.

156.
157.
158.
159.
160.
161.
162.

Reeves, J.P. and C.C. Hale, The stoichiometry of the cardiac sodium-calcium
exchange system. J Biol Chem, 1984. 259(12): p. 7733-9.
Reeves, J.P. and J.L. Sutko, Sodium-calcium exchange activity generates a current
in cardiac membrane vesicles. Science, 1980. 208(4451): p. 1461-4.
Richardson, L.F., The Approximate Arithmetical Solution by Finite Differences of
Physical Problems Involving Differential Equations, with an Application to the
Stresses in a Masonry Dam. Phil. Trans. Roy. Soc. A., 1911. 210: p. 307-357.
Rizzuto, R., et al., Ca(2+) transfer from the ER to mitochondria: when, how and
why. Biochim Biophys Acta, 2009. 1787(11): p. 1342-51.
Rizzuto, R. and T. Pozzan, Microdomains of intracellular Ca2+: molecular
determinants and functional consequences. Physiol Rev, 2006. 86(1): p. 369-408.
Rousseau, E. and G. Meissner, Single cardiac sarcoplasmic reticulum Ca2+release channel: activation by caffeine. Am J Physiol, 1989. 256(2 Pt 2): p. H32833.
Rudiger, S., et al., Hybrid stochastic and deterministic simulations of calcium blips.
Biophys J, 2007. 93(6): p. 1847-57.
Saad, Y., Iterative Methods for Sparse Linear Systems. 2 ed. 2003, Philadelpha,
PA; USA: Society for Industrial and Applied Mathematics.
Saad, Y. and M.H. Schultz, GMRES: A Generalized Minimal Residual Algorithm
for Solving Nonsymmetric Linear Systems. SIAM J. Sci. Stat. Comput., 1986. 7: p.
856-869.
Sala, M., M.A. Heroux, and D.M. Day, Trilinos. SAND Technical Reports
Sandia National Laboratories, 2004. SAND2004-2189.
Sanders, K.M., Interstitial cells of Cajal at the clinical and scientific interface. J
Physiol, 2006. 576(Pt 3): p. 683-7.
Sanders, K.M., S.D. Koh, and S.M. Ward, Interstitial cells of cajal as pacemakers
in the gastrointestinal tract. Annu Rev Physiol, 2006. 68: p. 307-43.
Sanders, K.M., et al., Development and plasticity of interstitial cells of Cajal.
Neurogastroenterol Motil, 1999. 11(5): p. 311-38.
Sanders, K.M. and T.K. Smith, Enteric neural regulation of slow waves in circular
muscle of the canine proximal colon. J Physiol, 1986. 377: p. 297-313.
Sanders, K.M. and S.M. Ward, Interstitial cells of Cajal: a new perspective on
smooth muscle function. J Physiol, 2006. 576(Pt 3): p. 721-6.
Schell, M.J., Inositol trisphosphate 3-kinases: focus on immune and neuronal
signaling. Cell Mol Life Sci, 2010.
Schwaller, B., M. Meyer, and S. Schiffmann, 'New' functions for 'old' proteins:
the role of the calcium-binding proteins calbindin D-28k, calretinin and
parvalbumin, in cerebellar physiology. Studies with knockout mice. Cerebellum,
2002. 1(4): p. 241-58.
Shadid, J.N., et al., MPSalsa: A Finite Element Computer Program for Reacting
Flow Problems. SAND Technical Reports Sandia National Laboratories, 1996.
SAND95-2752.
Shannon, T.R., K.S. Ginsburg, and D.M. Bers, Reverse mode of the sarcoplasmic
reticulum calcium pump and load-dependent cytosolic calcium decline in voltageclamped cardiac ventricular myocytes. Biophys J, 2000. 78(1): p. 322-33.
Sims, C.E. and N.L. Allbritton, Metabolism of inositol 1,4,5-trisphosphate and
inositol 1,3,4,5-tetrakisphosphate by the oocytes of Xenopus laevis. J Biol Chem,
1998. 273(7): p. 4052-8.
Sneyd, J. and M. Falcke, Models of the inositol trisphosphate receptor. Prog
Biophys Mol Biol, 2005. 89(3): p. 207-45.
Sneyd, J., et al., A comparison of three models of the inositol trisphosphate receptor.
Prog Biophys Mol Biol, 2004. 85(2-3): p. 121-40.
Sneyd, J., et al., A model of calcium waves in pancreatic and parotid acinar cells.
Biophys J, 2003. 85(3): p. 1392-405.
Strege, P.R., et al., Sodium current in human intestinal interstitial cells of Cajal.
Am J Physiol Gastrointest Liver Physiol, 2003. 285(6): p. G1111-21.

B-vii

Spatio-Temporal Calcium Dynamics of the Interstitial Cells of Cajal
163.
164.
165.
166.
167.
168.
169.
170.
171.
172.
173.
174.
175.
176.
177.
178.
179.
180.
181.
182.
183.
184.
185.

B-viii

Streutker, C.J., et al., Interstitial cells of Cajal in health and disease. Part I: normal
ICC structure and function with associated motility disorders. Histopathology,
2007. 50(2): p. 176-89.
Streutker, C.J., et al., Interstitial cells of Cajal in health and disease. Part II: ICC
and gastrointestinal stromal tumours. Histopathology, 2007. 50(2): p. 190-202.
Suzuki, H., et al., Properties of gastric smooth muscles obtained from mice which
lack inositol trisphosphate receptor. J Physiol, 2000. 525 Pt 1: p. 105-11.
Suzuki, N., C.L. Prosser, and V. Dahms, Boundary cells between longitudinal
and circular layers: essential for electrical slow waves in cat intestine. Am J Physiol,
1986. 250(3 Pt 1): p. G287-94.
Suzuki, S., et al., Delayed gastric emptying and disruption of the interstitial cells of
Cajal network after gastric ischaemia and reperfusion. Neurogastroenterol Motil,
2009.
Swillens, S., et al., Stochastic simulation of a single inositol 1,4,5-trisphosphatesensitive Ca2+ channel reveals repetitive openings during 'blip-like' Ca2+
transients. Cell Calcium, 1998. 23(5): p. 291-302.
Swulius, M.T. and M.N. Waxham, Ca(2+)/calmodulin-dependent protein kinases.
Cell Mol Life Sci, 2008. 65(17): p. 2637-57.
Szinyei, C., et al., Inositol 1,3,4,5-tetrakisphosphate enhances long-term
potentiation by regulating Ca2+ entry in rat hippocampus. J Physiol, 1999. 516 ( Pt
3): p. 855-68.
Takeda, Y., et al., Differential expression of ionic conductances in interstitial cells
of Cajal in the murine gastric antrum. J Physiol, 2008. 586(3): p. 859-73.
Takeuchi A., T.N., On the Permeability of End-Plate Membrane During the Action
of Transmitter. J. Physiol., 1960. 154: p. 52-67.
Taxi, J., Contribution á ́ l’étude des connexions des neurones moteurs du systeme
nerveux autonome. Ann Sci Naturelles Zool, 1965. 7: p. 413-674.
Thomas, J.W., Numerical Partial Differential Equations. 1995, New York:
Springer-Verlag.
Thomsen, L., et al., Interstitial cells of Cajal generate a rhythmic pacemaker
current. Nat Med, 1998. 4(7): p. 848-51.
Thuneberg, L., Interstitial cells of Cajal: intestinal pacemaker cells? Adv Anat
Embryol Cell Biol, 1982. 71: p. 1-130.
Thuneberg, L., Interstitial cells of Cajal (ICC): Selective uptake of methylene blue
inhibits slow wave activity., in Gastrointestinal motility., C. Roman, Editor. 1983,
MTP Press: Lacaster, PA. p. 495-502.
Thuneberg, L., One hundred years of interstitial cells of Cajal. Microsc Res Tech,
1999. 47(4): p. 223-38.
Tomita, T., Electrical activity (spikes and slow waves) in gastrointestinal smooth
muscles., in Smooth muscle: an assessment of current knowledge., E. Bülbring,
Editor. 1981, E. Arnold: London. p. 127-156.
Torihashi, S., et al., Calcium oscillation linked to pacemaking of interstitial cells of
Cajal: requirement of calcium influx and localization of TRP4 in caveolae. J Biol
Chem, 2002. 277(21): p. 19191-7.
Torihashi, S., et al., c-kit-dependent development of interstitial cells and electrical
activity in the murine gastrointestinal tract. Cell Tissue Res, 1995. 280(1): p. 97111.
Torok, T.L., Electrogenic Na+/Ca2+-exchange of nerve and muscle cells. Prog
Neurobiol, 2007. 82(6): p. 287-347.
Tu, H., Z. Wang, and I. Bezprozvanny, Modulation of mammalian inositol 1,4,5trisphosphate receptor isoforms by calcium: a role of calcium sensor region. Biophys
J, 2005. 88(2): p. 1056-69.
Tu, H., et al., Functional characterization of mammalian inositol 1,4,5-trisphosphate
receptor isoforms. Biophys J, 2005. 88(2): p. 1046-55.
van Helden, D.F., et al., Role of calcium stores and membrane voltage in the
generation of slow wave action potentials in guinea-pig gastric pylorus. J Physiol,
2000. 524 Pt 1: p. 245-65.

Bibliography
186.
187.
188.
189.
190.
191.
192.
193.
194.
195.
196.
197.

198.
199.

Walker, H.F., Implementations of the GMRES Method. Computer Physics
Communications, 1989. 53: p. 311-320.
Walker, R.L., et al., TRPC4 currents have properties similar to the pacemaker
current in interstitial cells of Cajal. Am J Physiol Cell Physiol, 2002. 283(6): p.
C1637-45.
Wang, H., et al., Interstitial cells of Cajal reduce in number in recto-sigmoid
Hirschsprung's disease and total colonic aganglionosis. Neurosci Lett, 2009.
451(3): p. 208-11.
Ward, S.M., et al., Mutation of the proto-oncogene c-kit blocks development of
interstitial cells and electrical rhythmicity in murine intestine. J Physiol, 1994. 480
( Pt 1): p. 91-7.
Ward, S.M., et al., Pacemaking in interstitial cells of Cajal depends upon calcium
handling by endoplasmic reticulum and mitochondria. J Physiol, 2000. 525 Pt 2: p.
355-61.
Ward, S.M., K.M. Sanders, and G.D. Hirst, Role of interstitial cells of Cajal in
neural control of gastrointestinal smooth muscles. Neurogastroenterol Motil,
2004. 16 Suppl 1: p. 112-7.
Wilson, M.A. and A.T. Brunger, The 1.0 A crystal structure of Ca(2+)-bound
calmodulin: an analysis of disorder and implications for functionally relevant
plasticity. J Mol Biol, 2000. 301(5): p. 1237-56.
Yamada, E., The fine structure of the gall bladder epithelium of the mouse. J
Biophys Biochem Cytol, 1955. 1(5): p. 445-58.
Yao, X. and C.J. Garland, Recent developments in vascular endothelial cell
transient receptor potential channels. Circ Res, 2005. 97(9): p. 853-63.
Youm, J.B., et al., A mathematical model of pacemaker activity recorded from mouse
small intestine. Philos Transact A Math Phys Eng Sci, 2006. 364(1842): p. 113554.
Zhang, Z., et al., Activation of Trp3 by inositol 1,4,5-trisphosphate receptors
through displacement of inhibitory calmodulin from a common binding domain.
Proc Natl Acad Sci U S A, 2001. 98(6): p. 3168-73.
Zhong, N., V. Beaumont, and R.S. Zucker, Roles for mitochondrial and reverse
mode Na+/Ca2+ exchange and the plasmalemma Ca2+ ATPase in post-tetanic
potentiation at crayfish neuromuscular junctions. J Neurosci, 2001. 21(24): p.
9598-607.
Zhu, M.H., et al., A Ca(2+)-activated Cl(-) conductance in interstitial cells of Cajal
linked to slow wave currents and pacemaker activity. J Physiol, 2009. 587(Pt 20): p.
4905-18.
Zucchi, R. and S. Ronca-Testoni, The sarcoplasmic reticulum Ca2+
channel/ryanodine receptor: modulation by endogenous effectors, drugs and disease
states. Pharmacol Rev, 1997. 49(1): p. 1-51.

B-ix

The end of man is knowledge, but there is one thing he can't know. He can't know
whether knowledge will save him or kill him. He will be killed, all right, but he can't
know whether he is killed because of the knowledge which he has got or because of the
knowledge which he hasn't got and which if he had it, would save him.
—Robert Penn Warren
All the King's Men

