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Abstract
In biological, chemical, and physical systems one is often interested in the synchronisation
properties of observed oscillating behaviour, represented by periodic orbits or focus equilibria
in ordinary-differential-equation models. Here, two dual concepts are crucial: the asymptotic
phase with which orbits converge to an oscillation, and its isochrons —each consisting of all
points with the same asymptotic phase. From a dynamical systems perspective; isochrons are

(𝑛 − 1)-dimensional manifolds (curves or (hyper-)surfaces) that foliate an 𝑛-dimensional basin of
attraction.
This thesis addresses the question of what such isochron foliations may look like when they
are (one-dimensional) curves. It is important to also consider the backward-time isochrons of
repelling oscillations. More specifically, we study how the two foliations by forward-time and
backward-time isochrons interact in regions of phase space where they both exist, and how their
global properties change during bifurcations.
To this end, we present a case study of a specific planar system that features a sequence
of relevant bifurcations. We explain how the basins and isochron foliations change throughout
the sequence of bifurcations. In particular, we identify structurally stable tangencies between
the foliations by forward-time and backward-time isochrons, which are associated with phase
sensitivity. In contrast to an earlier reported mechanism involving a pair of tangency orbits,
we find isochron foliation tangencies along single orbits. Moreover, the foliation tangencies we
report arise from actual bifurcations of the system, as we illustrate in detail. We also study how
isochrons accumulate onto a basin boundary, which may involve saddle equilibria and/or extend
to infinity.
We compute isochrons reliably with a refined boundary value problem set-up, implemented as
a toolbox for CoCo in MATLAB; a tutorial with examples is provided. Moreover, we extend our
set-up to isochrons that foliate a two-dimensional (un)stable manifold of a saddle periodic-orbit —
providing a novel algorithm for computing such manifolds. As is demonstrated with examples
of orientable and nonorientable manifolds, a foliation by isochrons can be used to visualise and
understand their topological, geometrical, and synchronisation properties.
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2.14 Illustrations of the geometric properties in region C of 𝐼0(Γ𝑠 ) ∈ ℐ (Γ𝑠 ) in pan-

els (𝑎1) and (𝑎2) and of 𝑈0(Γ𝑢+ ) ∈ 𝒰 (Γ𝑢+ ) in panels (𝑏1) and (𝑏2). Pan-

els (𝑎1) and (𝑏1) are sketches of the phase portrait of region C inside the repelling periodic orbit Γ𝑠 in the (𝑥, 𝑦 )-plane with 𝐼0(Γ𝑠 ) and 𝑈0(Γ𝑢+ ), respectively.
Panels (𝑎2) and (𝑏2) show the same objects in the (𝜓, 𝑟 )-plane of polar coordinates around 0; here the blue horizontal line at the top of the panel represents
Γ𝑠 , onto which the winding basins ℛ(Γ𝑢± ) accumulate, and 𝑈0(Γ𝑢+ ) has also been

extended (yellow curve). Invariant objects are labelled as in figure 2.5; compare
with figures 2.12 and 2.13.

45

2.15 Isochron geometry in region D in the (rotated) (𝑣, 𝑤 )-plane, with invariant objects
labelled as in figure 2.5. Panel (𝑎) shows the phase portrait of region D, consisting
of 𝑞± , 0, 𝑊 𝑠(0) and 𝑊 𝑢(0), and Γ𝑠 , together with ten isochrons of 𝒰 (𝑞+ ) and

20 isochrons of ℐ (Γ𝑠 ). Panel (𝑏) shows the phase portrait with only ℐ (Γ𝑠 ), and
panel (𝑐) with only 𝒰 (𝑞+ ); each isochron is coloured according to its phase 𝜃

as given by the colour bars. Along the trajectories 𝑂± (dark and light green,
respectively) the foliations 𝒰 (𝑞± ) and ℐ (Γ𝑠 ) have quadratic tangencies. Compare

with figures 2.5 and 2.6.

46

2.16 Details of isochron geometry of 𝐼0(Γ ) and 𝑈0(𝑞+ ) in region D. Panel (𝑎) shows the
phase portrait of region D in the (𝑣, 𝑤 )-plane with the zero-phase isochrons 𝐼0(Γ𝑠 )
𝑠

(dark blue) and 𝑈0(𝑞+ ) (magenta). Panels (𝑏) and (𝑐) show how the 𝑣-coordinate
along 𝐼0(Γ𝑠 ) and 𝑈0(𝑞+ ), respectively, change with arclength ℓ, where the 𝑣-range
is as in panel (𝑎); here the vertical lines indicate the positions of the equilirbia
𝑞± and 0, as well as the folds of 𝑊 𝑠(0) and 𝑊 𝑢(0) with respect to the 𝑣-axis in
panels (𝑏) and (𝑐), respectively, and the folds in 𝑣 of the periodic orbit Γ𝑠 . The

black circle ( ), triangle ( ), diamond ( ), and pentagon ( ) in panel (𝑏) mark
the first four sharp turns of 𝐼0(Γ𝑠 ), respectively; the insets are enlargements of
correspondingly shaded areas in panels (𝑎) and (𝑏). Compare with figure 2.15.
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2.17 Illustrations of the geometric properties in region D of 𝐼0(Γ ) ∈ ℐ (Γ ) in panels (𝑎1) and (𝑎2) and of 𝑈0(𝑞+ ) ∈ 𝒰 (𝑞+ ) in panels (𝑏1) and (𝑏2). Panels (𝑎1) and (𝑏1)
𝑠

𝑠

are sketches of the phase portrait of region D inside the stable periodic orbit Γ𝑠

in the (𝑥, 𝑦 )-plane with 𝐼0(Γ𝑠 ) and 𝑈0(𝑞+ ), respectively. Panels (𝑎2) and (𝑏2) show
the same objects in the (𝜓, 𝑟 )-plane of polar coordinates around 0; here the blue
horizontal line at the top of the panel represents Γ𝑠 , onto which the winding basins
ℛ(𝑞± ) accumulate, and 𝑈0(𝑞+ ) has also been extended (yellow curve). Invariant
objects are labelled as in figure 2.5; compare with figures 2.15 and 2.16, and note
the similarity to figure 2.14.
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2.18 Details of isochron geometry in region E in the (rotated) (𝑣, 𝑤 )-plane. Panel (𝑎)
shows the phase portrait, consisting 𝑞± , 0 and 𝑊 𝑠(0) and 𝑊 𝑢(0), and Γ𝑠 , together

with ten isochrons of ℐ (Γ𝑠 ), and panel (𝑏) shows the phase portrait with only the

zero-phase isochron 𝐼0(Γ𝑠 ); here each isochron in panel (𝑎) is coloured according to
its phase 𝜃 as given by the colour bar. Panel (𝑐) shows how the 𝑣-coordinate along
𝐼0(Γ𝑠 ) changes with arclength ℓ, where the 𝑣-range is as in panels (𝑎) and (𝑏) and
the vertical lines indicate the positions 𝑞± , 0 and the folds of 𝑊 𝑠(0) with respect to
the 𝑣-direction. Compare with figures 2.5 and 2.6.
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2.19 Illustrations of the geometric properties in region E of 𝐼0(Γ𝑠 ) ∈ ℐ (Γ𝑠 ). Panel (𝑎)
shows a sketch of the phase portrait of region F inside the stable periodic orbit Γ𝑠

in the (𝑥, 𝑦 )-plane with 𝐼0(Γ𝑠 ). Panel (𝑏) shows the same objects in the (𝜓, 𝑟 )-plane
of polar coordinates around 0; here the blue horizontal line at the top of the panel
represents Γ𝑠 , onto which the winding basins ℛ(𝑞± ) accumulate. Invariant objects
are labelled as in figure 2.5; compare with figure 2.18.
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2.20 Details of isochron geometry in region F in the (rotated) (𝑣, 𝑤 )-plane. Panel (𝑎)
shows the phase portrait, consisting 0, 𝑊 𝑢𝑢(0), and Γ𝑠 , together with ten isochrons
of ℐ (Γ𝑠 ), and panel (𝑏) shows the phase portrait with only the zero-phase isochron

𝐼0(Γ𝑠 ); here each isochron in panel (𝑎) is coloured according to its phase 𝜃 as given
by the colour bar. Panel (𝑐) shows how the 𝑣-coordinate along 𝐼0(Γ𝑠 ) changes with
arclength ℓ (asymptotically approaching ℓ ≈ −3.138), where the 𝑣-range is as in

panels (𝑎) and (𝑏) and the red vertical line indicates the position 0 with respect to
the 𝑣-direction. Compare with figures 2.5 and 2.6.
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2.21 Illustrations of the geometric properties in region F of 𝐼0(Γ ) ∈ ℐ (Γ ). Panel (𝑎)
shows a sketch of the phase portrait of region F inside the stable periodic orbit Γ𝑠
𝑠

𝑠

in the (𝑥, 𝑦 )-plane with 𝐼0(Γ𝑠 ). Panel (𝑏) shows the same objects in the (𝜓, 𝑟 )-plane
of polar coordinates around 0; here the blue horizontal line at the top of the panel
represents Γ𝑠 , onto which the strong manifold 𝑊 𝑢𝑢(0) accumulates. Invariant objects
are labelled as in figure 2.5; compare with figure 2.20.
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2.22 Enlargements of phase portraits for regions B–D from figure 2.6, showing quadratic
tangencies of isochrons along the orbits 𝑂− (light green) and 𝑂+ (dark green).
Panels (𝑎1) and (𝑎2) show the tangencies in region B between ℐ (𝑞± ) and 𝒰 (Γ𝑢 )
near 𝑞+ ( ) and 0 ( ), respectively. Panels (𝑏1) and (𝑏2) show the tangencies in
region C between ℐ (Γ𝑠 ) and 𝒰 (Γ𝑢± ) near the left-most point of Γ𝑢+ (red) and the
top-most point on Γ𝑠 (blue), respectively. Panels (𝑐1) and (𝑐2) show successive

enlargements of the tangency in region D between ℐ (Γ𝑠 ) and 𝒰 (𝑞+ ) near 𝑞+ ( ).
Invariant objects and isochron foliations are coloured as in figures 2.5 and 2.6.
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2.23 Sketches of the phase portraits of (2.1) that illustrate the changes of the isochron
foliation tangency orbits 𝑂± due to the bifurcation sequence studied. Phase portraits

are sketched in the rotated (𝑣, 𝑤 )-coordinates and show all relevant invariant objects;
see figure 2.5 for details of the labelling. Also shown in each sketch are the trajectories
𝑂± along which the isochrons of the respective forward-time and backward-time
isochron foliations are tangent.
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2.24 Compactified phase portraits of (2.1) in regions A, B, and F. The unit circle S1
represents the direction of escape to infinity and consists two repellors 𝑞 ∞ ( ), two
∞
∞
saddles 𝑝±
( ) and their stable manifolds 𝑊 𝑠(𝑝±
) (blue curves). Also shown are

∞
the unstable manifolds 𝑊 𝑢(𝑝±
) (orange curves) and the respective finite invariant

sets 𝑞± ( ) and 0 ( ), with manifolds 𝑊 𝑠(0) (light-blue curve), 𝑊 𝑢(0) (orange curve)
and 𝑊 𝑢𝑢(0) (orange curve), and the periodic orbit Γ𝑠 (blue curve); compare with
figure 2.5.

61

2.25 Panel (𝑎) shows the extended bifurcation diagram of (2.5), where figure 2.4(𝑎)
regarding finite objects has been completed with bifurcations involving non-finite
objects. The insets in panel (𝑎) are enlargements in the (𝑎, 𝑏)-plane of the correspondingly shaded areas below and above them. The dashed lines PF∞ are pitchfork
bifurcations at infinity at 𝑏 = 0 and 𝑏 = −2.5, respectively, and they also indicate

the 𝑏-values used to produce the phase portraits in figure 2.26 in the labelled
open regions I–VIII. The curves SN∞ of saddle-node bifurcation emerges from the
points GPF∞ on PF∞ and approach the curves HET out of frame to the left and right.
Panel (𝑏) shows the compactified phase portrait of (2.1) at the point GH, which
is the centre in the (𝑎, 𝑏)-plane of the symmetry of the bifurcation diagram under
rotation over 𝜋.

62

2.26 Phase portraits near infinity for topologically distinct regions I–VIII in figure 2.25(𝑎),
∞
∞
showing the equilibria 𝑞±
, 𝑝±
,𝑝± and their stable and unstable manifolds only.

Phase portraits in the left and right columns represent 𝑎-values of −2.98 and 0.48,
respectively; parameter 𝑏 is set as indicated in table 2.4.
2.26 continued.

3.1

64
65

Set-up to compute the one-dimensional isochron 𝐼𝜃(Γ𝑠 ) (light-blue) at 𝛾𝜃 ∈ Γ𝑠 of an
attracting periodic orbit periodic orbit Γ𝑠 (blue) in R2 ; also shown is a repelling

equilibrium 𝑞 inside Γ𝑠 . Panel (𝑎) shows the orthonormal basis (w𝜃 , w𝜃⊥ ) (dark-blue)
at 𝛾𝜃 , and also the tangent F(𝛾𝜃 ) of Γ𝑠 at 𝛾𝜃 . Panel (𝑏) illustrates the construction
of the fundamental domain s𝜃 (orange), and panel (𝑐) shows the orbit segment
x𝜏s𝜃(𝑡) used to grow 𝐼𝜃(Γ𝑠 ) by continuation in 𝜏 ∈ [0, 1] along s𝜃 . Panel (𝑑) shows
the moment when 𝜏 = 1 and the orbits x𝜏s𝜃(𝑡) and x𝜂w𝛿𝜃(𝑡) are concatenated before
max

restarting the algorithm with 2𝑇Γ𝑠 .
3.2

74

Set-up to compute the one-dimensional isochron 𝐼𝜃(𝑞 ) (light-blue) of an attracting
focus
equilibrium
𝑞 (blue triangle) in R2 . Panel (𝑎) shows the orthonormal basis
)︁
(︁

w𝜃 , w𝜃 + 1 (dark-blue) at 𝑞 and the ellipse G𝑠 (𝑡) (dashed blue). Panel (𝑏) illustrates
4

the construction of the fundamental domain s𝜃 (orange), and panel (𝑐) shows the

orbit segment x𝜏s𝜃(𝑡) used to grow 𝐼𝜃(𝑞 ) by continuation in 𝜏 ∈ [0, 1] along s𝜃 .
Panel (𝑑) shows the moment when 𝜏 = 1 and the orbits x𝜏s𝜃(𝑡) and x𝜂w𝛿𝜃(𝑡) are
concatenated before restarting the algorithm with 2𝑇𝑞 .
3.3

max

77

Left: The branch of the zero-phase isochron 𝐼0(Γ ) (blue) in region D inside of Γ
(black) as computed in § 3.4.5. Right: Arclength along 𝐼0(Γ𝑠 ) in region D against
𝑠

its 𝑥-coordinate; compare with § 2.8.5.

𝑠
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3.4 Two foliations of isochrons computed using the supplied script isochron_foliation.
m. Left: Twenty forward-time isochrons (cyan–blue) of the foliation ℐ (Γ𝑠 ) of Γ𝑠

(black) in region D, equally spaced in phase and coloured according to the colour
bar. Right: Ten backward-time isochrons (yellow–red) of the foliation 𝒰 (𝑞+ ) of

𝑞+ in region D, equally spaced in phase and coloured according to the colour bar.
Compare with § 2.8.5.

4.1

95

Modified set-up to compute the one-dimensional isochron 𝐼𝜃(Γ×) (light-blue) at
𝛾𝜃 ∈ Γ× on the two-dimensional stable manifold of a saddle-type periodic orbit

Γ× (green) in )︁R3 ; compare with figure 3.1. Panel (𝑎) shows the orthonormal basis
w𝜃 , w𝜃Φ , w𝜃N (dark-blue) at 𝛾𝜃 , and also the tangent F(𝛾𝜃 ) of Γ× at 𝛾𝜃 . Panel (𝑏)

(︁

illustrates the construction of the fundamental domain s𝜃 (orange), and panel (𝑐)
shows the orbit segment x𝜏s𝜃(𝑡) used to grow 𝐼𝜃(Γ×) by continuation in 𝜏 ∈ [0, 1]
along s𝜃 .

100

4.2 The invariant manifolds of the standard saddle periodic orbit Γ (green) of sys×

tem (4.1) for 𝜁 = 𝜅 = 0. Panel (𝑎) shows the manifolds 𝑊 𝑠(Γ×) (blue) and
𝑊 𝑢(Γ×) (red). Panel (𝑏) additionally shows 25 isochrons 𝐼𝜃𝑗 (Γ×) and 𝑈𝜃𝑗 (Γ×) of

the forward-time and backward-time isochron foliations ℐ (Γ×) and 𝒰 (Γ×), respectively. These isochrons are uniformly spaced in 𝜃 and coloured according to their
phase as indicated in the colour bars at the bottom of the figure.
4.3

105

Computed isochrons on the global invariant manifolds of the standard periodic
orbit Γ× (green curve) of system (4.1) with 𝜁 = 0, and for 𝜅 = 0 in row (𝑎), and for
𝜅 = 0.5 in row (𝑏). The left column shows the manifolds 𝑊 𝑠(Γ×) (cyan–blue surface)
and 𝑊 𝑢(Γ×) (yellow–red surface) up to arclength ℓ ≤ 10 and shaded according to
the phase 𝜃 of the isochrons in the foliations ℐ (Γ×) and 𝒰 (Γ×), respectively. The
right column shows the same manifolds now divided into alternating shaded and

transparent phase ribbons of phase width ∆𝜃 = 1/25. Colour bars at the bottom of
the figure indicate the relation between phase and shade. Compare row (a) with
figure 4.2.
4.4

106

Computed isochrons on the global invariant manifolds of standard periodic orbit
Γ× (green curve) of system (4.1) with 𝜁 = −1/11, and for 𝜅 = 0 in row (𝑎), and for

𝜅 = 0.5 in row (𝑏). The left column shows the manifolds 𝑊 𝑠(Γ×) (cyan–blue surface)
and 𝑊 𝑢(Γ×) (yellow–red surface) up to arclength ℓ ≤ 10 and shaded according to
the phase 𝜃 of the isochrons in the foliations ℐ (Γ×) and 𝒰 (Γ×), respectively. The
right column shows the same manifolds now divided into alternating shaded and

transparent phase ribbons of phase width ∆𝜃 = 1/25. Colour bars at the bottom of
the figure indicate the relation between phase and shade.
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4.5

Phase portrait of system (4.3) showing 𝑊 𝑠(Γ×) (cyan–blue surface) as rendered from
200 forward-time isochrons uniformly spaced in phase; each isochron is computed up
to arclength ℓ = 5, and 𝑊 𝑠(Γ×) is clipped at 𝑧 = 3. Also shown are: Γ× (green curve),
0 (green dot) with 𝑊 𝑢(0) (red curve), 𝑝 (green dot) with 𝑊 𝑠(𝑝 ) (blue curve), and
Γ𝑠 (blue curve). In panel (𝑎) the surface 𝑊 𝑠(Γ×) is shaded according to the phase 𝜃
of the isochrons of ℐ (Γ×), while in panel (𝑏) it is represented by 50 alternatingly
shaded and transparent phase ribbons; see figure 4.4 for the phase colour bar and
for comparison.

112

4.6 The invariant objects from figure 4.5 in a smaller neighbourhood of Γ×. Panel (a)
shows Γ× and Γ𝑠 , 0 with 𝑊 𝑢(0), and 𝑝 with 𝑊 𝑠(𝑝 ) (blue curve), as well as 100
backward-time isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) (yellow–red curves) uniformly spaced

in phase 𝜃; see figure 4.4 for the phase colour bar and note that 𝑊 𝑢(Γ×) is not
rendered as a surface. Panel (b) additionally shows 𝑊 𝑠(Γ×) represented by 50 phase
ribbons.
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4.7 The invariant objects from figure 4.5 in a larger region of phase space, shown
from two view points in panels (a) and (b). Here, 𝑊 𝑠(Γ×) is shown as a surface
with asymptotic phase information in colour, as rendered from 200 phase-uniform
forward-time isochrons of arclength ℓ = 20.

114

4.8 The invariant objects from figure 4.5 shown as in figure 4.7, where 𝑊 (Γ ) is now
rendered by alternatingly shaded and transparent phase ribbons.
𝑠

4.9

×
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Phase portrait of system (4.4) near Γ (green curve) showing 𝑊 (Γ ) (cyan–blue
surface) as rendered from 200 forward-time isochrons uniformly spaced in phase
×

𝑠

×

and computed up to arclength ℓ = 8. Also shown are 0 (green dot) with 𝑊 𝑢(0) (red
curve), 𝑝 (green dot) with 𝑊 𝑠(𝑝 ) (blue curve), and Γ𝑠 (blue curve). In panel (𝑎) the
surface 𝑊 𝑠(Γ×) is shaded according to the phase 𝜃 of the isochrons of ℐ (Γ×), while

in panel (𝑏) it is represented by 50 alternatingly shaded and transparent phase
ribbons; see figure 4.4 for the phase colour bar.
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4.10 Phase portrait of system (4.4) in the cube defined by 𝑥 ∈ [0, 5], 𝑦 ∈ [−4, 4], 𝑧 ∈
[−5, 4] with invariant objects and presentation as in figure 4.9, where 𝑊 𝑠(Γ×) (cyan–
blue surface) is now rendered from 200 phase-uniform isochrons computed up to
arclength ℓ = 100.
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4.11 The invariant objects from figure 4.10 in a larger region of phase space, shown
from two view points in panels (a) and (b). Here 𝑊 𝑠(Γ×) is shown as a surface
with asymptotic phase information in colour, as rendered from 200 phase-uniform
forward-time isochrons of arclength of ℓ = 100.
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4.12 The invariant objects from figure 4.5 shown as in figure 4.11, with 𝑊 (Γ ) now
rendered as alternatingly shaded and transparent phase ribbons.
𝑠

×
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1
Introduction
When investigating physical systems, one will most likely come across some form of oscillation.
Specifically where such an oscillation encodes information of a system, the phase of that oscillation
relative to some reference will often be significant. In commonly used systems of ordinary
differential equation (ODE), sustained oscillations are represented by periodic orbits and damped
oscillations are represented by focus-type equilibria. Phase behaviour of an oscillation is encoded
in ODEs by the isochrons, which are curves or, more generally, (hyper)surfaces (introduced
formally below) of equal phase in the basin of attraction of the respective periodic orbit or
focus equilibrium. In particular, the resynchronisation behaviour of the system following any
external perturbation is encoded in the topological and geometric properties of the isochrons.
Periodic orbits and foci are created, altered, or destroyed, in bifurcations, which, in turn, represent
important changes of the physical system that is being modelled. This thesis investigates the
question of how the corresponding isochrons change in the process.
We assume here familiarity with the basic concepts of dynamical systems theory as they can
be found in standard textbooks, such as [22, 35, 62], and we focus here on additional notions and
objects associated with phase and resynchronisation. To set the stage, we consider throughout
this work a sufficiently smooth (at least 𝐶 1 ) vector field
dx
= F( x ),
d𝑡

x ∈ R𝑛 .

(1.1)

Generally, the function F : R𝑛 → R𝑛 also depends on parameters, but we do not indicate this
here for notational convenience. We denote by Φ(𝑡, ·) the flow
Φ(𝑡, ·) : R𝑛→ R𝑛

x ↦→ Φ(𝑡, x)

1

(1.2)

2
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of (1.1) over time 𝑡 ∈ R. Then the trajectory (or orbit) of (1.1) with initial condition 𝑥0 ∈ R𝑛 is
given by

x(𝑡) = Φ(𝑡, 𝑥0 ).

(1.3)

A periodic orbit Γ with period 𝑇Γ is the closed trajectory with γ(𝑡) = γ(𝑡 + 𝑇Γ ) from some point
γ(0) ∈ Γ. A notion of phase
𝜃=

𝑡
∈ [0, 1)
𝑇Γ

(1.4)

is constructed relative to a given point 𝛾0 ∈ Γ, which by convention is chosen to lie at the

maximum with respect to the first coordinate along Γ. Hence, every point in Γ is uniquely
described by 𝜃 as
𝛾𝜃 = Φ(𝑇Γ 𝜃, 𝛾0 ).

(1.5)

Suppose now that we have an attracting periodic orbit Γ𝑠 , that is, a periodic orbit whose
non-trivial Floquet multipliers are all smaller than 1 in modulus. Then, following Winfree [70–72],
the phase on Γ𝑠 can be extended to a notion of asymptotic phase 1 for all initial conditions 𝑥0 in
its basin of attraction
𝒜(Γ𝑠 ) = {𝑥0 ∈ R𝑛 | Φ(𝑡, 𝑥0 ) → Γ𝑠 , 𝑡 → ∞}.

(1.6)

When considering the accumulation of the trajectory x(𝑡) onto the stable, and hence experimentally observable, periodic orbit Γ𝑠 , Winfree defines the asymptotic phase function Θ𝑠(𝑥0 ) of
𝑥0 ∈ 𝒜(Γ𝑠 ) implicitly as
lim ‖Φ(𝑡, 𝑥0 ) − Φ(𝑡 + 𝑇Γ𝑠 Θ𝑠(𝑥0 ), 𝛾0 )‖ = 0.

𝑡→∞

(1.7)

Inspired by empirical observations of regions of phase sensitivity, Winfree [71, 72] notes that the
asymptotic phase function Θ𝑠(𝑥0 ) becomes extremely sensitive when 𝑥0 is near the boundary
𝜕𝒜(Γ𝑠 ) of the basin of attraction. In fact, the asymptotic phase of any point in 𝒜(Γ𝑠 ) arbitrarily
close to 𝜕𝒜(Γ𝑠 ) is practically indeterminable. This observation led Winfree to call the boundary
of the basin of attraction the phaseless set.
The simplest case of a basin boundary is that of a repelling equilibrium inside an attracting
periodic orbit of a planar vector field. However, as we will see and study, already in the planar
case the boundary 𝜕𝒜(Γ𝑠 ) of a basin of attraction may contain a saddle-point 𝑝, which comes
with stable and unstable invariant manifolds. In this case 𝜕𝒜(Γ𝑠 ), that is, the phaseless set,
contains branches of stable manifolds. Moreover, such a basin boundary may be a compact set
(as in the case when it is an equilibrium), but it may also extend to infinity.
1

Winfree commonly refers to this concept as latent phase, as in the notion of latent variables.

3

Isochrons of periodic orbits

1.1

Isochrons of periodic orbits

For a phase 𝜃 ∈ [0, 1) an isochron 𝐼𝜃(Γ𝑠 ) of Γ𝑠 consists of the initial conditions in 𝒜(Γ𝑠 )
that have identical asymptotic phase 𝜃. Winfree [70–72] defines an isochron as a level set of the
asymptotic phase function,
𝐼𝜃(Γ𝑠 ) = {𝑥0 ∈ 𝒜(Γ𝑠 )| Θ𝑠(𝑥0 ) = 𝜃}.

(1.8)

Guckenheimer [21] offers an alternative interpretation in the context of dynamical systems,
by observing that the isochron 𝐼𝜃(Γ𝑠 ) is the stable manifold of the fixed point 𝛾𝜃 under the
time-𝑇Γ𝑠 map associated with the periodic orbit Γ𝑠 . Hence, by applying the Invariant Manifold

Theorem2 [26], isochrons are (𝑛 − 1)-dimensional smooth manifolds in the 𝑛-dimensional basin

of attraction 𝒜(Γ𝑠 ), and are tangent to the linearisation of the time-𝑇Γ𝑠 map at 𝛾𝜃 . Moreover,
any isochron 𝐼𝜓(Γ𝑠 ) is the diffeomorphic image of any other isochron under the flow of (1.1) over
time (𝜓 − 𝜃 )𝑇Γ𝑠 , that is, 𝐼𝜓(Γ𝑠 ) = Φ((𝜓 − 𝜃 )𝑇Γ𝑠 , 𝐼𝜃(Γ𝑠 )). It follows that the 𝜃-family of isochrons
for 𝜃 ∈ [0, 1) foliates 𝒜(Γ𝑠 ); we refer to this isochron foliation as
ℐ (Γ𝑠 ) = {𝐼𝜃(Γ𝑠 )| 𝜃 ∈ [0, 1)}.

(1.9)

In particular, all isochron foliations of attracting periodic orbits in R𝑛 are topologically equivalent
to R𝑛−1 × S1 .

1.2

Isochrons and phase sensitivity

Guckenheimer [21] goes on to address Winfree’s observation of phase sensitivity near 𝜕𝒜(Γ𝑠 ),
proving that generically each isochron 𝐼𝜃(Γ𝑠 ) must come arbitrarily close to any point on 𝜕𝒜(Γ𝑠 ).
This property means that each fibre in the foliation ℐ (Γ𝑠 ) must (typically) accumulate onto (all

of) 𝜕𝒜(Γ𝑠 ), whether this set is connected or not (we will present examples of this below). Hence,
arbitrarily close to 𝜕𝒜(Γ𝑠 ), it is indeed practically impossible to determine to which isochron a
point 𝑥0 near 𝜕𝒜(Γ𝑠 ) belongs.
The concept of asymptotic phase relates directly to the relative speed in a vector field in
that the gradient of Θ𝑠(𝑥0 ), also represented by the density of isochrons, is a measure of relative
speed; given that the transit time between two isochrons that are uniformly spaced in asymptotic
phase 𝜃 ∈ [0, 1) is also uniform, yet the distance covered in that time may vary, such isochrons are
necessarily more densely packed in regions of phase space where the dynamics is slow than where
the dynamics is fast. Experimentally and numerically, isochrons that are very close together are
observed as phase sensitivity.
These general properties of isochrons in R𝑛 are well understood. Even so, finding the possible
geometry of how isochrons accumulate onto 𝜕𝒜(Γ𝑠 ), and possibly in other regions, is an interesting
challenge. Already for oscillations in R2 , observed phase sensitivity and isochron geometry may
be very complicated, and there are hardly any results on the global geometry of isochrons outside
Referred to as such by Guckenheimer [21], and made applicable to a periodic orbit by Irwin’s definition of
stable (sub)manifolds of an elementary limit cycle [28].
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of planar systems. Indeed, there has been a recent resurgence in the interest in isochrons, which
has been motivated to a considerable extent by new methods of computing them.
Winfree computed isochrons of an planar attracting periodic orbit indirectly in a postprocessing step from the computed asymptotic phases of points in the phase plane, as determined
by computing trajectories that end near a chosen point on the periodic orbit. As Winfree
demonstrated in Winfree [72], this indirect method is not able to resolve the isochrons as curves
in regions of large phase sensitivity. This realisation is behind more recent methods that compute
isochrons directly as curves when the system is of dimension two. One approach is to compute
isochrons by extending, via integration in backward time, a first local approximation of a given
isochron. One may either use the linear stable eigenspace 𝐸𝑠(𝛾𝜃 ) at a point 𝛾𝜃 on the periodic
orbit [2, 58] or compute a higher-order approximation of the isochron near 𝛾𝜃 [10, 23, 27, 63,
64]; see also Párez-Cervera, M-Seara, and Huguet [50], where a Fourier-Taylor expansion up to
any specified order of the stable invariant manifold of a periodic orbit is computed in terms of
the phase-amplitude variables. Isochrons have been considered and computed also for systems
that are not given by smooth ODEs. Simpson and Jeffrey [60] compute isochrons in a piecewisesmooth system (namely, with a two-fold singularity) by integration, and Shirasaka, Kurebayashi,
and Nakao [59] consider the asymptotic phase function and the concept of isochrons of hybrid
dynamical systems.
When there is considerable phase sensitivity, as in the examples we consider in this thesis,
globalisation of isochrons as curves via integration may still be challenging numerically. An
alternative is to employ a continuation-based approach where an isochron is defined and computed
by setting up a well-posed two-point boundary value problem (BVP). Its solutions define a
(one-parameter) family of orbit segments, which under the time-𝑇Γ𝑠 map3 end up on the linear
approximation 𝐸𝑠(𝛾𝜃 ); hence, tracing along the (orbit-segment) family’s start points traces out
the isochron of the point 𝛾𝜃 . This approach was introduced by Osinga and Moehlis [48] and
subsequently used by Langfield, Krauskopf, and Osinga [38, 40], where the respective boundary
value problems are solved with the continuation package AUTO [12, 15]. In this way, complicated
geometry of isochrons in slow-fast systems could be identified reliably. This continuation and
BVP approach is efficient and accurate because computational error and step size are controlled
during a computation along the entire orbit segment that satisfies the boundary value problem.
In particular, it has the distinct advantage that the resulting isochrons are computed as smooth
curves parametrised by their arclength; see also [16, 33].
In this thesis, this BVP-based approach has been refined and implemented in the MATLABbased continuation package CoCo [8, 9]. This has the additional advantage that the resulting
data of isochrons can readily be rendered and visualised as arclength parametrised curves in
different ways. Furthermore, the refined method and CoCo implementation are a particularly
suitable choice when one is interested in the fine structure of isochron foliations of planar systems.
We will use it extensively in chapter 2 to characterise the topological and geometric properties
of different types of isochrons, and how these change during bifurcations. Chapter 3 provides
details of the CoCo implementation, including the specific boundary value problem set-up; it
3
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Isochrons and phase sensitivity

5

also contains a detailed tutorial that guides the user through steps needed for the computation
of two specific isochron foliations.
When detailed information of the geometric properties of isochrons is not required, or the
system of interest is of higher dimension, then there are other methods that are more suitable.
The algorithm in Mauroy and Mezić [42] is based on the computation of Fourier time averages
along forward-time trajectories to obtain eigenfunctions of the Koopman operator in the basin of
attraction; the isochrons can then be found as the level sets of the argument of these eigenfunctions.
Similarly, isochrons are computed by Detrixhe, Doubeck, et al. [11] as isocontours of the phase of
points in the basin, as determined from a formulation as a first-order boundary value problem
whose resulting Hamilton-Jacobi equation is solved by parallel sweeping. Note also that the
parametrisation method in Párez-Cervera, M-Seara, and Huguet [50] can be used to obtain
phase-amplitude variables on the stable invariant manifold of a periodic orbit in an 𝑛-dimensional
phase space. Ben Amor, Glade, et al. [5] compute one- and two-dimensional isochrons in three
dimensions as clouds of points of equal phase, identifying regions of slow and fast dynamics by
their density. They are concerned with neuronal (de)synchronisation, for which they consider
the isochronal phase-amplitude coordinates as natural, and present as examples: anharmonic
oscillators (in the style of Winfree [72]), the Van der Pol oscillator, and a periodic orbit in the
non-chaotic regime of the Lorenz system.
Isochrons have been considered in a number of applications; in addition to those already
mentioned above, we mention here also the following recent examples (without claim of completeness). In a biological context, Monga, Wilson, et al. [45] provide a tutorial for the phase reduction
and phase-based optimal control; moreover, Ben Amor, Demongeot, and Glade [4] use isochrons
to analyse the so-called Mnesic Evocation, which concerns the simulation of neuronal activity.
Outside of biological applications, Wilson [69] uses isochrons in a phase–amplitude-reduction
based control framework to stabilise oscillations in two chaotic systems: the Lorenz system and
a double-pendulum model. Rabinovitch and Rogachevskii [53] consider isochrons in excitable
systems and computes them by backward-time integration, which is applied to the analysis of
the relaxation oscillator for the Bonhoeffer—Van der Pol system.
Regarding phase sensitivity near the basin boundary, Glass and Winfree [19] consider a saddle
equilibrium and two repelling points inside an attracting periodic orbit of a planar system in
the context of phase resetting in ionic models of cardiac cells; they describe and sketch for such
a compact basin boundary how the isochrons accumulate onto the closure of the associated
stable manifold, and they mention that this situation also arises in planar models of chemical
reactions [49, 66]. Sherwood and Guckenheimer [58] study isochrons in the planar fast subsystem
of the Hindmarsh-Rose model of a bursting neuron, for parameter values at which the periodic
orbit approaches a saddle equilibrium to form a homoclinic connection. In the same system,
Mauroy, Rhoads, et al. [43] illustrate the accumulation of isochrons along the stable manifold of
the saddle equilibrium locally near the periodic orbit. However, neither paper considers the global
geometry of the basin boundary. Finally, Shaw, Park, et al. [57] study a piecewise linear system
on a two-torus, where the basins of two attracting periodic orbits are separated by a heteroclinic
cycle consisting of the closure of the stable manifolds of four saddle equilibria. They state that
this type of model might provide a framework for understanding phenomena in areas as diverse
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as olfactory processing, neural circuits, ecological models and behavioural control. As part of
their work, they briefly consider and illustrate in the planar covering space how the isochrons
of the periodic orbits accumulate onto the heteroclinic cycle. Finally, Castejón, Guillamon, and
Huguet [7] compute isochrons to investigate the reaction of a system in reaction to transient
stimuli.
Of specific interest for phase sensitivity away from the basin boundary are so-called
boomerang turns 4 , Z-shaped turns [43], or (pairs of) sharp turns [37–39] that have been observed in slow–fast systems. These are associated with areas of phase space with high isochronal
curvature, where the isochrons of a foliation exhibit sequences of sharp folds. Motivated by the
observation that 𝜕𝒜(Γ𝑠 ) is often an unstable periodic orbit Γ𝑢 (or an unstable equilibrium 𝑞),
Langfield, Krauskopf, and Osinga [39] were the first to suggest that these folds of isochrons could
be meaningfully interpreted as arising from tangencies between the forward-time isochrons of a
stable periodic orbit and the backward-time isochrons of an unstable periodic orbit.
Note that isochrons, as defined in the literature and above, are what we now also call forwardtime isochrons to stress that they are of attracting objects. We speak of forward-time isochrons
simply to avoid ambiguity with backward-time isochrons and their foliations, which are crucial
objects in this thesis that we introduce next.

1.3

Backward-time isochrons of periodic orbits

More formally, we consider the backward-time asymptotic phase of an initial condition 𝑥0 in
the basin of repulsion
ℛ(Γ𝑢 ) = {𝑥0 ∈ R𝑛 | Φ(𝑡, 𝑥0 ) → Γ𝑢 , 𝑡 → −∞}.

(1.10)

of an unstable periodic orbit Γ𝑢 . Winfree’s definition of asymptotic phase is then extended by
considering the accumulation of x(𝑡) onto Γ𝑢 in backward-time, given by
lim ‖Φ(𝑡, 𝑥0 ) − Φ(𝑡 + 𝑇Γ𝑢 Θ𝑢(𝑥0 ), 𝛾0 )‖ = 0.

𝑡→−∞

(1.11)

We remark that the phase 𝜃 given by either of Θ𝑠(𝛾𝜃 ) and Θ𝑢(𝛾𝜃 ) is measured exclusively in
forward time. With the backward-time asymptotic phase function it is a simple matter to define
a backward-time isochron 𝑈𝜃(Γ𝑢 ) as the level set
𝑈𝜃(Γ𝑢 ) = {𝑥0 ∈ ℛ(Γ𝑢 )| Θ𝑢(𝑥0 ) = 𝜃}.
Backward-time isochrons are the unstable manifolds of fixed points under the time-𝑇Γ𝑢 map.
In particular, they have the same properties of forward-time isochron foliations subject to the
reversal of the direction of time, and give the backward-time isochron foliation
𝒰 (Γ𝑢 ) = {𝑈𝜃(Γ𝑢 )| 𝜃 ∈ [0, 1)}

(1.12)

So dubbed by Osinga and Moehlis [48] as the structure of the turn has an isochron progress retrograde for
an arclength, before returning to progress forward.
4
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of ℛ(Γ𝑢 ). As for an attracting basin, the boundary 𝜕ℛ(Γ𝑢 ) of the basin of repulsion ℛ(Γ𝑢 ) may
consist, at least partially, of branches of invariant manifolds of saddle-points; however, for a
saddle equilibrium 𝑝 ∈ 𝜕ℛ(Γ𝑢 ) these are now branches of its unstable manifold 𝑊 𝑢(𝑝 ).

1.4

Isochrons of equilibria

We are not restricted to considering the interactions of isochron foliations of periodic orbits.
Following Sabatini [54, 55], Langfield, Krauskopf, and Osinga [39], we may also consider the
isochron foliation of a focus-type equilibrium 𝑞. The geometric idea underpinning the definition
of isochrons for focus-type equilibria is that of a blow-up. By rewriting the vector field in
polar coordinates around 𝑞 we can associate a notion of phase 𝜃 to the equilibrium and the
synchronisation of trajectories to its associated rotation. Given that 𝑞 is a focus with complexconjugate eigenvalues 𝛼 ± 𝛽𝑖, we represent the rotation about 𝑞 in its blow-up G𝑠 (𝜃 ) by the

vector r = G𝑠 (𝜃 ) − 𝑞 in the limit lim‖r‖→0 r. The notion that the period of rotation about 𝑞 is its
natural period 𝑇𝑞 = 2𝜋/𝛽 follows.

The zero-phase point 𝛾0 is set, by convention, to be at the right-most point on this blow-up,
that is G𝑠 (0). This definition of isochrons of 𝑞 is formally supported by the concept of isochronous
sections [54, 55]: the natural isochronous section 𝜉𝑇𝑠𝑞 : [0, ∞) ↦→ R2 of a focus-type equilibrium 𝑞
is a smooth manifold that is invariant under the 𝑇𝑞 -time map such that lim𝑧→∞ 𝜉𝑇𝑠𝑞(𝑧 ) = 𝑞. The

images5 of 𝜉𝑇𝑠𝑞 under the fixed-time flow are the isochrons that foliate the basin of attraction or
repulsion of 𝑞. That is, we define a forward-time isochron of 𝑞 as

𝐼𝜃(𝑞 ) = 𝑥0 ∈ 𝒜(𝑞 )⃒ 𝑥0 ∈ Φ 𝑇𝑞 𝜃, 𝜉𝑇𝑠𝑞 , 𝛾0 ∈ 𝜉𝑇𝑠𝑞(𝑧 ) .
{︁

⃒
⃒

(︁

)︁

}︁

(1.13)

Likewise we define a backward-time isochron of a repelling focus 𝑞 as
𝑈𝜃(𝑞 ) = 𝑥0 ∈ ℛ(𝑞 )⃒ 𝑥0 ∈ Φ 𝑇𝑞 𝜃, 𝜉𝑇𝑢𝑞 , 𝛾0 ∈ 𝜉𝑇𝑢𝑞(𝑧 ) ,
{︁

⃒
⃒

(︁

)︁

}︁

(1.14)

noting that 𝜉𝑇𝑢𝑞 : (−∞, 0] ↦→ R2 now lim𝑧→−∞ 𝜉𝑇𝑢𝑞(𝑧 ) = 𝑞. In other words, the forward-time and
backward-time isochron foliations of foci are defined in complete analogy to those of periodic
orbits.
For further details on theory and also numerical techniques for isochrons of focus-type
equilibria; see [37, 39]. Details of how isochrons of planar foci can be computed in practice are
also included in § 3.2.2.

1.5

Interactions of isochron foliations

Interactions of forward-time and backward-time isochron foliations were first considered
by Langfield, Krauskopf, and Osinga [39]. In that work, the authors present a bifurcation of
isochrons called Cubic Isochron Foliation Tangency (CIFT). Assuming that an area of phase
space contains both forward-time and backward-time isochron foliations, this novel phenomenon
5

For convenience, we choose to truncate 𝜉𝑇𝑠𝑞(𝑧 ) to 𝜉𝑇𝑠𝑞 where the variable 𝑧 is unimportant.
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describes the transition from a regime of transverse intersections between isochrons of the two
foliations, to a regime where the isochrons of the two foliations have quadratic tangencies. Locally,
this transition is characterised by the appearance of a point of cubic tangency between isochrons
of the forward-time and backward-time foliations (at the CIFT bifurcation) which then creates a
pair of quadratic tangencies (possibly sharp turns) between those isochrons. At the point of CIFT,
the cubic tangency is transported along a single trajectory that is transverse to the isochrons in
both foliations. In the same manner as a saddle-node bifurcation, this trajectory splits into two
separate trajectories, along each of which a quadratic tangency between the isochrons of the two
foliations exist. The CIFT is not a bifurcation in the classical sense of topological equivalence,
but rather, the qualitative change of two isochron foliations is deeply associated with the timing
along trajectories. In fact, there is an example in [37, 39] where the phase portrait remains
identical (in the sense of topological equivalence) while the isochrons undergo a CIFT due to a
local rescaling of time (which leaves orbits unchanged). Hence, a CIFT describes a change in the
topology of the interaction between a pair of forward-time and backward-time isochron foliations.
Classical bifurcations may change the nature of rotating invariant objects and their basins of
attraction or repulsion. Hence, the properties of isochrons and their foliations are necessarily
affected. Apart from the consideration of the Hopf bifurcation in [37, 39], how bifurcations affect
isochron foliations and their interactions has not received attention previously. As we will show
with an extensive case study, foliations by forward-time and backward-time isochrons in planar
overlapping basins can interact in new ways — displaying tangencies that are not generated by
the CIFT mechanism, but rather by transitions through bifurcations.

1.6

Isochrons of saddle-type periodic orbits

This thesis also considers a new type of isochron: isochrons that foliate a stable or unstable
manifold 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×), respectively, of a saddle periodic orbit Γ×. According to dynamical
systems theory [22, 35], a periodic orbit of saddle-type has both attracting and repelling directions,
that is, some of the Floquet multipliers of Γ× are inside the unit circle of the complex plane and
some are outside the unit circle; there is also always the trivial Floquet multiplier at +1, which
corresponds to the tangent direction to Γ×. The global invariant manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×)
are tangent to the respective stable and unstable eigenspaces, which are given by the Floquet
bundle of Γ×.
Orbits on the stable manifold 𝑊 𝑠(Γ×) spiral towards Γ× with a given phase. In other words,
we can interpret 𝑊 𝑠(Γ×) as the equivalent of the basin of attraction of an attracting periodic
orbit and, hence, 𝑊 𝑠(Γ×) is foliated by forward-time isochrons 𝐼(Γ×) of the foliation
ℐ (Γ×) = 𝑊 𝑠(Γ×).

(1.15)

Likewise orbits on 𝑊 𝑢(Γ×), the equivalent of the basin of repulsion of Γ×, approach Γ× in backward
time with a phase given by 𝑈(Γ×) of the foliation
𝒰 (Γ×) = 𝑊 𝑢(Γ×).

(1.16)
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Note that initial conditions 𝑥0 ∈ R𝑛 ∖ (𝑊 𝑠(Γ×) ∪ 𝑊 𝑢(Γ×)) do not reach Γ× in either forward or
backward time, which means that the notions of asymptotic phase and isochron of a saddle

periodic orbit Γ× can only be defined on its stable and unstable manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×)
and not in the entire region of phase space near Γ×.
The foliations by isochrons provide a new way of considering and computing the invariant
manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×), which are, thus, families of unique cross-sections (the isochrons)
that are parametrised by asymptotic phase around Γ×. We implemented the computation of the
foliations ℐ (Γ×) or 𝒰 (Γ×) for the cases that 𝑊 𝑠(Γ×) or 𝑊 𝑢(Γ×) are two dimensional, respectively;
the key here is to set up the computation correctly, after which our algorithm proceeds effectively
as for isochrons in a planar basin of attraction or repulsion. The foliations ℐ (Γ×) and 𝒰 (Γ×) not
only represent 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) as manifolds but, in addition to their intrinsic geometric

information, also encode information about phase sensitivity and the relative velocity of dynamics
on these manifolds. We will show how the computed isochrons can be used to visualise and
understand the properties of two-dimensional global manifolds of a saddle periodic orbit — be
they orientable or nonorientable. We remark that the two-dimensional stable or unstable invariantmanifolds 𝑊 𝑠(𝑝 ) and 𝑊 𝑢(𝑝 ) of a saddle equilibrium 𝑝 are similarly foliated by ℐ (𝑝 ) and 𝒰 (𝑝 ),
respectively, provided that 𝑝 has a corresponding pair of stable and unstable complex-conjugate
eigenvalues; compare with § 1.4.

1.7

Overview of thesis

This thesis focuses on the geometry of isochrons in the presence of saddle-type invariant
objects. As discussed in § 1.1, when saddle equilibria are present on the basin boundary of an
attracting oscillator, their (un)stable manifolds naturally form a part of the basin boundary.
Moreover, such global manifolds and, hence, the basin boundary, may go off to infinity. We
consider here a planar system chosen specifically because it allows the study of such basin
boundaries; because we can investigate the geometry of the respective isochrons that is induced as
they accumulate onto such boundaries, while they foliate their basins. Specific research questions
at the focus of this work are:
• How do isochrons accumulate onto invariant manifolds of a saddle equilibrium, including
those that tend to infinity?
• How can foliations of forward-time and backward-time isochrons interact in regions of phase
space where they both exist?
• How is this interaction affected/generated by the presence of saddle equilibria on a relevant
basin boundary?
• How do the geometry of isochron foliations and their interactions change when the system
undergoes certain bifurcations?
As we will show, answering these question requires careful studies of geometrically complex
foliations by isochrons of basin with different topological properties. To this end, we make use of
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a refined BVP set-up that has been implemented in the CoCo environment. This allows us to
compute long isochrons as arclength-parametrised curves, as is also explained in an extensive
tutorial. The relevant stable and unstable manifolds are also computed; for a planar system they
are curves that can be computed by integration of the ODE from suitable initial conditions near
equilibria. To characterise their geometric properties, the isochrons are presented in different
way: as curves in phase space, as well as in plots of one space variable against arclength. These
types of computed plots are accompanied by sketches that bring out the salient features of the
isochron foliations under consideration.
Our investigations regarding foliations by isochrons in the plane are reported in chapter 2 of
this thesis. The planar ODE model we study is introduced in § 2.1. Sections 2.2–2.4 (published
as [25]) explore the ensuing geometry of isochrons that accumulate onto two initial examples of
each of a finite and a non-finite basin boundary that contains a saddle equilibrium. We confirm
that isochrons that accumulate onto a compact part of the basin boundary do so in a spiralling
fashion. Poincaré compactification of R2 allows us to compute and visualise the isochrons as
they approach a non-finite basin boundary. We find that such isochrons must then depart from a
neighbourhood of infinity to accumulate also on the finite basin boundary elements before again
approaching infinity, and repeating the process over and over. Sections 2.5–2.8 report how the
geometry of forward- and backward-time isochrons and, consequently, phase sensitivity in the
system, change at transitions through common bifurcations of a planar system. To this end, we
present a case study through a sequence of bifurcations of our planar ODE model. It is identified
in § 2.6 as a particular slice through the two-parameter bifurcation diagram. The sequence we
consider includes a saddle-node bifurcation of periodic orbits, a homoclinic bifurcation and Hopf
bifurcations. These bifurcations change the nature and existence of periodic orbits in six open
parameter regions A to F of structurally stable phase portraits, as introduced in § 2.7.
In the subsequent long section § 2.8 we explain one by one what the basins and isochron
foliations look like in each of six open regions A to F, thus, explaining also how they change
throughout this sequence of bifurcations. The properties and interactions of isochron foliations
are determined and illustrated in great detail throughout the bifurcation sequence. Of special
interest here is how isochrons accumulate onto the boundary of their respective basin of attraction
or repulsion, which may contain saddle equilibria and their (un)stable manifolds and/or extend
to infinity. We determine and explain the topological and geometric nature of the respective
isochrons as they approach any such basin boundary. Computing a representative number of
forward-time and backward-time isochrons as curves, we are able to characterise the properties of
the respective foliations in regions A to F; this also shows how these foliations change qualitatively
at the different bifurcations. As part of this transition, we identify structurally stable tangencies
between the foliations by forward-time and backward-time isochrons. The foliation tangencies
we discover arise from actual bifurcations of the system, and they are generically quadratic. In
contrast to the cubic isochron foliation tangency mechanism mentioned earlier, which generates
a pair of tangency orbits, we find isochron foliation tangencies that occur along single specific
tangency orbits in the respective basin of attraction or repulsion.
Isochron foliation tangencies are associated with sharp turns of isochrons and phase sensitivity
of the system, and this is illustrated further in § 2.9. How the tangency orbits in the respective
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basin of attraction or repulsion transition throughout the sequence of bifurcations is discussed
in § 2.10. The entire transition through regions A to F is summarised in § 2.11 in the form
of a table that lists the properties of all invariant objects and isochron foliations in the open
regions and at the bifurcations in between them. This table also lists invariant objects on the
circle at infinity (after Poincaré compactification) and § 2.12 presents the bifurcation structure at
infinity in the form of an extended two-parameter bifurcation diagram with representative phase
portraits on the Poincaré disk. We end chapter 2 with a brief discussion of our findings in § 2.13.
Chapter 3 details the computational methods we use throughout this thesis in order to
study isochrons. This is achieved here for one-dimensional isochrons of a planar system via the
continuation of solution families of a suitably defined two-point boundary value problem (BVP).
We provide an overview of this approach in § 3.1 and then present our refined planar algorithm
in § 3.2; here the boundary conditions required to define an approximate fundamental domain are
introduced and illustrated for the cases of a periodic orbit in § 3.2.1 and of a focus equilibrium
in § 3.2.2. The CoCo implementation within MATLAB as the toolbox "’iscrn’" and how to use it
are the subject of Sections 3.3–3.6. Here, § 3.3 provides information on how to obtain and install
"’iscrn’". We then provide an extensive tutorial of how this implementation is used to compute
the isochron foliations: first, in § 3.4 for an attracting periodic orbit, specifically Γ𝑠 in region D,
and, second, in § 3.5 for a repelling focus equilibrium, specifically 𝑞+ also in region D. These
tutorial sections run through the different required steps with reference to the relevant CoCo
code and its output; these steps can be executed by the user by running the relevant part of
the provided toolbox "’iscrn’". Section 3.6 then shows how data of computed isochrons can be
extracted to visualise individual isochrons as well as the foliations ℐ (Γ𝑠 ) and 𝒰 (𝑞+ ). Overall,
this tutorial demonstrates that the toolbox "’iscrn’" allows one to compute isochrons reliably as

smooth one-dimensional curves parametrised by their arclength, even when the system shows
strong phase sensitivity; the reader is invited to adapt these demonstration files and attempt
computation of isochrons in other planar systems.
Chapter 4 is concerned with foliations by one-dimensional isochrons beyond the planar case.
Central here is the realisation that stable and unstable manifolds of a saddle periodic orbit
also feature phase information. Trajectories on such a stable or unstable manifold approach the
periodic orbit in forward and backward time, respectively, and isochrons are defined for the
flow restricted to these global invariant objects; see § 1.6. We consider here two-dimensional
global manifolds of a saddle periodic orbit in R3 , which are, hence, foliated by one-dimensional
isochrons, and focus on the following research questions:
• How might this insight be used as a basis for the computation and visualisation of twodimensional invariant manifolds?
• What information can be gained from the foliation of a two-dimensional invariant manifold
by isochrons in terms of the interplay between its geometric properties and the dynamics
on it?
Note in this context that a two-dimensional global stable or unstable manifold of a periodic orbit
may be orientable or nonorientable (that is, a Möbius strip); especially the latter situation is
clearly beyond the planar case, which is inherently orientable.
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We first show in chapter 4 that the BVP approach from chapter 3 can be extended to the

computation of the isochron foliation of a two-dimensional invariant manifold of a saddle periodic
orbit. As § 4.1 explains, the key is to adapt the construction of the fundamental domain to
this higher-dimensional setting. Subsequently, isochrons are computed in the same way via
the continuation of solutions of the respective BVP set-up, and the computed isochrons are
used to render and visualise the manifold as a two-dimensional surface in different ways. This
is subsequently demonstrated with a number of examples. We present in § 4.2 a constructed
example based on a three-dimensional extension of the Hopf normal-form; it allows us to change
the shape of one of the manifolds from a straight cylinder to a funnel shape, and the phase
dynamics on this manifold can be selected independently. We then consider in § 4.3 the isochron
foliation on a highly nonlinear orientable stable manifold of a saddle periodic orbit in an ODE
known as Sandstede’s model. Section 4.4 then shows how the computation of the respective
isochron foliation can be used to find and visualise a nonorientable manifold, specifically the stable
manifold of a saddle periodic orbit in a model system due to Arneodo. Overall, chapter 4 shows
that foliations by isochrons can be used to find good numerical approximations of (un)stable
manifolds of the saddle-type periodic orbit. Moreover, they provide opportunities to visualise
such two-dimensional global manifolds in novel ways — providing insights into their topological,
geometric, and synchronisation properties.
In the final chapter 5 we come to some final conclusions drawn from the research presented
in this thesis, and discuss motivations for further research.

2
Isochron foliations of planar systems
and their interactions
It is an intriguing and non-trivial question how isochrons of an attracting periodic-orbit Γ𝑠
accumulate its onto basin boundary 𝜕𝒜(Γ𝑠 ) — that is, a phaseless set — if it contains saddle
equilibria, because one then needs to consider the (relevant parts of) global invariant manifolds
of those saddle equilibria. For the planar case considered here, the invariant manifolds are
trajectories that converge to saddle equilibria in forward time, for a stable manifold 𝑊 𝑠(·), or
in backward time, for an unstable manifold 𝑊 𝑢(·). Given a saddle equilibrium 𝑝 on the basin
boundary, its stable manifold 𝑊 𝑠(𝑝 ) is necessarily part of 𝜕𝒜(Γ𝑠 ). Conversely, at least one branch

of 𝑊 𝑢(𝑝 ) will converge to Γ𝑠 and, thus, will intersect each isochron infinitely many times. Apart
from these general statements, the overall geometry of isochrons in systems with basin boundaries
formed by stable manifolds has not been explored much. We consider first the simple case of a
compact disjoint subset of the basin boundary defined by a saddle, its stable invariant manifold,
and the pair of nodal equilibria onto which the branches of that manifold accumulate. We then
consider a case when basin boundaries may extend to infinity and include “saddle points at
infinity”, which can be identified and studied by means of Poincaré compactification of the phase
plane to the unit disk.
The study of the simple case of a compact finite basin boundary with a saddle point motivates
further work to ascertain the nature of the geometry of both forward-time and backward-time
isochrons as they accumulate onto such disjoint finite parts of a basin boundary with more
complicated geometries. Specifically, it may contain focus-type equilibria and, hence, an invariant
manifold of a saddle that spirals onto it. More complicated situations are also possible, as
we will see by investigating a one-parameter sequence of phase portraits that includes these
forementioned two cases. We investigate the geometry of each forward-time and backward-time
isochron foliation, and their interactions throughout a bifurcation sequence that separates six
generic cases of phase portraits. This allows us to see changes to both the nature of disjoint
13
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subsets of the boundaries, as well as the periodic orbits and equilibria that define them. The
investigation of this bifurcation sequence is approached as a case study rather than an exhaustive
classification of the effect of specific bifurcations, and its focus is on how bifurcations change the
basins, their boundaries and the geometry of isochrons. During our investigation we compute
representative isochrons of the respective foliations and also sketch the isochron geometry so as
to clarify our findings. In particular, we also consider and present the trajectories along which one
finds tangencies between forward-time and backward-time isochron foliations. These trajectories
change along with the isochron foliations during the bifurcation sequence, and the nature of their
changes allows us to provide further insight into how the isochron foliations change.
Given our interest in invariant objects that interact with infinity, and the resulting influence
of such objects on isochron geometry, the bifurcations involving these non-finite invariant objects
should be considered. In fact, such bifurcations tend to interact with the bifurcations of finite
objects, as well as produce finite invariant objects. Further, reconciliation of the earlier and later
phase portraits in this chapter requires an understanding of such bifurcations, which is why we
present them at the end of this chapter.

Organisation of the chapter
We introduce the planar model system that is used throughout this chapter in § 2.1, and
begin our investigations in § 2.2 by considering the local geometry of isochrons in two simple
cases where the basin boundaries contain the invariant manifolds of saddle equilibria. Section 2.3
discusses Poincaré compactification and isochron geometry near infinity, while § 2.4 focuses on
the geometry of isochrons as they accumulate onto a disjoint element of the basin boundary
formed by the non-cyclic heteroclinic connections by invariant manifolds of saddle equilibria.
The results of § 2.4 motivate the following sections, as we describe in § 2.5. In § 2.6, we
discuss the bifurcation structure that gives rise to the aforementioned bifurcation sequence and
introduce the six topologically distinct regions A–F that it generates. Representative phase
portraits in each region that include all relevant invariant objects are presented in § 2.7. In § 2.8,
we investigate the isochron foliations for each representative phase portrait one by one; this
shows how the bifurcations affect the geometry and properties of their isochrons. Here, we first
present an overview of the different foliations by isochrons in § 2.8.1 and then elucidate their
intricate geometric properties in detail for each region in §§ 2.8.2–2.8.6. To this end, we present
enlarged images of phase space in regions A–F, show diagrams of representative isochrons as a
function of their arclength, and produce sketches to illustrate the respective geometric features.
Our focus changes as we consider the tangency orbits, the trajectories along which the forwardtime and backward-time isochron foliations are tangent. Section 2.9 presents enlargements of
previous phase portraits that clearly illustrate these tangencies, and their transport along the
tangency orbits. We then discuss in § 2.10 how the tangency orbits arise, change and then
disappear through the transition across regions A–F. Section 2.12 extends the immediately
preceding sections by considering both the dynamics of (2.1) on approach to infinity and the
effects of bifurcations of the introduced non-finite objects. Section 2.11 presents a complete
overview in the form of a look-up table of all invariant objects and associated isochron foliations
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throughout the transition from region A to region F. We finally present a short summary and
discussion of our findings in § 2.13.
The contents of §§ 2.2–2.4 and parts of § 2.1 have been published as [25].

2.1

Our planar model

For this investigation we consider the planar vector field
⎧
(︁
)︁
⎪
⎨𝑥˙ = 𝑎𝜇𝑥 − 𝑦 − 𝑏𝑥 𝑥2 + 𝑦 2 ,

(︁
)︁
⎪
⎩ 𝑦˙ = 𝑥 + 𝜇(𝑎 + 𝑐)𝑦 − (𝑏 + 𝑑)𝑦 𝑥2 + 𝑦 2 ,

(2.1)

which is a modification of the Hopf normal-form (retained by the choice 𝑐 = 𝑑 = 0), for which the
dynamics are well understood, in the spirit of the example systems considered by Winfree [71] and
Guckenheimer [21]. An equilibrium at the origin bifurcates to be surrounded by a periodic orbit
(which can be shown to have isochrons with polar symmetry [72]). The modified Hopf normalform (2.1) has more complicated dynamics and retains rotation by 𝜋 around the origin as its
only phase-space symmetry. Consequently all non-trivial equilibria and non-symmetric invariant
objects exist as symmetric pairs and (2.1) is equivariant under (𝑥, 𝑦 ) ↦→ (−𝑥, −𝑦 ), a rotation of

the phase plane over 𝜋 around the origin as its only phase-space symmetry. Consequently all
non-trivial equilibria and non-symmetric invariant objects exist as symmetric pairs and (2.1) is
equivariant under (𝑥, 𝑦 ) ↦→ (−𝑥, −𝑦 ), a rotation of the phase plane over 𝜋 about the origin (which

is always an equilibrium). The parameters 𝑐 and 𝑑 alter the velocity of (2.1) in the 𝑦-direction,
where 𝑐 has a greater effect near the origin, and 𝑑 has a greater effect further away.
Throughout §§ 2.2–2.4, we fix 𝑎 = −0.1, 𝑏 = −0.05, 𝑐 = 0.9 and 𝑑 = 0.45, which allows us to

study the isochrons of an attracting periodic orbit Γ𝑠 for two different cases of phaseless sets

with saddles by setting 𝜇 = 2.0 and 𝜇 = 4.0 (as reported in [25]). From § 2.5 onward we then set
𝑏 = 0.5, 𝑐 = 𝑑 = 2.5, and 𝜇 = 1 while varying 𝑎 over [−0.75, −0.45] to investigate a previously
unexplored mechanism behind the bifurcations of isochron foliations. As such, all references
to (2.1) after § 2.4 assume that the parameter 𝜇 is set to 1 unless stated otherwise.

2.2

Two phaseless sets generated by saddles

This section investigates the overall geometry of isochrons near the basin boundary 𝜕𝒜(Γ𝑠 )
for two cases that have not yet been investigated: firstly, for an unbounded basin 𝒜(Γ𝑠 ) in the

form of a strip consisting of two stable manifolds in 𝜕𝒜(Γ𝑠 ) that extend to infinity and, secondly,
for a bounded component of 𝜕𝒜(Γ𝑠 ) consisting of the stable manifold of a single saddle whose
two branches end at two repelling fixed points.
In both cases, we compute and present the relevant equilibria, their stable and unstable
manifolds and a representative number of isochrons in 𝒜(Γ𝑠 ). In particular, we show how isochrons

in an unbounded basin can be studied after Poincaré compactification of the plane, so that we
can confirm and visualise their accumulation near infinity. For the case of a stable manifold of
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Figure 2.1: Phase portraits and isochrons of (2.1) for 𝜇 = 2 in row (a) and for 𝜇 = 4 in row (b).
Shown are the stable periodic orbit Γ𝑠 , the saddle-type equilibria 𝑝± ( ), sources 𝑞± ( ), the origin
0 (marked as a saddle ( ) or source ( ) depending on its stability), and the stable and unstable
manifolds 𝑊 𝑠(·) and 𝑊 𝑢(·) of the saddle equilibria. The right column also shows ten isochrons that
are distributed uniformly in phase 𝜃 along Γ𝑠 , where colour indicates the phase according to the
central colour bar.
finite arclength inside Γ𝑠 , we show how the isochrons spiral around and accumulate onto this
type of component of 𝜕𝒜(Γ𝑠 ). Our findings agree with the theory, but we find that determining
the precise geometry of isochrons in these situations is numerically very sensitive and presents
considerable computational challenges. Throughout, we employ continuation of solutions of a
suitably defined two-point boundary value problem to compute global isochrons accurately and
efficiently as smooth curves parametrised by arclength; see chapter 3 and [38, 48] for more details
of this approach.
Figure 2.1 is the starting point of our investigation. It shows the phase portraits of system (2.1)
for 𝜇 = 2.0 and 𝜇 = 4.0 in panels (𝑎1) and (𝑏1), respectively, consisting of the attracting periodic
orbit Γ𝑠 , repelling equilibria marked by squares and saddle equilibria marked by crosses, and their
respective stable and unstable manifolds. Panels (𝑎2) and (𝑏2) additionally show ten isochrons
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that are uniformly distributed in phase 𝜃, which is represented by colour as indicated in the
colour bar.
In the phase portrait for 𝜇 = 2.0 in figure 2.1(𝑎1) the origin 0 is a source and forms the
component of 𝜕𝒜(Γ𝑠 ) inside Γ𝑠 . Outside Γ𝑠 there are two saddle equilibria 𝑝+ and 𝑝− , which are
counterparts under the symmetry of (2.1). Their stable manifolds 𝑊 𝑠(𝑝± ) act as separatrices

and, with the equilibria 𝑝± , they form the outer part of 𝜕𝒜(Γ𝑠 ). Since 𝑊 𝑠(𝑝± ) extend to infinity
in the positive and negative 𝑦-directions, the basin 𝒜(Γ𝑠 ) is an unbounded vertical strip. The

branches of the unstable manifolds 𝑊 𝑢(𝑝± ) outside 𝒜(Γ𝑠 ) have no phase with respect to Γ𝑠 as
they extend to infinity in the positive and negative 𝑥-directions. The branches of 𝑊 𝑢(𝑝± ) that
lie inside 𝒜(Γ𝑠 ), on the other hand, converge to Γ𝑠 , and thus each point in 𝑊 𝑢(𝑝± ) ∩ 𝒜(Γ𝑠 ) has
a phase. This means that each isochron of Γ𝑠 must intersect 𝑊 𝑢(𝑝± ) infinitely many times; in

particular, since 𝑊 𝑢(𝑝± ) converge to 𝑝± in backward time, the isochrons must accumulate onto
𝑊 𝑠(𝑝± ) near 𝑝± .

Figure 2.1(𝑎2) shows the same phase portrait but with ten isochrons, which are equally

distributed in asymptotic phase and coloured according to the colour bar. Inside Γ𝑠 the isochrons
simply accumulate onto the source 0 ⊂ 𝜕𝒜(Γ𝑠 ). On the outside of Γ𝑠 , and beyond its immediate

vicinity, we observe that each isochron intersects the unstable invariant manifold 𝑊 𝑢(·) of either
𝑝+ or 𝑝− once, but then appears to run parallel to the respective branch of 𝑊 𝑠(𝑝± ) and extends
out of the frame. We computed these ten isochrons up to excessively large arclength, yet they do

not appear to turn around and come back into the frame, near the other saddle equilibrium, to
intersect 𝑊 𝑢(𝑝± ) again. Hence, the isochrons in figure 2.1(𝑎2) do not appear to accumulate onto
𝜕𝒜(Γ𝑠 ), which would contradict the theory. The issue is the extreme growth towards infinity of
the isochrons of system (2.1) in the unbounded strip 𝒜(Γ𝑠 ), which we address in § 2.3 by means
of Poincaré compactification.

Figure 2.1(𝑏1) is the phase portrait for 𝜇 = 4.0, where we now concentrate on the component
of 𝜕𝒜(Γ𝑠 ) inside Γ𝑠 ; the phase portrait outside Γ𝑠 is topologically as that for 𝜇 = 2.0 in panel (𝑎1).
As panel (𝑏1) illustrates, the origin 0 is now a saddle point. In fact, two sources 𝑞± have bifurcated

from 0 in a pitchfork bifurcation at 𝜇 ≈ 3.5355, and the two branches of the stable manifold 𝑊 𝑠(0)

converge in backward time to 𝑞+ and 𝑞− . Note that 𝑊 𝑠(0) is a curve of finite arclength; its closure,

which includes 0 and 𝑞± , forms the component of 𝜕𝒜(Γ𝑠 ) inside Γ𝑠 . The unstable manifold 𝑊 𝑢(0)

lies entirely inside 𝒜(Γ𝑠 ), and its two branches converge to Γ𝑠 very rapidly in forward time.

Therefore, each point in 𝑊 𝑢(0) has a phase and each isochron of Γ𝑠 must intersect each of the

two (symmetrically related) branches of 𝑊 𝑢(0) infinitely many times; hence, the isochrons must
accumulate onto 𝑊 𝑠(0) near 0.
Figure 2.1(𝑏2) shows the phase portrait and additionally ten isochrons uniformly distributed
in phase. Inside Γ𝑠 the isochrons indeed approach 𝑊 𝑠(0) very rapidly, but it is unclear how
exactly they approach the inner component of 𝜕𝒜(Γ𝑠 ). Moreover, it seems from this figure that
outside some neighbourhood of Γ𝑠 each isochron intersects 𝑊 𝑢(0) only once, which is due to
very strong contraction towards 0 along 𝑊 𝑢(0). In fact, the isochrons quickly reach a distance to
𝑊 𝑠(0) that is on the order of the computational accuracy. The accumulation of isochrons on the
component of 𝜕𝒜(Γ𝑠 ) in the region enclosed by Γ𝑠 is detailed and illustrated in § 2.4.
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2.3

Geometry of isochrons near infinity

The issue with the phase portrait and isochrons of (2.1) for 𝜇 = 2.0 in Figure 2.1(𝑎2) is that
the basin of attraction 𝒜(Γ𝑠 ) extends to infinity in the positive and negative 𝑦-directions while it
is bounded in the 𝑥-direction. This means that isochrons make long excursion in the 𝑦-direction
before returning back to the region of interest near the origin; in fact, the isochrons would need
to be computed for impractically large arclengths in the state space R2 of (2.1) to show them
returning. Since (2.1) is a polynomial vector field, this issue can be addressed effectively by
means of Poincaré compactification; see for example [20, 44]. For the planar case considered here,
the idea is to map R2 diffeomorphically to the open unit disk D2 , where the circle 𝜕D2 = S1
represents the directions of approach to, or departure from infinity. The transformed vector field
on D2 is then conjugate to the original vector field on R2 and, moreover, it is continuous on the
closed disk D2 ∪ S1 after an appropriate rescaling of time. In particular, the phase portrait as

well as the isochron structure remain qualitatively the same. However, as we will see, isochrons
of (2.1) that approach infinity can be computed efficiently as curves in the new coordinates
because arclength is now measured in the bounded space D2 .

Geometrically, the transformation is best described in two steps. Consider the unit sphere S2 in
⃒
∼ {︀(𝑥, 𝑦, 𝑧 ) ∈ R3 ⃒ 𝑧 = 1}︀, which is tangent to
R3 , centred at the origin (0, 0, 0), and the plane R2 =
S3 at its north pole (0, 0, 1). The first coordinate transformation projects the point (𝑥, 𝑦, 1) ∈ R2

to a point (𝑠1 , 𝑠2 , 𝑠3 ) on, say, the upper half-sphere of S2 by determining the intersection point
of the line through (𝑥, 𝑦, 1) and (0, 0, 0) with S2 where 𝑠3 is positive; the equator of S2 then
represents the asymptotic directions (of trajectories) at infinity. The second step is the projection
of the closed upper half-sphere (that is, including the equator) back to the plane R2 by considering
its intersection point with the line through the given point (𝑠1 , 𝑠2 , 𝑠3 ) ∈ S2 and the south pole

(0, 0, −1). The image is the closed disk of radius 2 which is scaled to D2 . The overall coordinate
transformation from (𝑥, 𝑦 ) ∈ R2 to (𝑥,
¯ 𝑦¯ ) ∈ D2 is given by
⎛ ⎞

𝑥¯
⎝ ⎠
𝑦¯

⎛ ⎞

𝑥
1
⎝ ⎠,
√︀
=
2
2
1+ 𝑥 +𝑦 +1 𝑦

(2.2)

and its inverse by
⎛ ⎞

𝑥
⎝ ⎠
𝑦

⎛ ⎞

𝑥¯
2
⎝ ⎠.
=
2
2
1 − 𝑥¯ − 𝑦¯ 𝑦¯

(2.3)

Transforming an actual planar vector field requires multiplication of the right-hand side by the
Jacobian of the coordinate transformation (2.2). This generally results in the transformed vector
field being singular on 𝜕D2 = S1 ; for polynomial vector fields this issue can be dealt with by
desingularisation in the form of a (state-dependent) time rescaling with the factor
(︃

𝑠𝑛3

=

1 − 𝑥¯ 2 − 𝑦¯ 2
1 + 𝑥¯ 2 + 𝑦¯ 2

)︃𝑛

,

where 𝑛 is the (highest) order of the polynomial vector field [20, 44].

(2.4)
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Figure 2.2: Accumulation onto 𝜕𝒜(Γ𝑠 ) ⊂ D2 ∪ S1 of isochrons of (2.5) for 𝜇 = 2. Shown are Γ𝑠 ,
0 ( ), 𝑝± ( ), 𝑊 𝑠(𝑝± ) and 𝑊 𝑢(𝑝± ), the unit circle S1 (grey), representing the asymptotic directions
∞
∞
of trajectories at infinity, with sinks 𝑝±
( ) at (𝑥,
¯ 𝑦¯ ) = (±1, 0) and sources 𝑞±
( ) at (𝑥,
¯ 𝑦¯ ) = (0, ±1),
and ten isochrons distributed uniformly in phase 𝜃. Panel (𝑎) shows all of D2 ∪ S1 and should be
∞
compared with figure 2.1(𝑎2), while panel (𝑏) is a enlargement near 𝑞−
.
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For the specific case of (2.1), the compactified vector field on D2 ∪ S1 , written as a matrix-

vector product, takes the form:
⎛ ⎞

𝑥¯˙
⎝ ⎠
𝑦¯˙

=

⎛

1

(1 + 𝑥¯ 2 + 𝑦¯ 2 )3
⎛
⎝
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⎝
−2𝑥¯ 𝑦¯

−2𝑥¯ 𝑦¯

1 + 𝑥¯ 2 − 𝑦¯ 2

(𝑎𝜇𝑥¯ − 𝑦¯ ) 1 − 𝑥¯ 2 − 𝑦¯ 2
(︀

(𝑥¯ + 𝜇(𝑎 + 𝑐)𝑦¯ )

(︀

⎞

1 − 𝑥¯ 2

)︀2

)︀2
− 𝑦¯ 2

⎠·

− 4𝑏𝑥¯ 𝑥¯ 2 + 𝑦¯ 2
(︀

)︀

⎞

(2.5)

(︀ 2
)︀⎠.
2
− 4(𝑏 + 𝑑)𝑦¯ 𝑥¯ + 𝑦¯

The phase portrait on D2 of (2.5) for 𝜇 = 2 is shown in figure 2.2(𝑎). Indeed, it features
qualitatively the same, although transformed, invariant objects found in the phase portrait
of (2.1) shown in figure 2.1(𝑎1); for simplicity, we refer to these also as 0, 𝑝± , 𝑊 𝑠(𝑝± ), 𝑊 𝑢(𝑝± ),
and Γ𝑠 . Also shown in figure 2.2(𝑎) is the circle S1 , which is invariant and represents the

∞
asymptotic directions of trajectories at infinity. There are four equilibria on S1 , two sinks 𝑝±
at

∞
(𝑥,
¯ 𝑦¯ ) = (±1, 0) onto which the respective branches of 𝑊 𝑢(𝑝± ) converge, and two sources 𝑞±
at
𝑠
(𝑥,
¯ 𝑦¯ ) = (0, ±1) onto which the respective branches of 𝑊 (𝑝± ) converge in backward time. In
∞
particular, 𝒜(Γ𝑠 ) is the compact region bounded on the outside by 𝑊 𝑠(𝑝± ) ∪ 𝑝± ∪ 𝑞±
, which is the
closure of 𝑊 𝑠(𝑝± ). Also shown in figure 2.2(𝑎) are the same (but transformed) ten isochrons from
figure 2.1(𝑎2). Inside Γ𝑠 , the compactification has little effect. On the other hand, as figure 2.2
shows clearly, their properties near the outside component of 𝜕𝒜(Γ𝑠 ) now become apparent.
Outside Γ𝑠 , all isochrons accumulate onto 𝜕𝒜(Γ𝑠 ) in a spiralling fashion, and in this way each
isochron, indeed, intersects 𝑊 𝑢(𝑝± ) infinitely often near 𝑝± . The close passage of the isochrons
∞
near 𝑞−
is illustrated in figure 2.2(𝑏)1 . As figure 2.2 shows, Poincaré compactification allows us to
determine and illustrate the geometry of the isochrons globally throughout an entire basin 𝒜(Γ𝑠 )
that is unbounded. Note that each isochron of (2.5) has maxima and minima in 𝑦¯ at successively
larger |𝑦|-values,
¯
but these are bounded by 1. By contrast, in the original coordinates of (2.1),
the arclengths of the isochrons up to the second maximum or minimum is already prohibitively
large; this is why figure 2.2(𝑏2) does not show the computed isochrons returning. After Poincaré
compactification, on the other hand, the isochrons are confined to a bounded region, and this
makes it possible to compute them efficiently as global parametrised curves.

2.4

Geometry of isochrons near 𝑊 𝑠(0)

We now return to the question of how the isochrons of (2.1) for 𝜇 = 4 accumulate onto
the component 𝑊 𝑠(0) ∪ 0 ∪ 𝑞± of 𝜕𝒜(Γ𝑠 ) inside Γ𝑠 . Figure 2.3(𝑎) illustrates that the isochrons,
of which again ten are shown, accumulate onto 𝜕𝒜(Γ𝑠 ) so rapidly that they lie less that the

computational tolerance of 10−8 from 𝑊 𝑠(0) ∪ 0 within one revolution after passing 0 closely for
the first time. This is owing to the fact that the expansion along the unstable direction over
one period of Γ𝑠 is of the order 𝑒𝜆𝑥¯ 𝑇Γ𝑠 ≈ 8 × 107 , where 𝜆𝑢𝑥¯ is the unstable eigenvalue of 0. We
𝑢

remark that such rapid accumulation of isochrons on a stable manifold must be regarded as
Isochron foliations are affected by the time rescaling that is part of Poincaré compactification. However, as the
figure shows, the spiralling property of the isochrons as they approach the basin boundary is apparently unaffected
by the compactification here.
1
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Figure 2.3: Accumulating onto 𝜕𝒜(Γ𝑠 ) of isochrons of (2.1) for 𝜇 = 4. Panel (𝑎) shows the very
rapid accumulation onto 𝑊 𝑠(0) ∪ 0 ∪ 𝑞± of ten isochrons that are uniformly distributed in phase.
Panels (𝑏1) and (𝑏2) show the 𝑥- and 𝑦-components of 𝐼0(Γ𝑠 ) against its arclength ℓ; also shown
are the respective components of 0 (green line) and 𝑞± (red line). Panel (𝑐) is a sketch of how 𝐼0(Γ𝑠 )
spirals onto 𝜕𝒜(Γ𝑠 ).
not so unusual, because it arises from the fact that the period 𝑇Γ𝑠 is generally reasonably large;
hence, consecutive intersection points of an isochron with the same branch of 𝑊 𝑢(0) converge to
0 at a very fast rate, even when 𝜆𝑢𝑥¯ is only of moderate magnitude. This explains why it is not

possible to visualise the accumulation of the isochrons in figure 2.3(𝑎). To determine its exact
nature, column (b) of figure 2.3 shows the 𝑥- and 𝑦-components of points on 𝐼0(Γ𝑠 ) plotted as a
function of the arclength ℓ along 𝐼0(Γ𝑠 ) measured from 𝛾0 . The equilibria 0 and 𝑞± are shown as

labelled horizontal lines to illustrate that 𝐼0(Γ𝑠 ) oscillates between 𝑞+ and 𝑞− in both the 𝑥- and
the 𝑦-components. Taken together, panels (𝑏1) and (𝑏2) are evidence that 𝐼0(Γ𝑠 ) spirals around

𝑊 𝑠(0) ∪ 0 ∪ 𝑞± and, hence, intersects both branches of 𝑊 𝑢(0) infinitely often in the process. Our

computations agree with and confirm the isochron geometry conjectured in [19] for a topologically
equivalent basin boundary. Figure 2.3(𝑐) illustrates the isochron structure of (2.1) qualitatively in
the (𝑥, 𝑦 )-plane, by showing the computed objects 0, 𝑞± , 𝑊 𝑠(0) and 𝑊 𝑢(0) overlaid with a sketch
of 𝐼0(Γ𝑠 ). This sketch is based on the evidence in panels (𝑏1) and (𝑏2), and can be interpreted as
a rescaling of the vector field along the direction of the unstable eigenvector.
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2.5

Isochron geometry near global bifurcations

Determining the exact nature of phase sensitivity near the basin boundary in these and other
planar models is an interesting challenge, as we show in the remainder of this chapter. Specifically,
changing the phase portraits of (2.1), studied thus far through common planar bifurcations, yields
phase portraits in which the closure of the stable manifold 𝑊 𝑠(0) ceases to be path connected.
The consequences of such topological changes for the geometry of the isochrons of Γ𝑠 are not
immediately clear. They are investigated now again by use of two-point boundary value problem
methods in combination with the introduction of backward-time isochrons and of isochrons of
focus equilibria.
We are interested in how forward-time and backward-time isochron foliations in a planar
vector field may interact in regions of phase space where they both exist. Moreover, we consider
how the properties of these foliations change during bifurcations of the vector field. Interactions
between forward-time and backward-time isochrons were first considered by Langfield, Krauskopf,
and Osinga [39] who showed that a Cubic Isochron Foliation Tangency (CIFT) leads to two
orbits along which the two isochron foliations have quadratic tangencies. A CIFT is defined by a
tangency between forward-time and backward-time isochrons that occupy the same region of
phase space and it leads to two orbits along which the two isochron foliations have quadratic
tangencies; at the moment of CIFT itself there is a single trajectory along which the respective
isochrons have a cubic tangency. Langfield, Krauskopf, and Osinga [39] demonstrated that this
specific change in the isochron foliations is associated with a (local or global) increase in timescale separation that generates changes to the time parametrisation along trajectories leading
to the CIFT; in particular, a CIFT is neither a bifurcation in the classical sense of topological
equivalence, nor is it associated with a classical bifurcation.
We show here that certain classical bifurcations do give rise to non-transversality — that
is, quadratic tangencies — between forward-time and backward-time isochrons. While this may
look very similar at first glance to the result of a CIFT, the characterising property is that there
is locally only a single orbit of the system along which one finds quadratic tangencies of the two
foliations, rather than a pair of such orbits. Hence, the foliation tangencies induced by actual
bifurcations we discuss here provide a different mechanism for the generation of sharp folds and
associated regions of phase sensitivity that has not been considered to date. Indeed, classical
bifurcations, and in particular global bifurcations, change the nature of rotating invariant objects
and their basins of attraction or repulsion. However, the resulting effects on foliations of basins
by isochrons have not yet received attention, and they are the central subject of the case study
presented here: we characterise the topological and geometric properties of the forward-time and
backward-time isochrons before and after the respective bifurcation, to show if and how these
two foliations and their transversality change qualitatively in the process.
As was already mentioned, tangencies between forward-time isochrons and backward-time
isochrons of a repelling periodic orbit or repelling focus in the basin boundary can be seen as a
way of generating sharp folds or turns in (forward-time) isochrons [39]. Intuitively, this can be
explained as follows: any such tangency is ‘transported’ by the flow along a tangency trajectory
to the vicinity of, say, a repelling periodic orbit. Here the backward-time isochrons are transverse
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to the repelling periodic orbit and, hence, have low curvature; in turn, the curvature of the
forward-time isochrons at their tangency points with the backward-time isochrons grows beyond
bound as the tangency orbit accumulates onto the periodic orbit (in backward time). As we will
demonstrate with several new examples, the forward-time isochrons feature observably sharp
turns, more generally, in the respective region of phase space where the backward-time isochrons
have low curvature (locally near the respective fold). Hence, the (previously not considered)
backward-time isochrons are the natural objects with respect to which such sharp turns of
forward-time isochrons can be described as quadratic tangencies.
Our object of study from now on is the planar system (2.1) where 𝑎 ∈ [−0.75, −0.45] with

fixed 𝑏 = 0.5, 𝜇 = 1 and 𝑐 = 𝑑 = 2.5, which features an arguably somewhat typical oneparameter bifurcation sequence that affects the respective isochron foliations via previously
unexplored mechanisms. More specifically, this sequence involves quite typical bifurcations: a
pitchfork bifurcation of equilibria, a saddle-node bifurcation of limit cycles, a gluing (homoclinic)
bifurcation of a symmetric pair of periodic orbits, and a pair of simultaneous Hopf bifurcations
where these periodic orbits disappear. Since we are concerned with focus-type equilibria as well,
we also consider the transition between nodal and focus-type equilibria as part of this sequence.

2.6

Bifurcation structure and bifurcation sequence
under consideration

One encounters a one-parameter sequence of bifurcations in system (2.1) that is somewhat
typical for planar systems with discrete rotational symmetry. It is found along a straight path of
the two-parameter bifurcation set of (2.1) in the (𝑎, 𝑏)-plane. Figure 2.4 shows the two-parameter
bifurcation set in panel (𝑎) and the corresponding one-parameter bifurcation diagram through
regions A–F in panel (𝑏).
The overall bifurcation structure in the (𝑎, 𝑏)-plane is invariant under rotation by 𝜋 around
the point (𝑎, 𝑏) = ( − 𝑐/2, − 𝑑/2), which is the result of the invariance of (2.1) under (𝑎, 𝑏) ↦→
(−𝑎 − 𝑐, −𝑏 − 𝑑) and (𝑥, 𝑦 ) ↦→ (−𝑦, −𝑥). Hence, the bifurcation set is invariant under the spatiotemporal symmetry of reflection of the phase portrait in the diagonal (where 𝑥 = 𝑦) and time

reversal. At the central point at (𝑎, 𝑏) = (−1.25, −1.25) of the rotational symmetry in figure 2.4(𝑎)

(where 𝑐 = 2.5, 𝑑 = 2.5, and 𝜇 = 1) the system is reversible. Most bifurcation curves come

together and change criticality at this central point, which we refer to as GH. Hence, together
with a symmetric pair of Bogdanov–Takens bifurcation points BT, the point GH acts as an
organising centre for the bifurcation diagram in the (𝑎, 𝑏)-plane of (2.1).
Due to the symmetry of figure 2.4(𝑎), we describe the bifurcation structure only for parameters

(𝑎, 𝑏) to the right of the vertical line NS (through GH) along which the origin 0 is a neutral
saddle. The point GH marks a transition from supercritical to subcritical bifurcation along the
curve H of Hopf bifurcations of a symmetric pair of non-trivial equilibria 𝑞± . Three further curves
emerge from GH: a homoclinic bifurcation HOM involving the invariant manifolds of the origin
0, a saddle-node bifurcation SNL of limit cycles Γ𝑠 and Γ𝑢 , and a heteroclinic bifurcation HET
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Figure 2.4: Regions A–F of topologically different phase portraits of system (2.1) for 𝑐 =
2.5, 𝑑 = 2.5, and 𝜇 = 1. Panel (𝑎) shows the two-parameter bifurcation diagram in the (𝑎, 𝑏)plane with the bifurcation curves: Hopf (H), saddle-node of limit cycle (SNL), homoclinic (HOM),
heteroclinic (HET), saddle-node of equilibria (SN), and pitchfork (PF); and filled circles marking
the codimension-two points: generalised Hopf (GH), generalised pitchfork (GPF), and Bogdanov–
Takens (BT). We further show the locus NS where 0 is a neutral saddle, and the locus CC at which
the non-trivial equilibria 𝑞± have a complex-conjugate pair of eigenvalues with zero imaginary part.
Panel (𝑏) shows the one-parameter bifurcation diagram in the (𝑎, 𝑦 )-plane for 𝑏 = 0.5 (indicated by
the thick horizontal gray line in panel (𝑎)), with regions A–F demarcated by thin grey lines; periodic
orbits are represented by their extremal values in 𝑦. The equilibria 𝑞± and 0, and the periodic orbits
Γ𝑠 , Γ𝑢 and Γ𝑢± are coloured blue, red or green, depending on whether they are attracting, repelling,
or of saddle type, respectively. The inset in panel (𝑎) is an enlargement in the (𝑎, 𝑏)-plane of the
highlighted box over a range in 𝑎 that illustrates the regions A–D along 𝑏 = 0.5. The insets in
panel (𝑏) share that same 𝑎-range; the upper inset shows the enlargement in the (𝑎, 𝑦 )-plane of the
highlighted box, and the lower inset shows the (𝑎, 𝑇)-plane.
Table 2.1: Parameter values of 𝑎 at which the bifurcations occur for 𝑏 = 0.5; see also figure 2.4(𝑏).
All values are approximate unless given to fewer than three decimal places.
Bifurcation

PF

CC

NS

SNL

HOM

H

CC

PF

𝑎

−2

−1.778

−1.25

−0.746

−0.737

−0.691

−0.553

−0.5

involving the invariant manifolds of a symmetric pair of saddle points2 𝑝± . The curves H and

HOM both terminate at the point BT on the the curve SN of saddle-node bifurcations (of 𝑞± and

𝑝0± , introduced below). From the right of BT the curve SN terminates at the generalised pitchfork
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Figure 2.5: Representative phase portraits of (2.1) showing the invariant objects in the topologically different regions A–F as described in figure 2.4(𝑎). Sources, saddles and sinks are represented
by , , and , respectively, with equilibria and periodic orbits coloured and labelled as described in
figure 2.4. Also shown are the stable manifolds 𝑊 𝑠(0) (light-blue curve) and the unstable manifolds
𝑊 𝑢(0) (orange curve), and the strong unstable manifold 𝑊 𝑢𝑢(0) (orange) in region F. The basins
of attraction (𝒜(𝑞− ))
) and repulsion (ℛ(Γ𝑢 ) and ℛ(𝑞− ))
) of the left invariant object in a symmetric
pair of equilibria or periodic orbits are shaded green and pink, respectively.
bifurcation point GPF on the vertical line PF of pitchfork bifurcation of 0. The criticality of PF
changes at GPF such that, for fixed 𝑏 and increasing 𝑎, the repelling equilibria 𝑞± are destroyed

below GPF, while the saddle points 𝑝0± are created, instead, above this point GPF. The curve

SNL terminates at the curve HOM at a point of non-central homoclinic saddle-node bifurcation
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Table 2.2: Representative values of parameter 𝑎 for the topologically different regions A–F from
figure 2.4; the corresponding phase portraits are in figure 2.5.

Region

A

B

C

D

E

F

𝑎

−0.75

−0.742

−0.71

−0.66

−0.55

−0.45

that exists too close to BT to be pictured in panel (𝑎). To the right of this point and along SN,
the saddle-node bifurcation of the equilibria 𝑝0± and 𝑞± occurs on Γ𝑠 . The relative order of the

three bifurcation curves SNL, HOM, and H, is illustrated in the inset at the top of panel (𝑎),
which is an enlargement of the corresponding framed region to the right and along the grey line.
From left to right along the gray line in figure 2.4(𝑎), the attracting periodic orbit Γ𝑠 and
the repelling periodic orbit Γ𝑢 are created as SNL is crossed; then Γ𝑢 transitions into the pair of
repelling periodic orbits Γ𝑢± at the curve HOM; finally, at H the pair Γ𝑢± disappear. Also shown is

the curve3 CC where the eigenvalues of 𝑞± become complex conjugate. Considering the isochrons
of 𝑞± , defined as discussed in § 1.4, the curve CC marks the boundary between their existence

(to the left) and non-existence (to the right). This curve passes through BT tangent to H, and
continues out of the frame above SN. Finally, the curve HET leaves the frame to the right, and is
not part of the bifurcation sequence that we consider.
Along the grey line given by 𝑏 = 0.5 in figure 2.4(𝑎) we find the bifurcation sequence: PF,
CC, SNL, HOM, H, CC, and PF, in that order, as 𝑎 is increased over the range (−2, −0.4). We

record the values of 𝑎 at which the bifurcations in this sequence are encountered in Table 2.1.
Figure 2.4(𝑏) shows the associated one-parameter bifurcation diagram, where the maximum
and minimum 𝑦-values of the respective invariant objects are shown as a function of 𝑎; notice
the symmetry of reflection in 𝑦 = 0. This bifurcation sequence gives rise to the regions A–F of
different phase portraits. Specifically, we first encounter the pitchfork bifurcation PF of the origin
0 at 𝑎 = −2, which generates the nodal attractors 𝑞± . When 𝑎 is increased through 𝑎 ≈ −1.778,
the curve CC is crossed and 𝑞± transform into attracting foci. While one would not consider CC

a bifurcation, it is the first point along this bifurcation sequence past which isochrons can be
defined. Thus, the resulting region A is the first of the six regions A–F in panels (𝑎) and (𝑏) of
figure 2.4. The associated structurally stable two-dimensional phase portraits in the (𝑥, 𝑦 )-plane
are shown in figure 2.5 and described in § 2.7.
As SNL is crossed at 𝑎 ≈ −0.746, the periodic orbits Γ𝑠 and Γ𝑢 are created. They exist in

region B, and are symmetric, surrounding all equilibria shown. Region B only exists after SNL
for a relatively short 𝑎-interval up to HOM; see the enlargement with the bifurcations SNL, HOM,
and H (top inset), and the periods of the periodic orbits Γ𝑠 , Γ𝑢 , and Γ𝑢− , respectively (bottom

inset). Also shown here is the natural period of the equilibrium 𝑞− , which is tangent to that of

Γ𝑢− at H. Note that the horizontal 𝑎-axes are aligned for each of panels (𝑎) and (𝑏) and, likewise,

for their insets.

2
The equilibria 𝑝± are otherwise irrelevant to this case study; they emerge with a pair of sinks in a further
saddle-node bifurcation, outside the range of figure 2.4.
3
The curve CC can be computed by adapting the BVP set-up suggested by Giraldo, Krauskopf, and Osinga
[17, Appendix B.2] to the case of equilibria.

Phase portraits along the bifurcation sequence

27

The bottom inset of figure 2.4(𝑏) clearly shows that, as the symmetric homoclinic bifurcation
HOM is approached, the period of Γ𝑢 tends to ∞, and a pair of non-symmetric4 repelling periodic

orbits Γ𝑢± are created and exist in region C; for decreasing 𝑎, one also speaks of a gluing bifurcation
of the two periodic orbits Γ𝑢± to create the periodic orbit Γ𝑢 . The periods of Γ𝑢± also tend to ∞
as HOM is approached for decreasing 𝑎. Region C is bounded by HOM and a symmetric pair of

Hopf bifurcations H at 𝑎 ≈ −0.691, in which Γ𝑢± disappear and 𝑞± change stability from sink to

source. This leaves the periodic orbit Γ𝑠 as the only attractor in region D. After crossing the
second curve CC into region E, the repelling equilibria 𝑞± lose their innate rotation, and no phase
related to 𝑞± can be assigned in region E and beyond. Region F lies to the right of the final

pitchfork bifurcation PF at 𝑎 = −0.5, in which the two equilibria 𝑞± disappear. This leaves only
the nodal source 0 surrounded by the attracting periodic orbit Γ𝑠 .

Note that we are not considering the regions between GPF and BT at the top right-hand
side of figure 2.4(𝑎) in this case study. At the bifurcation curve PF an additional pair of saddle
points 𝑝0± emanates from the repelling equilibria at the origin 0, which then collide with the

sources 𝑞± at SN. Apart from this, the respective regions to the right of PF are quite similar
to the regions A–F. Namely, in each case, the bifurcations and dynamics along the bifurcation
sequence that we are considering are preserved.

2.7

Phase portraits along the bifurcation sequence

As the starting point for our investigation of isochron foliations, figure 2.5 shows representative
phase portraits in regions A–F, for the values of 𝑎 recorded in Table 2.2. In these and all following
phase portraits, we include all relevant invariant objects. The origin is always an equilibrium;
attracting, repelling, and saddle-type equilibria are represented by triangles ( ), squares ( ), and
crosses ( ), respectively. Stable and unstable invariant manifolds of saddle equilibria are denoted
𝑊 𝑠(·) and 𝑊 𝑢(·), respectively, and periodic orbits are labelled Γ𝑠 , Γ𝑢 and Γ𝑢± , (as before) where the

superscript denotes stability. Basins of attraction 𝒜(·) and basins of repulsion ℛ(·), respectively,
may come as pairs belonging to equilibria and periodic orbits that are symmetrically related
by rotation over 𝜋. In such cases, the basin of attraction of the left-most equilibrium is shaded
green, and the basin of repulsion of the left-most equilibrium or periodic orbit is shaded pink.
The phase portrait in region A in figure 2.5 has a symmetric pair of attracting focus-type
equilibria 𝑞± that are the end points of the unstable manifold 𝑊 𝑢(0) of the origin 0. The stable

manifold 𝑊 𝑠(0) of 0 separates the basins of attraction 𝒜(𝑞− ) (shaded) and 𝒜(𝑞+ ); its two

branches wind anti-clockwise around 0 and 𝑞± , and tend towards infinity in backward time.
Hence, the finite portion of the boundaries 𝜕𝒜(𝑞± ) of the basins of attraction 𝒜(𝑞± ) are formed
by 0 and its stable manifold 𝑊 𝑠(0).

The phase portrait in region B, after SNL has been crossed, shows the pair of nested periodic
orbits Γ𝑠 (outer) and Γ𝑢 (inner) that surround the other invariant objects. The stable manifold
𝑊 𝑠(0), forming the basin boundaries 𝜕𝒜(𝑞± ), now forms a double spiral that accumulates onto

Γ𝑢 in backward time so that the basins 𝒜(𝑞− ) (shaded) and 𝒜(𝑞+ ) are now contained inside of

𝑢
Hence, the periodic orbits Γ𝑠 - and Γ𝑢
+ are not invariant themselves, as Γ was, but map to one another under
the phase-space symmetry of (2.1) of rotation by 𝜋 about the origin.
4
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Γ𝑢 . We refer to 𝒜(𝑞± ) as winding basins and remark that their boundary, the closure 𝑊 𝑠(0),

which contains Γ𝑢 , is a complete metric space that is not path-connected. More specifically,
each branch of 𝑊 𝑠(0) is a closed outward spiral that accumulates onto the topological circle Γ𝑢
(see, for example, Pugh [52, figure 22] for a sketch), and 𝑊 𝑠(0) is, hence, a closed double spiral
that accumulates onto a circle — akin to the well-known Yin and Yang symbol. Notice that
𝑊 𝑠(0) approaches Γ𝑢 very rapidly such that only an initial piece of 𝑊 𝑠(0) can be seen in the
phase portrait of region B in figure 2.5. The area between the periodic orbits Γ𝑠 and Γ𝑢 is an
annulus, where 𝒜(Γ𝑠 ) and ℛ(Γ𝑢 ) coincide. The basin of repulsion ℛ(Γ𝑢 ) is bounded inside Γ𝑢 by
the unstable manifold 𝑊 𝑢(0) and the equilibria 𝑞± on which 𝑊 𝑢(0) accumulates. Notice that
ℛ(Γ𝑢 ) covers the basins of attraction 𝒜(𝑞± ) of the attracting equilibria 𝑞± except for the set
𝑊 𝑢(0) ∖ 0 ⊂ 𝒜(𝑞− ) ∪ 𝒜(𝑞+ ), while the basins 𝒜(𝑞± ) cover ℛ(Γ𝑢 ) inside Γ𝑢 except for the set
𝑊 𝑠(0) ∖ 0 ⊂ ℛ(Γ𝑢 ).

In region C of figure 2.5, after HOM has been crossed, there are now three periodic orbits: the

attracting periodic orbit Γ𝑠 surrounds a symmetric pair of repelling periodic orbits Γ𝑢± . The basins
of attraction 𝒜(𝑞− ) (shaded) and 𝒜(𝑞+ ) are bounded by Γ𝑢− and Γ𝑢+ , respectively. Moreover, the

branches of the stable manifold 𝑊 𝑠(0) each accumulate onto one of Γ𝑢− and Γ𝑢+ in forward time.

The unstable manifold 𝑊 𝑢(0) forms the boundary between the basins of repulsion ℛ(Γ𝑢− ) (shaded)
and ℛ(Γ𝑢+ ), together with the attracting periodic orbit Γ𝑠 on which it accumulates in forward
time. Hence, the closure 𝑊 𝑢(0) is not path-connected, contains Γ𝑠 and bounds the two winding
basins of repulsion ℛ(Γ𝑢± ). The basin of attraction 𝒜(Γ𝑠 ) outside Γ𝑠 extends to infinity, and

inside Γ𝑠 its boundary 𝜕𝒜(Γ𝑠 ) is the closure 𝑊 𝑠(0), which contains Γ𝑢± and is not path-connected.
Hence, at HOM where the invariant manifolds 𝑊 𝑠(0) and 𝑊 𝑢(0) pass through each other, the
geometry of the winding basins switch. The basin 𝒜(Γ𝑠 ) covers the pair of winding basins of

repulsion ℛ(Γ𝑢± ) of the two periodic orbits Γ𝑢± , except for the set 𝑊 𝑠(0) ∖ 0 ⊂ ℛ(Γ𝑢− ) ∪ ℛ(Γ𝑢+ ),

while the basins ℛ(Γ𝑢± ) cover 𝒜(Γ𝑠 ) inside Γ𝑢 , except for the set 𝑊 𝑢(0) ∖ 0 ⊂ 𝒜(Γ𝑠 ).

In region D, after the transition through H, the periodic orbits Γ𝑢± have disappeared and

𝑞± are now repelling foci. The origin 0 remains a saddle-type equilibrium, and the basins of

attraction 𝒜(𝑞− ) (shaded) and 𝒜(𝑞+ ) are bounded by 𝑊 𝑢(0) and Γ𝑠 , onto which each branch of

𝑊 𝑢(0) accumulates in forward time. The basin boundary 𝜕𝒜(Γ𝑠 ) is again the closure 𝑊 𝑠(0), but
now this is a curve of finite arclength containing 𝑞± and 0; hence, 𝜕𝒜(Γ𝑠 ) is path connected and

𝒜(Γ𝑠 ) inside Γ𝑠 is topologically an annulus. The basin boundary 𝜕ℛ(𝑞± ), which is the closure of
𝑊 𝑢(0) containing Γ𝑠 , is not path connected. The basin 𝒜(Γ𝑠 ) still covers two winding basins of
repulsion, namely, ℛ(𝑞± ), except for the set 𝑊 𝑠(0) ∖ 0 ⊂ ℛ(𝑞−) ∪ ℛ(𝑞+ ).

The phase portrait in region E of figure 2.5, after CC has been crossed, is topologically

equivalent to the region D. However, for our purposes it is significant that in region E the
equilibria 𝑞± do not have an innate rotation, so that one cannot assign an associated phase to

them any longer. In particular, the boundary 𝜕𝒜(Γ𝑠 ) of the basin 𝒜(Γ𝑠 ) is still the closure 𝑊 𝑠(0),
but this manifold does not spiral any longer; rather its branches approach each 𝑞± , respectively,
from unique directions, namely, along the weak eigen-directions of these nodal equilibria.

In region F, after PF has been crossed, the equilibria 𝑞± disappear, leaving the origin 0, which

is now a nodal repellor, as the only equilibria inside of Γ𝑠 . In the representative phase portrait
for region F in figure 2.5, we plot the well-defined and unique strong unstable manifold 𝑊 𝑢𝑢(0),
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which is the counterpart of the unstable invariant manifolds 𝑊 𝑢(0) in regions A–E. The basin of
attraction 𝒜(Γ𝑠 ) inside Γ𝑠 is now the annulus bounded by the point 0.

We remark that phase portraits topologically equivalent to those in regions E and F have

been investigated in terms of the related concepts of phase-response [6] and isochrons [19];
however, we were the first (see §§ 2.2–2.4 and [25]) to illustrate with actual computations how
the forward-time isochrons accumulate onto the basin boundary (including infinity) for these
two cases with saddle equilibria in the basin boundary. This earlier work regarding the basin
of a single attracting periodic orbit motivated the case study presented here, where we focus
on transversality properties of the foliations by both forward-time and backward-time isochrons
during the entire, more complicated transition through regions A to F.

2.8

Isochron geometry in regions A to F

We now discuss how the isochron foliations and their interactions, in the different basins of
attraction and repulsion where they exist, change with the parameter 𝑎 along the bifurcation
sequence. In particular, we are interested in the existence of sharp turns in an isochron foliation
and related tangencies between forward-time and backward-time isochron foliations. Because
every isochron must pass arbitrarily close to each point on the boundary of the basin of
attraction or repulsion that it belongs to [21, 71], the geometric properties of these boundaries
(described in § 2.7) and how isochrons accumulate onto them are particularly important. For
each representative phase portraits of regions A–F, we compute a selection of forward-time
and/or backward-time isochrons of the relevant periodic orbits and focus-type equilibria; more
specifically, for each of a symmetric pair of periodic orbits or foci we show ten isochrons uniformly
distributed in phase, and for symmetric periodic orbits we show twenty such isochrons.
We first present in § 2.8.1 an overview of the isochron geometry in each of regions A–F; here
we mention the types of basins in which isochrons are encountered and provide a very brief
discussion of the changes to the isochron foliations from region to region. An in-depth explanation
of the properties of each isochron foliation in each region is presented in §§ 2.8.2–2.8.6. Since the
geometry of the isochrons and their interactions can be rather subtle, we present them there in
different ways. To make optimal use of space, we will show phase portraits rotated around 0 by
0.3𝜋 in the counter-clockwise direction; we refer to this representation as the (𝑣, 𝑤 )-plane and we
choose to preserve the asymptotic phase under this rotation, that is, the zero-phase point 𝛾0 is
also rotated by 0.3𝜋. Each isochron is computed and represented as a curve parametrised by its
arclength ℓ — as measured from the equilibrium for isochrons of equilibria, and from the point
𝛾𝜃 on the periodic orbit for isochrons of periodic orbits. This allows us to show the geometry of
computed isochrons not only in phase space, but also as a function of arclength ℓ, as a way to
emphasise an isochron’s complex geometry. Here, we use the sign convention that ℓ is positive
for the branch of the isochron that lies outside the periodic orbit, and negative for the branch
of the isochron that lies inside the periodic orbit. Finally, we will provide sketches to illustrate
topological and geometrical properties of certain isochrons and, especially, how they accumulate
onto the boundaries of their basins.
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Figure 2.6: Phase portraits from figure 2.5 overlaid with the forward-time and backward-time
isochron foliations of their respective eligible invariant objects. Ten and twenty isochrons, equally
distributed in phase 𝜃, are shown for each foliation of symmetric and pairwise-symmetric objects,
respectively; each isochron is coloured according to its phase in either forward or backward time as
given by the lower and upper colour bars.

2.8.1

Overview of isochron foliations

Figure 2.6 shows the same phase portraits as figure 2.5 of regions A–F in descending order
across its columns, but now each panel also shows all forward-time and backward-time isochron
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foliations that exist in these regions; these are ℐ (𝑞± ) in regions A and B, ℐ (Γ𝑠 ) in regions B–F,
𝒰 (Γ𝑢 ) in region B, 𝒰 (Γ𝑢± ) in region C, and 𝒰 (𝑞± ) in regions C–D. Hence, there are interactions

between isochron foliations only in regions B–D, where both forward-time and backward-time
isochron foliations co-exist. In this and all following figures, forward-time isochrons are represented
by curves coloured in tones between cyan and blue, and backward-time isochrons by curves
coloured in tones between yellow and red. These colours indicate the phase 𝜃 of an isochron of
the respective foliation as per the respective colour bar at the bottom of figure 2.6.
The phase portrait for region A in figure 2.6 shows the isochron foliations ℐ (𝑞± ) of 𝑞± , which
are the only objects with oscillatory behaviour. Observe how each isochron 𝐼𝜃(𝑞± ) ∈ ℐ (𝑞± ) spirals
away from the respective equilibrium 𝑞± , resulting in sharp turns as the basins 𝒜(𝑞± ) are wound

to become more elongated. Note the regions of extreme phase sensitivity where 𝑊 𝑠(0) passes
very close to itself.
The saddle-node bifurcation SNL produces two periodic orbits in region B, where the outer
attracting periodic orbit Γ𝑠 encloses the repelling orbit Γ𝑢 . In the annulus between them the
forward-time isochron foliation ℐ (Γ𝑠 ) of Γ𝑠 intersects the backward-time isochron foliation 𝒰 (Γ𝑢 )
of Γ𝑢 transversely everywhere. We denote such a transverse intersection of isochron foliations
by ℐ (Γ𝑠 ) −
⋔ 𝒰 (Γ𝑢 ). The forward-time isochron foliations ℐ (𝑞 ) are now restricted to the pair
±

of winding basins 𝒜(𝑞± ) that accumulate onto Γ . The backward-time isochron foliation 𝒰 (Γ𝑢 )
𝑢

exists inside of Γ𝑢 ; it exhibits sharp turns that are tangent to the forward-time isochrons in ℐ (𝑞± ).

The existence of non-transverse (tangential) intersections between these foliations is denoted
by ℐ (𝑞 ) −
̸ 𝒰 (Γ𝑢 ). An isochron 𝑈 (Γ𝑢 ) ∈ 𝒰 (Γ𝑢 ) must accumulate onto 𝑊 𝑢(0) = 𝑞 ∪ 𝑊 𝑢(0) ∪ 0.
⋔
±

±

𝜃

The exact manner in which this happens is hard to see in figure 2.6 and will be discussed in
detail in § 2.8.3.

In region C, the homoclinic bifurcation HOM has led to a dramatic change of the invariant
sets and their basins. The backward-time isochron foliations 𝒰 (Γ𝑢± ) of the pair of symmetric

orbits Γ𝑢± have clear sharp turns while they accumulate onto both branches of 𝑊 𝑢(0) that form

the boundaries of the basins of repulsion 𝜕ℛ(Γ𝑢± ) of the winding basins of repulsion ℛ(Γ𝑢± ). At
the same time, the forward-time isochrons 𝐼𝜃(Γ𝑠 ) have developed sharp turns as well, but these
are very hard to see in figure 2.6. As we will show in detail in § 2.8.4, these two isochron foliations
have tangential intersections, that is, ℐ (Γ𝑠 ) −
̸ 𝒰 (Γ𝑢 ). In contrast, the isochron geometry in the
⋔
±

annuli 𝒜(𝑞± ) are much simpler: the two foliations intersect transversely, that is, ℐ (Γ𝑢± ) −
⋔ 𝒰 ( 𝑞± ) .
In region D, the pair of repelling periodic obits has shrunk down to the points 𝑞± , which are

now spiralling repellors. As figure 2.6 shows, they inherit the properties of the isochron foliations
of the periodic orbits, meaning that ℐ (Γ𝑠 ) −
̸⋔ 𝒰 (𝑞± ). Here the foliations 𝒰 (𝑞± ) exist in the pair
of winding basins of repulsion ℛ(𝑞± ), and also show sharp turns associated with their tangencies

with ℐ (Γ𝑠 ). This will be discussed in detail in § 2.8.5.

In regions E and F, past the curve CC, there is only the foliation by forward-time isochrons

of the basin 𝒜(Γ𝑠 ). While the transition from regions D to E does not constitute a topological

change, the isochron geometry of ℐ (Γ𝑠 ) changes significantly. In region E, the isochrons in 𝐼𝜃(Γ𝑠 )
accumulate onto the closed curve 𝑊 𝑠(0) = 𝑊 𝑠(0) ∪ 𝑞± by spiralling around this curve, getting
closer with each pass as their arclengths increase. In particular, the foliation 𝐼𝜃(Γ𝑠 ) in region E

no longer features sharp turns. In region F the isochrons of 𝐼𝜃(Γ𝑠 ) accumulate onto the single
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Figure 2.7: Details of isochron geometry in region A in the (rotated) (𝑣, 𝑤 )-plane. Panel (𝑎)
shows the phase portrait, consisting 𝑞± , 0 and 𝑊 𝑠(0) and 𝑊 𝑢(0), together with ten isochrons of
ℐ (𝑞+ ), and panel (𝑏) shows the phase portrait with only the zero-phase isochron 𝐼0(𝑞+ ); here each
isochron in panel (𝑎) is coloured according to its phase 𝜃 as given by the colour bar. Panel (𝑐)
shows how the 𝑣-coordinate along 𝐼0(𝑞+ ) changes with arclength ℓ, where the 𝑣-range is as in
panels (𝑎) and (𝑏) and the vertical lines indicate the positions 𝑞± , 0 and the folds of 𝑊 𝑠(0) with
respect to the 𝑣-direction. Compare with figures 2.5 and 2.6.
point 0, but figure 2.6 shows that there is still a somewhat extended region of phase sensitivity
near the slow eigenspace of 0.

2.8.2

Isochrons in region A

In region A, there are only the two symmetrically related foliations ℐ (𝑞± ) of forward-time

isochrons of 𝑞± that exist in the two basins 𝒜(𝑞± ). Their geometry is illustrated in figure 2.7

in three different ways. Panel (𝑎) shows an enlargement of the phase portrait in the (rotated)

(𝑣, 𝑤 )-plane, consisting of the attractors 𝑞± , the saddle 0 and its stable and unstable manifolds
𝑊 𝑠(0) and 𝑊 𝑢(0), together with ten isochrons of ℐ (𝑞+ ) that are distributed uniformly spaced in
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phase. Panel (𝑏) shows the same phase portrait with only the zero-phase isochron 𝐼0(𝑞+ ), and
panel (𝑐) is a representation of 𝐼0(𝑞+ ) in terms of its arclength ℓ versus the 𝑣-coordinate.
Figure 2.7(𝑎) shows clearly how the ten isochrons intersect 𝑊 𝑢(0) transversely near 𝑞+ ; in
particular, this implies that each isochron in ℐ (𝑞+ ) accumulates onto 𝑊 𝑠(0) locally near 0. The
basin 𝒜(𝑞+ ), including its boundary, extends to infinity; since isochrons must accumulate onto

the entirety of the basin that they foliate [21], each isochron also needs to grow beyond bound
while accumulating onto both branches of 𝑊 𝑠(0) ⊂ 𝜕𝒜(𝑞+ ), which we denote 𝑊−𝑠(0) and 𝑊+𝑠(0)
as indicated in figure 2.7. In the process, the isochrons switch over from one branch of 𝑊 𝑠(0) to
its other branch, specifically from 𝑊−𝑠(0) to 𝑊+𝑠(0); notice how this leads to quite sharp turns of

the isochrons in figure 2.7(𝑎) where they need to ‘squeeze through’ the narrow channel where
the two branches of 𝑊 𝑠(0) come very close to each other. Indeed, the turns are much less sharp
once they occur past this narrow channel.
Figure 2.7(𝑏) illustrates the geometry for just 𝐼0(𝑞+ ). Notice how this curve approaches and
then follows 𝑊 𝑠(0) closely past 0; it then makes a turn to switch over to the other branch of
𝑊 𝑠(0), which it now follows even more closely past 0, all the way through the narrow channel. It
then makes the next switch over to the other branch of 𝑊 𝑠(0), which it subsequently follows even
more closely. Panel (𝑐) illustrates these properties of the curve 𝐼0(𝑞+ ) by showing how 𝑣 changes
along the curve as represented by its arclength ℓ, up to its maximal computed arclength of 9.
Specifically, following the isochron 𝐼0(𝑞+ ) from 𝛾0 simultaneously in panels (𝑏) and (𝑐) (which
share the same range on their 𝑣-axis) reveals details of its geometry otherwise somewhat hidden
in panel (𝑏). Here vertical curves represent the positions of the equilibria 𝑞± , the saddle 0 and the

folds of 𝑊 𝑠(0) with respect to the 𝑣-direction. This representation shows how the 𝑣-coordinate
along 𝐼0(𝑞+ ) first increases and then decreases past 0. It then starts to increase again at a fold
with respect to 𝑣, which represents the first turn where 𝐼0(𝑞+ ) switches over to the other branch
of 𝑊 𝑠(0) — such switches can generally be identified in the arclength plot of an isochron as folds
that occur away from folds of curves forming a basin boundary. The value of 𝑣 along 𝐼0(𝑞+ ) then
starts to decrease and then increase again very near two subsequent folds of 𝑊 𝑠(0). The next
fold with respect to 𝑣, on the other hand, is not near a fold of 𝑊 𝑠(0), but corresponds to the
second switch of 𝐼0(𝑞+ ) over to the other branch of 𝑊 𝑠(0); compare with panel (𝑏). Note that at
each such switch the curve 𝐼0(𝑞+ ) transfers from 𝑊−𝑠(0) to 𝑊+𝑠(0) as its arclength is increased.
Figure 2.7 shows that after the second switch 𝐼0(𝑞+ ) then continues to follow 𝑊 𝑠(0) closely
until the maximal arclength is reached. Indeed, the geometry of 𝐼0(𝑞+ ) is representative for any
isochron in 𝐼0(𝑞+ ), since they are all diffeomorphic images of one another under the flow of (2.1).
We now present in figure 2.8 the insights gained so far in the form of sketches that highlight
different aspects of the geometry of the isochrons of ℐ (𝑞+ ) in region A. We do so to illustrate
features of the phase portrait that are hidden due to different curves being very close to each

other in the (𝑣, 𝑤 )-plane of figure 2.7. Figure 2.8(𝑎) is a sketch that is topologically equivalent to
figure 2.7(𝑏). Here the narrow channel is shown wider so that it is easier to follow the isochron
𝐼0(𝑞+ ), which starts at 𝑞+ and is shown to have three turns from the branch 𝑊−𝑠(0) to the branch

𝑊+𝑠(0) of the stable manifold 𝑊 𝑠(0). In the process, 𝐼0(𝑞+ ) traverses the channel repeatedly and

ever closer to 𝑊−𝑠(0) and 𝑊+𝑠(0), respectively, until it reaches the upper limit of the 𝑟-axis in
panel (𝑏). This geometry is represented in polar coordinates in figure 2.8(𝑏). Here 𝐼0(𝑞+ ) can
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Figure 2.8: Illustration of the geometric properties of 𝐼0(𝑞+ ) ∈ ℐ (𝑞+ ) in region A. Panel (𝑎) is a
sketch of the phase portrait of region A with 𝐼0(𝑞+ ) in the (𝑥, 𝑦 )-plane. Panel (𝑏) is its representation
in the (𝜓, 𝑟 )-plane of polar coordinates around 0; note that the two branches 𝑊−𝑠(0) and 𝑊+𝑠(0) of
the stable manifold, and the two branches 𝑊−𝑢(0) and 𝑊+𝑢(0) of the unstable manifold, end on the
bottom line where 𝑟 = 0 at their respective values of the angular variable 𝜓. Panel (𝑐) shows the
representation in the (𝜓, 𝑟¯)-plane of compactified polar coordinates, where 𝐼0(𝑞+ ) has also been
extended (cyan curve). Here 𝑟¯ is the compactified radial direction, and the top horizontal line
∞
∞
represents infinity with the equilibria 𝑞±
and 𝑝±
. Panel (𝑑) is a sketch of just the basin 𝒜(𝑞+ ),
𝑠
𝑠
where its boundary 𝑊−(0) ∪ 𝑊+(0) has been straightened out. Invariant objects are labelled as in
figure 2.5; compare with figure 2.7.
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be seen to spiral out from 𝑞+ while accumulating onto the branches 𝑊−𝑠(0) and 𝑊+𝑠(0), which
now end on the bottom line (where 𝑟 = 0) at two values of the angular variable 𝜓 that are 𝜋

apart; note that 𝐼0(𝑞+ ) accumulates in this representation also on the segment of the line with
𝑟 = 0 in between the two end point of 𝑊−𝑠(0) and 𝑊+𝑠(0). Figure 2.8(𝑐) shows a phase plane in

polar coordinates, where the radius 𝑟 has been compactified and the top line represents infinity.
While this figure is a sketch, this is achieved, for example, by the Poincaré compactification [20]
√
∞
∞
𝑟¯ = 𝑟/(1 + 𝑟2 + 1). Notice that 𝑊−𝑠(0) and 𝑊+𝑠(0) end at two repelling equilibria 𝑞−
and 𝑞+
∞
on the top line, respectively; see also § 2.12. Notice also the two saddle equilibria 𝑝±
at infinity
and note that the dynamics at infinity remains the same throughout regions A–F since the

bifurcation parameter 𝑎 only appears in the linear terms of (2.1); see §§ 2.3 and 2.12 and (2.5)
(or, alternatively, Hannam, Krauskopf, and Osinga [25]) for more details and explicit formulas,
respectively. In particular, trajectories of (2.1) do not spiral towards infinity, which means that
the only isochron foliations that we need to concern ourselves with are those of finite invariant
objects. In figure 2.8(𝑐), 𝐼0(𝑞+ ) has been extended beyond what was shown in panels (𝑎) and (𝑏)
to illustrate how this isochron accumulates onto both 𝑊−𝑠(0) and 𝑊+𝑠(0), as well as the line

segments between their end points at 𝑟¯ = 0 and the line representing infinity. Notice from
figure 2.8(𝑎)–2.8(𝑐) that the narrow channel arises from the fact that 𝑊 𝑠(0) and, hence, also the
basin 𝒜(𝑞+ ) wind around 𝑞± and 0 about one-and-a-half times. When this winding is undone by
straightening out 𝑊−𝑠(0), 𝑊+𝑠(0) and 𝒜(𝑞+ ) in compactified polar coordinates, as is sketched in

figure 2.8(𝑑), it emerges that 𝐼0(𝑞+ ) is topologically simply a spiral that accumulates onto the
(now square) boundary of 𝒜(𝑞+ ). Indeed, its complicated geometry in the (𝑥, 𝑦 )- or (𝑣, 𝑤 )-plane,
including the sharp turns in the narrow channel, arises from how this simple topological picture
is embedded into the plane.

2.8.3

Isochrons in region B

In region B, after the saddle-node bifurcation SNL, there are now the two additional isochron
foliations ℐ (Γ𝑠 ) and 𝒰 (Γ𝑢 ) of the periodic orbits Γ𝑠 and Γ𝑢 , respectively. Figure 2.9 shows all

isochron foliations with the phase portrait in region B in the (rotated) (𝑣, 𝑤 )-plane. In panel (𝑎)
all three isochron foliations are shown together with the phase portrait, as in figure 2.6 but
magnified. The three individual foliations are shown separately with the phase portrait in
panels (𝑏)–(𝑑). Figure 2.9(𝑎) shows more clearly that the two foliations ℐ (Γ𝑠 ) and 𝒰 (Γ𝑢 ) intersect

transversely in the annulus bounded by Γ𝑠 and Γ𝑢 . Note also that outside Γ𝑠 the foliation ℐ (Γ𝑠 )

extends to infinity.

More importantly, figure 2.9 illustrates the interaction of 𝒰 (Γ𝑢 ) with ℐ (𝑞± ) (only isochrons

in ℐ (𝑞+ ) are shown in figure 2.9). First of all, the basins 𝒜(𝑞± ) no longer extend all the way to
infinity, but they are now winding basins that accumulate onto the repelling periodic orbit Γ𝑢 . Note
that their boundary 𝑊 𝑠(0) approaches Γ𝑢 very quickly to produce an extremely narrow spiralling
channel. In this channel the isochrons of ℐ (𝑞± ) feature very sharp turns, as in the channel in

region A, of which only the first few are visible in figure 2.9(𝑎) and 2.9(𝑑). Since these turns are
very close to Γ𝑢 where 𝒰 (Γ𝑢 ) is almost linear, there must be quadratic tangencies between ℐ (𝑞± )
and 𝒰 (Γ𝑢 ). These occur along the two trajectories 𝑂± , which spiral into 𝑞± in forward time and
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Figure 2.9: Isochron geometry in region B in the (rotated) (𝑣, 𝑤 )-plane, with invariant objects
labelled as in figure 2.5. Panel (𝑎) shows the phase portrait of region B, consisting of 𝑞± , 0, 𝑊 𝑠(0)
and 𝑊 𝑢(0), Γ𝑠 and Γ𝑢 , together with ten isochrons of ℐ (𝑞+ ) and 20 isochrons each of ℐ (Γ𝑠 ) and
𝒰 (Γ𝑢 ). Panel (𝑏) shows the phase portrait with only ℐ (Γ𝑠 ), panel (𝑐) with only 𝒰 (Γ𝑢 ), and panel (𝑑)
with only ℐ (𝑞+ ); each isochron is coloured according to its phase 𝜃 as given by the colour bars.
Along the trajectories 𝑂± (dark and light green, respectively, not shown in panel (𝑏)) the foliations
𝒰 (Γ𝑢 ) and ℐ (𝑞+ ) have quadratic tangencies. Compare with figures 2.5 and 2.6.
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Figure 2.10: Details of isochron geometry of 𝐼0(𝑞+ ) and 𝑈0(Γ𝑢 ) in region B. Panel (𝑎) shows
the phase portrait of region B in the (𝑣, 𝑤 )-plane with the zero-phase isochrons 𝐼0(𝑞+ ) (dark blue)
and 𝑈0(Γ𝑢 ) (magenta). Panels (𝑏) and (𝑐) show how the 𝑣-coordinate along 𝑈0(Γ𝑢 ) and 𝐼0(𝑞+ ),
respectively, change with arclength ℓ, where the 𝑣-range is as in panel (𝑎); here the vertical lines
indicate the positions of the equilibria 𝑞± and 0, as well as the folds of 𝑊 𝑢(0) with respect to
the 𝑣-axis in panel (𝑏), and the folds in 𝑣 of the periodic orbits Γ𝑠 and Γ𝑢 . The black circle ( ),
triangle ( ), diamond ( ), and pentagon ( ) in panels (𝑎) and (𝑏) mark the first four sharp turns
of 𝑈0(Γ𝑢 ), respectively; the insets are enlargements of correspondingly shaded areas in panel (𝑏).
Compare with figure 2.9.
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accumulate onto Γ𝑢 in backward time. Notice from figure 2.9(𝑎) and 2.9(𝑐) how the isochrons of
𝒰 (Γ𝑢 ) develop sharp turns associated with the quadratic tangencies with ℐ (𝑞+ ) along 𝑂+ . This

happens while any isochron 𝑈𝜃(Γ𝑢 ) ∈ 𝒰 (Γ𝑢 ) accumulates onto 𝑊 𝑢(0) = 𝑞± ∪ 𝑊 𝑢(0) ∪ 0; hence,
it must have tangencies also with the foliation ℐ (𝑞− ) along 𝑂− (not shown).

The relevant invariant objects are still very close to one another in the (𝑣, 𝑤 )-plane, which is

why we illustrate these properties of 𝒰 (Γ𝑢 ) and ℐ (𝑞+ ) in figure 2.10 by showing the respective

zero-phase isochrons also in terms of their arclength ℓ. Panel (𝑎) shows the phase portrait of
region B in the (𝑣, 𝑤 )-plane with only 𝐼0(𝑞+ ) and 𝑈0(Γ𝑢 ). Note how 𝑈0(Γ𝑢 ), which starts at
𝛾0 ∈ Γ𝑢 , visits both basins 𝒜(𝑞± ) while it accumulates onto the boundary 𝑊 𝑢(0) of its own basin

ℛ(Γ𝑢 ); the first two sharp turns of 𝑈0(Γ𝑢 ) that ensue are marked by a circle ( ) and a triangle ( ),
respectively. The inset panels (𝑎1) and (𝑎2) are enlargements near 𝑞− and 𝑞+ , respectively, that

show two further sharp turns that are marked by a diamond ( ) and a pentagon ( ), respectively.
Figure 2.10(𝑏) shows the (signed) arclength ℓ of 𝑈0(Γ𝑢 ) against its 𝑣-coordinate, together
with vertical lines that indicate the positions on the 𝑣-axis of the equilibria 𝑞± and 0 and the

folds of the unstable manifold 𝑊 𝑢(0) with respect to 𝑣. This panel more clearly illustrates how
𝑈0(Γ𝑢 ) moves from left to right and spirals ever closer into 𝑞− and 𝑞+ while accumulating onto

𝑊 𝑢(0); note that its arclength is negative, because we are considering the branch of 𝑈0(Γ𝑢 )
that lies inside Γ𝑢 . In figure 2.10(𝑏) we observe that 𝑈0(Γ𝑢 ) moves away from 𝛾0 (pink dot) by
following the unstable manifold 𝑊 𝑢(0) towards, and then well past, 0; in the process, 𝑈0(Γ𝑢 ) has
two folds (with respect to 𝑣) near the folds of 𝑊 𝑢(0). However, the third fold, marked by the
circle ( ) near 𝑞− , is not near a fold of 𝑊 𝑢(0). Hence, this fold is the first sharp turn of 𝑈0(Γ𝑢 )

where it switches direction to follow (the other side of) 𝑊 𝑢(0) (along the same branch 𝑊−𝑢(0) of

𝑊 𝑢(0)) back towards and well past 0. After passing the origin, 𝑈0(Γ𝑢 ) has quite a number of folds
near the folds of 𝑊 𝑢(0), until there is a second sharp turn near 𝑞+ , marked by the triangle ( ).

The process repeats and we find a third sharp turn ( ) nearer 𝑞− and a fourth sharp turn ( )
nearer 𝑞+ ; they are illustrated in the enlargement panel (𝑏1) and the successive enlargement
panels (𝑏2) and (𝑏3), respectively. Note that successive sharp turns of 𝑈0(Γ𝑢 ) occur deeper and
deeper into the spirals formed by the branches of 𝑊 𝑢(0); this feature is represented in panel (𝑏)
as an increasing number of folds of 𝑊 𝑢(0) before and after successive sharp turns.
Similarly, figure 2.10(𝑐) illustrates how 𝐼0(𝑞+ ) accumulates onto the boundary 𝑊 𝑠(0) of its
basin 𝒜(𝑞+ ); this involves following the stable manifold 𝑊 𝑠(0) for exceedingly longer periods

of time, with sharp turns in between where 𝐼0(𝑞+ ) switches over from one branch of 𝑊 𝑠(0) to
the other, specifically, from 𝑊+𝑠(0) to 𝑊+𝑠(0). The situation is very similar to that in region A in
figure 2.7(𝑐), but now 𝒜(𝑞+ ) is a winding basin that accumulates onto Γ𝑢 .

We again represent these insights as topological sketches to bring out the observed isochron

geometry more clearly. Figure 2.11(𝑎1) and 2.11(𝑏1) show the zero-phase isochrons 𝑈0(Γ𝑢 ) and
𝐼0(𝑞+ ), respectively, inside the periodic orbit Γ𝑢 in both Cartesian and polar coordinates. These
sketches stress qualitative features of the geometry; in particular, the narrow channels of the
basins 𝒜(𝑞±) that are hardly visible in figure 2.10(𝑎) are shown much wider so that the respective
accumulation processes of the isochrons can readily be illustrated.

Figure 2.11(𝑎1) is a sketch in the (𝑥, 𝑦 )-plane of 𝑈0(Γ𝑢 ) inside the repelling periodic orbit
Γ𝑢 . The isochron 𝑈0(Γ𝑢 ) starts at the zero-phase point 𝛾0 ∈ Γ𝑢 and then enters the inside of Γ𝑢
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Figure 2.11: Illustrations of the geometric properties in region B of 𝑈0(Γ𝑢 ) ∈ 𝒰 (Γ𝑢 ) in panels (𝑎1) and (𝑎2) and of 𝐼0(𝑞+ ) ∈ ℐ (𝑞+ ) in panels (𝑏1) and (𝑏2). Panels (𝑎1) and (𝑏1) are sketches
of the phase portrait of region B inside the repelling periodic orbit Γ𝑢 in the (𝑥, 𝑦 )-plane with 𝐼0(𝑞+ )
and 𝑈0(Γ𝑢 ), respectively. Panels (𝑎2) and (𝑏2) show the same objects in the (𝜓, 𝑟 )-plane of polar
coordinates around 0; here 𝐼0(𝑞+ ) has been extended (cyan curve), and the red horizontal line at
the top of the panel represents Γ𝑢 , onto which the winding basins 𝒜(𝑞± ) accumulate. Invariant
objects are labelled as in figure 2.5; compare with figures 2.9 and 2.10.
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to accumulate onto the basin boundary 𝑊 𝑢(0) of its basin 𝒜(Γ𝑢 ) in a spiralling fashion. The
polar-coordinate representation in panel (𝑎2) shows more clearly how 𝑈0(Γ𝑢 ) has alternating

episodes in the two basins 𝒜(𝑞± ) as it approaches simultaneously the two branches 𝑊−𝑢(0) and
𝑊+𝑢(0) of the unstable manifold 𝑊 𝑢(0). As a consequence, each of the successive sharp turns

of 𝑈0(𝑞+ ) lies deeper in the the spiral of 𝑊−𝑢(0) and 𝑊+𝑢(0) and, hence, closer to 𝑞− and to 𝑞+ ,
respectively.

Figure 2.11(𝑏1) is a sketch in the (𝑥, 𝑦 )-plane of 𝐼0(𝑞+ ) in the interior of its winding basin
𝒜(𝑞+ ) inside Γ𝑢 . The isochron 𝐼0(𝑞+ ) is shown spiralling outward to accumulate onto the manifold

𝑊 𝑠(0) ⊂ 𝜕𝒜(𝑞+ ), which in turn accumulates quickly onto Γ𝑢 ⊂ 𝜕𝒜(𝑞+ ). This is illustrated further
in panel (𝑏2) in the polar-coordinate representation, where 𝐼0(𝑞+ ) has been extended further
to show the accumulation process. While spiralling out from 𝑞+ , the isochron 𝐼0(𝑞+ ) makes
further and further excursions into the increasingly narrower channel formed by 𝒜(𝑞+ ) as it
accumulates onto Γ𝑢 . Up to some finite arclength, the curve 𝐼0(𝑞+ ) from 𝑞+ in 𝒜(𝑞+ ) has a finite

number of spiral loops, which is illustrated in figure 2.8(𝑐). The difference with region A is that
in region B, there is an infinite amount of winding of the basin 𝒜(𝑞+ ), rather than only a finite

number of rotations. Therefore, it is not possible to transform the entire (infinitely) winding
basin 𝒜(𝑞+ ) diffeomorphically to a simple box as in figure 2.8(𝑑) (as this would then not involve

the accumulation of 𝒜(𝑞+ ) on a topological circle). Indeed, the fact that there is now a winding

basin leads to infinitely many sharp turns and associated tangencies of ℐ (𝑞+ ) (and also of ℐ (𝑞− )
by symmetry) with 𝒰 (Γ𝑢 ); compare figure 2.8(𝑑) and figure 2.11(𝑏2).

Since 𝑈0(Γ𝑢 ) and 𝐼0(𝑞+ ) are representative isochrons, their respective geometric properties are

shared with the respective foliations. The isochrons of 𝒰 (Γ𝑢 ) and of ℐ (𝑞± ) both accumulate onto
a spiralling basin boundary, namely 𝑊 𝑢(0) and 𝑊 𝑠(0), respectively. This explains the existence
of quadratic tangencies between the two foliations along two (symmetrically related) orbits 𝑂±

in the respective spiralling basins 𝒜(𝑞± ).

2.8.4

Isochrons in region C

In region C, after the homoclinic bifurcation HOM, the invariant manifolds 𝑊 𝑠(0) and 𝑊 𝑢(0)
have changed their relative positions. Hence, there is now the symmetric pair of repelling periodic
orbits Γ𝑢± (instead of Γ𝑢 ) with backward-time isochron foliations 𝒰 (Γ𝑢± ) in their basins ℛ(Γ𝑢± ).
Figure 2.12 shows all isochron foliations with the phase portrait in region C in the (rotated)

(𝑣, 𝑤 )-plane. In panel (𝑎) all three isochron foliations are shown together with the phase portrait,
as in figure 2.6, while panels (𝑏)–(𝑑) show the three individual foliations. Note that, since 𝑊 𝑢(0)
accumulates onto Γ𝑠 , the two basins ℛ(Γ𝑢± ) bounded by the 𝑞± , 𝑊 𝑢(0) and Γ𝑠 , are winding basins
and, in fact, winding annuli because the isolated points 𝑞± are in their boundary. The basins
𝒜(𝑞± ), on the other hand, are bounded by the repsective periodic orbits Γ𝑢± and, hence, are no
longer winding.
As panels (𝑎), (𝑐) and (𝑑) of Figure 2.12 illustrate, in region C the foliations ℐ (𝑞+ ) and
𝒰 (Γ𝑢+ ) intersect transversely in 𝒜(𝑞+ ) ∪ ℛ(Γ𝑢+ ); due to symmetry, the same is true for ℐ (𝑞− ) and
𝒰 (Γ𝑢− ) (not shown). In contrast, there are now quadratic tangencies between ℐ (Γ𝑠 ) and 𝒰 (Γ𝑢+ )
along the orbit 𝑂+ ⊂ ℛ(Γ𝑢+ ) and, similarly, with 𝒰 (Γ𝑢− ) (not shown) along 𝑂− ⊂ ℛ(Γ𝑢− ). In a
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Figure 2.12: Isochron geometry in region C in the (rotated) (𝑣, 𝑤 )-plane, with invariant objects
labelled as in figure 2.5. Panel (𝑎) shows the phase portrait of region C, consisting
of 𝑞± , 0, 𝑊 𝑠(0)
(︀ )︀
and 𝑊 𝑢(0), Γ𝑠 and Γ𝑢± , together with ten isochrons each of ℐ (𝑞+ ) and 𝒰 Γ𝑢± and 20 isochrons of
ℐ (Γ𝑠 ). Panel (𝑏) shows the phase portrait with only ℐ (Γ𝑠 ), panel (𝑐) with only 𝒰 (Γ𝑢+ ), and panel (𝑑)
with only ℐ (𝑞+ ); each isochron is coloured according to its phase 𝜃 as given by the colour bars.
Along
(︀ )︀the trajectories 𝑂± (dark and light green, respectively, absent from panel (𝑎)) the foliations
𝒰 Γ𝑢± and ℐ (𝑞± ) have quadratic tangencies. Compare with figures 2.5 and 2.6.
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Figure 2.13: Details of isochron geometry of 𝐼0(Γ𝑠 ) and 𝑈0(Γ𝑢+ ) in region C. Panel (𝑎) shows
the phase portrait of region C in the (𝑣, 𝑤 )-plane with the zero-phase isochrons 𝐼0(Γ𝑠 ) (dark blue)
and 𝑈0(Γ𝑢+ ) (magenta). Panels (𝑏) and (𝑐) show how the 𝑣-coordinate along 𝐼0(Γ𝑠 ) and 𝑈0(Γ𝑢+ ),
respectively, change with arclength ℓ, where the 𝑣-range is as in panel (𝑎); here the vertical lines
indicate the positions of the equilirbia 𝑞± and 0, as well as the folds of 𝑊 𝑠(0) and 𝑊 𝑢(0) with
respect to the 𝑣-axis in panels (𝑏) and (𝑐), respectively, and the folds in 𝑣 of the periodic orbits Γ𝑠
and Γ𝑢± . The black circle ( ), triangle ( ), diamond ( ), and pentagon ( ) in panel (𝑏) mark the
first four sharp turns of 𝐼0(Γ𝑠 ), respectively; the insets are enlargements of correspondingly shaded
areas in panel (𝑏).

Isochron geometry in regions A to F

43

local neighbourhood of Γ𝑢+ , where 𝒰 (Γ𝑢+ ) is almost linear, these tangential intersections lead to

sharp folds of ℐ (Γ𝑠 ); near Γ𝑠 , where ℐ (Γ𝑠 ) is almost linear, they lead to sharp folds of 𝒰 (Γ𝑢+ ); see
panels (𝑏) and (𝑐)).

The isochrons in ℐ (Γ𝑠 ) and 𝒰 (Γ𝑢+ ) accumulate rapidly onto 𝑊 𝑠(0) and 𝑊 𝑢(0), which in turn

accumulate rapidly onto the periodic orbits Γ𝑢+ and Γ𝑠 , respectively. Therefore, the details of the
geometry of these isochrons is somewhat obscured in Figure 2.12. To illustrate their properties

we present in figure 2.13 only the respective zero-phase isochrons along with their arclength
plots. Panel (𝑎) shows the phase portrait in the (𝑣, 𝑤 )-plane of region C with 𝐼0(Γ𝑠 ) and 𝑈0(Γ𝑢+ ).
Starting from 𝛾0 (blue dot) we see that 𝐼0(Γ𝑠 ) quickly approaches 𝑊 𝑠(0) and follows this manifold
past 0 before switching over to the other side of 𝑊 𝑠(0) at a first fold point near Γ𝑢− . This can
only really be seen in figure 2.13(𝑏) where the 𝑣-coordinate of isochron 𝐼0(Γ𝑠 ) is shown over the

same range as in panel (𝑎) against its arclength ℓ on the vertical axis. Here, folds with respect to
the 𝑣-direction of Γ𝑢± and the branches of 𝑊 𝑠(0), as well as the positions of the equilibria 𝑞± and
0, are indicated by vertical lines in the panel. Note that, because we are considering the branch
of 𝐼0(Γ𝑠 ) inside Γ𝑠 , its arclength ℓ is negative.
The isochrons in ℐ (Γ𝑠 ) and 𝒰 (Γ𝑢+ ) accumulate rapidly onto 𝑊 𝑠(0) and 𝑊 𝑢(0), which in turn

accumulate rapidly onto the periodic orbits Γ𝑢+ and Γ𝑠 , respectively. Therefore, the details of the
geometry of these isochrons is somewhat obscured in Figure 2.12. To illustrate their properties

we present in figure 2.13 only the respective zero-phase isochrons along with their arclength
plots. Panel (𝑎) shows the phase portrait in the (𝑣, 𝑤 )-plane of region C with 𝐼0(Γ𝑠 ) and 𝑈0(Γ𝑢+ ).
Starting from 𝛾0 (blue dot) we see that 𝐼0(Γ𝑠 ) quickly approaches 𝑊 𝑠(0) and follows this manifold
past 0 before switching over to the other side of 𝑊 𝑠(0) at a first fold point near Γ𝑢− . This can
only really be seen in figure 2.13(𝑏) where the 𝑣-coordinate of isochron 𝐼0(Γ𝑠 ) is shown over the

same range as in panel (𝑎) against its arclength ℓ on the vertical axis. Here, folds with respect to
the 𝑣-direction of Γ𝑢± and the branches of 𝑊 𝑠(0), as well as the positions of the equilibria 𝑞± and
0, are indicated by vertical lines in the panel. Note that, because we are considering the branch
of 𝐼0(Γ𝑠 ) inside Γ𝑠 , its arclength ℓ is negative.
The first sharp turn near Γ𝑢− that occurs away from the folds of Γ𝑢+ and 𝑊+𝑠(0), is marked by

a black circle ( ). Subsequently, the curve 𝐼0(Γ𝑠 ) follows 𝑊 𝑠(0) past 0 to approach Γ𝑢+ where it
has its second sharp fold that is now further down the spiral of 𝑊 𝑠(0). Identifying it requires
two successive enlargements, shown in panels (𝑏1) and (𝑏2) of Figure 2.12(𝑏), where the second

fold is marked by a black triangle ( ). The process then repeats, with alternating visits of 𝑊 𝑠(0)
for increasing arclength to neighbourhoods of Γ𝑢± , owing to the fact that 𝐼0(Γ𝑠 ) exists in both

basins of repulsion ℛ(Γ𝑢± ). This yields the two further sharp folds marked by the diamond ( )
and the pentagon ( ) in Figure 2.12(𝑏). Note that successive sharp turns occur deeper along the
spirals formed by the two branches of 𝑊 𝑠(0); the number of other folds before each sharp turn
indicates how deep down the sharp turn occurs in this spiral.
Figure 2.13(𝑐) shows the accumulation of 𝑈0(Γ𝑢+ ) onto the boundary 𝑊 𝑢(0) of the winding

basin ℛ(Γ𝑢+ ) outside of Γ𝑢+ . For increasing arclength ℓ the isochron extends from 𝛾0 (pink dot)
until making its first sharp turn to the left of Γ𝑢− ; this is clearly visible in panel (𝑎) but requires

the enlargement panel (𝑐1) to be identified as a fold with respect to the 𝑣-direction in panel (𝑐).
Note that before this sharp turn, 𝑈0(Γ𝑢+ ) remains relatively far away from 𝜕ℛ(Γ𝑢+ ) = 𝑊 𝑢(0). As
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ℓ increases further, the isochron 𝑈0(Γ𝑢+ ) now follows 𝑊−𝑢(0) closely back around Γ𝑢+ , past 0, past

Γ𝑢− and past Γ𝑢+ once more, before making its second sharp turn; this very sharp turn cannot

be seen in panel (𝑎) but can be identified in panel (𝑐) as occuring near 𝑣 ≈ 0.1. The isochron

𝑈0(Γ𝑢+ ) then follows 𝑊−𝑢(0) closely, back past 0 and the process repeats with increasingly sharper
turns as 𝑊 𝑢(0) accumulates onto Γ𝑠 .

Figure 2.14 presents topological sketches that illustrate the observed isochron geometry.
Panels (𝑎1) and (𝑏1) show the zero-phase isochrons 𝐼0(Γ𝑠 ) and 𝑈0(Γ𝑢+ ), respectively, in Cartesian

coordinates inside the periodic orbit Γ𝑠 , while panels (𝑎2) and (𝑏2) show them in polar coordinates.
Again, these sketches stress qualitative features; specifically, the zero-phase isochrons are shown
as accumulating less rapidly onto their basin boundaries, so that the respective accumulation
processes of the isochrons can readily be illustrated.
In panel (𝑎1), the isochron 𝐼0(Γ𝑠 ) starts at the zero-phase point 𝛾0 (blue dot) and begins
to accumulate onto the basin boundary 𝑊 𝑠(0) of its basin 𝒜(Γ𝑠 ) by spiralling around it. The

polar-coordinate representation in panel (𝑎2) shows more clearly how 𝐼0(Γ𝑠 ) moves between the
two basins ℛ(Γ𝑢± ) as it approaches the two branches 𝑊−𝑠(0) and 𝑊+𝑠(0) of the stable manifold
𝑊 𝑠(0). As a consequence, each of the successive sharp turns of 𝐼0(Γ𝑠 ) lies deeper into the spirals
of 𝑊−𝑠(0) and 𝑊+𝑠(0) and, hence, closer to Γ𝑢− and to Γ𝑢+ , respectively.

The sketch in Cartesian coordinates in figure 2.14(𝑏1) shows the branch of the isochron

𝑈0(Γ𝑢+ ) inside its winding basin ℛ(Γ𝑢+ ) that lies outside Γ𝑢 . Notice how 𝑈0(Γ𝑢+ ) spirals outward

to accumulate onto the basin boundary 𝑊 𝑢(0), which in turn accumulates onto Γ𝑠 . The polarcoordinate representation in panel (𝑏2) also shows an extension of 𝑈0(Γ𝑢+ ) (yellow curve) to show
more of the accumulation process. The sharp turns of 𝑈0(Γ𝑢+ ) occur further and further along

the tail of 𝒜(Γ𝑢+ ) as it accumulates onto Γ𝑠 , with 𝑈0(Γ𝑢+ ) following along the branches of 𝑊 𝑢(0)
more closely with each fold.

Comparison between the sketches presented in figures 2.11 and 2.14 shows that the foliations
𝑈0(Γ𝑢 ) inside of Γ𝑢 in region B and 𝐼0(Γ𝑠 ) inside of Γ𝑠 in region C, respectively, are topologically
the same as families of curves (that is, not taking into account the direction of time); namely they
share the key property that they both accumulate onto a spiralling curve in the respective basin
boundary given by the closure of an (un)stable manifold. Similarly, the foliations 𝑈0(Γ𝑢+ ) inside
𝒜(Γ𝑠 ) ∩ ℛ(Γ𝑢+ ) in region B and 𝐼0(Γ𝑠 ) inside of Γ𝑠 in region C, respectively, share the topological

property of spiralling onto the boundary of a winding basin formed the closure of an (un)stable
manifold that contains a circle, which implies the existence of tangencies between the isochron
foliation in the winding basin and that of the periodic orbit on which it accumulates. Overall, we
conclude that the homoclinic bifurcation HOM induces a rather dramatic exchange between the
geometric properties of isochron foliations in basins of attraction and those in basins of repulsion.

2.8.5

Isochrons in region D

In region D, after the (subcritical) Hopf bifurcation H, the repelling periodic orbits Γ𝑢± have

disappeared and the focus equilibria 𝑞± are now repelling. With the basin of attraction of 𝑞± ,
also the foliations ℐ (𝑞± ) have disappeared. Instead the points 𝑞± now have basins of repulsion
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Figure 2.14: Illustrations of the geometric properties in region C of 𝐼0(Γ𝑠 ) ∈ ℐ (Γ𝑠 ) in panels (𝑎1) and (𝑎2) and of 𝑈0(Γ𝑢+ ) ∈ 𝒰 (Γ𝑢+ ) in panels (𝑏1) and (𝑏2). Panels (𝑎1) and (𝑏1) are sketches
of the phase portrait of region C inside the repelling periodic orbit Γ𝑠 in the (𝑥, 𝑦 )-plane with 𝐼0(Γ𝑠 )
and 𝑈0(Γ𝑢+ ), respectively. Panels (𝑎2) and (𝑏2) show the same objects in the (𝜓, 𝑟 )-plane of polar

coordinates around 0;(︀ here
at the top of the panel represents Γ𝑠 , onto which
)︀ the blue horizontal line
𝑢
𝑢
the winding basins ℛ Γ± accumulate, and 𝑈0(Γ+ ) has also been extended (yellow curve). Invariant
objects are labelled as in figure 2.5; compare with figures 2.12 and 2.13.
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Figure 2.15: Isochron geometry in region D in the (rotated) (𝑣, 𝑤 )-plane, with invariant objects
labelled as in figure 2.5. Panel (𝑎) shows the phase portrait of region D, consisting of 𝑞± , 0, 𝑊 𝑠(0)
and 𝑊 𝑢(0), and Γ𝑠 , together with ten isochrons of 𝒰 (𝑞+ ) and 20 isochrons of ℐ (Γ𝑠 ). Panel (𝑏)
shows the phase portrait with only ℐ (Γ𝑠 ), and panel (𝑐) with only 𝒰 (𝑞+ ); each isochron is coloured
according to its phase 𝜃 as given by the colour bars. Along the trajectories 𝑂± (dark and light
green, respectively) the foliations 𝒰 (𝑞± ) and ℐ (Γ𝑠 ) have quadratic tangencies. Compare with
figures 2.5 and 2.6.
ℛ(𝑞± ), which are winding basins because the boundary 𝑊 𝑢(0) between them still accumulates
onto the attracting periodic orbit Γ𝑠 .

Figure 2.15 shows the different invariant objects and foliations in the (rotated) (𝑣, 𝑤 )-plane;
shown are in panel (𝑎), the interactions of twenty and ten isochrons of the foliations ℐ (Γ𝑠 ) and

𝒰 (𝑞+ ), respectively, which are shown separately in panels (𝑏) and (𝑐). The foliation ℐ (Γ𝑠 ) of 𝒜(Γ𝑠 )

inside Γ𝑠 still accumulates onto its boundary 𝑊 𝑠(0) but now 𝑊 𝑠(0) = 𝑞− ∪ 𝑞+ ∪ 𝑊 𝑠(0). Moreover,

𝒰 (𝑞+ ) foliates the winding basin ℛ(𝑞+ ) and it is tangent to ℐ (Γ𝑠 ) along the trajectory 𝑂+ .
Comparison between figure 2.15(𝑎) and figure 2.12(𝑎) shows that in the transition through the

Hopf bifurcation H the basins ℛ(𝑞± ) and the foliations 𝒰 (𝑞± ) in region D are the continuations
of ℛ(Γ𝑢± ) and 𝒰 (Γ𝑢± ) (outside of Γ𝑢± ) in region C. This is in agreement with the observation by

47

Isochron geometry in regions A to F

(𝑐)
Γ𝑠

𝑞+
0

(𝑐1) 𝑞−

ℓ

𝑊+𝑢(0)
Γ𝑠 𝑊−𝑢(0)
𝑈0(𝑞+ )

t

𝛾0

(𝑏) (𝑏2)

𝑞−
0

𝐼0(Γ𝑠 )

(𝑏1)

𝑞+

ℓ
𝑊−𝑠(0)
𝑊+𝑠(0)

(𝑏3)

(𝑎2)

(𝑎1)
(𝑎)

𝛾0

𝑤

𝑣
Figure 2.16: Details of isochron geometry of 𝐼0(Γ𝑠 ) and 𝑈0(𝑞+ ) in region D. Panel (𝑎) shows
the phase portrait of region D in the (𝑣, 𝑤 )-plane with the zero-phase isochrons 𝐼0(Γ𝑠 ) (dark blue)
and 𝑈0(𝑞+ ) (magenta). Panels (𝑏) and (𝑐) show how the 𝑣-coordinate along 𝐼0(Γ𝑠 ) and 𝑈0(𝑞+ ),
respectively, change with arclength ℓ, where the 𝑣-range is as in panel (𝑎); here the vertical lines
indicate the positions of the equilirbia 𝑞± and 0, as well as the folds of 𝑊 𝑠(0) and 𝑊 𝑢(0) with
respect to the 𝑣-axis in panels (𝑏) and (𝑐), respectively, and the folds in 𝑣 of the periodic orbit Γ𝑠 .
The black circle ( ), triangle ( ), diamond ( ), and pentagon ( ) in panel (𝑏) mark the first four
sharp turns of 𝐼0(Γ𝑠 ), respectively; the insets are enlargements of correspondingly shaded areas in
panels (𝑎) and (𝑏). Compare with figure 2.15.
Langfield, Krauskopf, and Osinga [39] that foliations can be continued through a Hopf bifurcation;
however, we have here a situation with a single trajectory 𝑂+ within ℛ(𝑞+ ) along which one
finds quadratic tangencies of two foliations, while Langfield, Krauskopf, and Osinga [39] finds
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that there are a pair of such tangency orbits (generated in a CIFT; see § 2.5). Nevertheless, we
also find that the tangency orbit 𝑂+ and its symmetric counterpart 𝑂− in ℛ(𝑞− ) are retained as
continuous objects through H during the transition from region C to region D.

In other words, the foliations 𝒰 (𝑞± ) of the winding basins in region D inherit the geometric

properties of the foliation 𝒰 (Γ𝑢± ) of the winding basins in region C (outside of Γ𝑢± ); the difference

is that the curve 𝑊 𝑠(0) in the boundary of 𝒜(Γ𝑠 ) accumulates in region D on the points 𝑞± ,

while in region C is accumulates onto a pair of circles (the repelling periodic orbits Γ𝑢± ). This is

illustrated further in figure 2.16. Panel (𝑎) shows the phase portrait in region D in the (rotated)

(𝑣, 𝑤 )-coordinates with 𝐼0(Γ𝑠 ) (dark blue) and 𝑈0(𝑞+ ) (magenta), and panels (𝑎1) and (𝑎2) are
enlargements near 𝑞− and 𝑞+ , respectively. The two zero-phase isochrons of 𝐼0(Γ𝑠 ) ∈ ℐ (Γ𝑠 )
and 𝑈0(𝑞+ ) ∈ 𝒰 (𝑞+ ) are shown in panels (𝑏) and (𝑐) in terms of their arclength ℓ against the
𝑣-coordinate; here the 𝑣-range is as in figure 2.16(𝑎) and vertical lines indicate the equilibria
𝑞± (red) and 0 (green) and the folds of the branches of 𝑊 𝑠(0) (blue).
For increasing ℓ, the curve 𝐼0(Γ𝑠 ) moves between neighbourhoods of 𝑞− and 𝑞+ ; it has its first
sharp fold near 𝑞+ , marked by the black circle ( ), and subsequent sharp turns alternatingly
at near 𝑞− and 𝑞+ at the black triangle ( ), diamond ( ) and pentagon ( ), respectively; see
figure 2.16(𝑏) and the enlargements in panels (𝑎1), (𝑎2) and (𝑏1)–(𝑏3). Note that these sharp
folds, which are clearly identified in the phase portrait, now occur quite close to folds of 𝑊 𝑠(0) in
𝑣. As we have come to expect, 𝐼0(Γ𝑠 ) switches from one side to the other side of 𝑊 𝑠(0) at each
of the marked sharp turns; compare with figure 2.13(𝑏).
As figure 2.16(𝑐) shows, the curve 𝑈0(𝑞+ ) has its first sharp turn for ℓ ≈ 2 where 𝑈0(𝑞+ )
switches to following the other branch 𝑊−𝑢(0) of 𝑊 𝑢(0). For increasing ℓ, the curve 𝑈0(𝑞+ ) follows
along 𝑊−𝑢(0), switching to following 𝑊+𝑢(0) as it passes 0 until its second sharp turn, which is
highlighted in panel (𝑐1). Here 𝑈0(𝑞+ ) switches to following 𝑊−𝑢(0) back to 0 again, and this
process of switching repeats. Comparison with figure 2.13(𝑐) shows that 𝑈0(𝑞+ ) in region D has,
indeed, the same geometric properties as 𝑈0(Γ𝑢+ ) in region C.
The above insights regarding the geometry of the foliations 𝐼0(Γ𝑠 ) and 𝑈0(𝑞+ ) are represented in sketched form in figure 2.17; here panels (𝑎1) and (𝑏1) show the zero-phase isochrons
𝐼0(Γ𝑠 ) and 𝑈0(𝑞+ ), respectively, in Cartesian coordinates inside the periodic orbit Γ𝑠 , while
panels (𝑎2) and (𝑏2) show them in polar coordinates. If one imagines that the repelling periodic
orbits Γ𝑢± in region C are contracted to the two repelling points 𝑞± in region D, then the geometric
properties of the foliation ℐ (Γ𝑠 ) are effectively preserved between regions C and D, and 𝒰 (𝑞± )
is the continuation of 𝒰 (Γ𝑢± ) (outside of Γ𝑢± ) from region C to region D as the foliation by
backward-time isochrons in the pair of winding basins. Given the near-diffeomorphic relationship
between regions C and D and, hence, likewise that between figures 2.14 and 2.17, we provide
only a brief summary here.
Panels (𝑎1) and (𝑎2) of figure 2.17 show the first part of the branch of the isochron 𝐼0(Γ𝑠 )
from its start at the zero-phase point 𝛾0 (blue dot) as it spiral onto 𝑊 𝑠(0); in the process, 𝐼0(Γ𝑠 )
visits alternatingly the two basins ℛ(𝑞± ) and still develops successively sharper turns in the
process. Similarly, panels (𝑏1) and (𝑏2) show the isochron 𝑈0(𝑞+ ) inside its winding basin ℛ(𝑞+ ).
Note that 𝑈0(𝑞+ ) spirals outward to accumulate onto the basin boundary 𝑊 𝑢(0), which still
accumulates onto Γ𝑠 . This process is highlighted again in the polar coordinate representation in
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Figure 2.17: Illustrations of the geometric properties in region D of 𝐼0(Γ𝑠 ) ∈ ℐ (Γ𝑠 ) in panels (𝑎1) and (𝑎2) and of 𝑈0(𝑞+ ) ∈ 𝒰 (𝑞+ ) in panels (𝑏1) and (𝑏2). Panels (𝑎1) and (𝑏1) are sketches
of the phase portrait of region D inside the stable periodic orbit Γ𝑠 in the (𝑥, 𝑦 )-plane with 𝐼0(Γ𝑠 )
and 𝑈0(𝑞+ ), respectively. Panels (𝑎2) and (𝑏2) show the same objects in the (𝜓, 𝑟 )-plane of polar

coordinates around 0; here the blue horizontal line at the top of the panel represents Γ𝑠 , onto which
the winding basins ℛ(𝑞± ) accumulate, and 𝑈0(𝑞+ ) has also been extended (yellow curve). Invariant
objects are labelled as in figure 2.5; compare with figures 2.15 and 2.16, and note the similarity to
figure 2.14.
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Figure 2.18: Details of isochron geometry in region E in the (rotated) (𝑣, 𝑤 )-plane. Panel (𝑎)
shows the phase portrait, consisting 𝑞± , 0 and 𝑊 𝑠(0) and 𝑊 𝑢(0), and Γ𝑠 , together with ten isochrons
of ℐ (Γ𝑠 ), and panel (𝑏) shows the phase portrait with only the zero-phase isochron 𝐼0(Γ𝑠 ); here
each isochron in panel (𝑎) is coloured according to its phase 𝜃 as given by the colour bar. Panel (𝑐)
shows how the 𝑣-coordinate along 𝐼0(Γ𝑠 ) changes with arclength ℓ, where the 𝑣-range is as in
panels (𝑎) and (𝑏) and the vertical lines indicate the positions 𝑞± , 0 and the folds of 𝑊 𝑠(0) with
respect to the 𝑣-direction. Compare with figures 2.5 and 2.6.
panel (𝑏2) by showing an extension of 𝑈0(𝑞+ ) (yellow curve); this illustrates, in particular, the
sharper and sharper turns of 𝑈0(𝑞+ ) further and further along the tail of 𝒜(𝑞+ ) as it accumulates
onto Γ𝑠 .

2.8.6

Isochrons in regions E and F

In region E, after the transition through the curve CC, the eigenvalues of 𝑞± are real; hence,

there is no longer any spiraling associated with these equilibria and their isochron foliations 𝒰 (𝑞± )
have disappeared. This leaves ℐ (Γ𝑠 ) as the only isochron foliation and it is illustrated in figure 2.18
in three different ways. Shown is the phase portrait of region E in the (rotated) (𝑣, 𝑤 )-plane

with twenty phase-uniform isochrons of ℐ (Γ𝑠 ) in panel (𝑎) and with only the zero-phase isochron

𝑟

Isochron geometry in regions A to F

(𝑎)

51

Γ𝑠 𝛾
0
(𝑏)

Γ𝑠

𝑊−𝑢(0)

𝑊+𝑢(0)
𝐼0(Γ𝑠 )

𝛾0

0
q


𝑊−𝑢(0)

q

𝑊−𝑢(0)

q
T
Tq

𝑊+𝑢(0)

𝑞−

0

q−

q

𝑞+

𝐼0(Γ𝑠 )

0

0.5𝜋

0

0
𝜋

𝜓

𝑊 𝑠(0)

1.5𝜋

Figure 2.19: Illustrations of the geometric properties in region E of 𝐼0(Γ𝑠 ) ∈ ℐ (Γ𝑠 ). Panel (𝑎)
shows a sketch of the phase portrait of region F inside the stable periodic orbit Γ𝑠 in the (𝑥, 𝑦 )-plane
with 𝐼0(Γ𝑠 ). Panel (𝑏) shows the same objects in the (𝜓, 𝑟 )-plane of polar coordinates around 0;
here the blue horizontal line at the top of the panel represents Γ𝑠 , onto which the winding basins
ℛ(𝑞± ) accumulate. Invariant objects are labelled as in figure 2.5; compare with figure 2.18.

𝐼0(Γ𝑠 ) (dark blue) in panel (𝑏); the arclength ℓ along 𝐼0(Γ𝑠 ) is plotted against its 𝑣-coordinate in
panel (𝑐). The isochrons of ℐ (Γ𝑠 ) still accumulate onto 𝑊 𝑠(0) = 𝑞− ∪ 𝑞+ ∪ 𝑊 𝑠(0) in a spiralling

fashion. While this is not immediately obvious from the phase portraits in panels (𝑎) and (𝑏),
the arclength plot of 𝐼0(Γ𝑠 ) in panel (𝑐) shows that this isochron indeed spirals around the curve
𝑊 𝑠(0) that connects the two equilibria 𝑞− and 𝑞+ . This must, indeed, be the case because both
branches of 𝑊 𝑢(0) accumulate onto Γ𝑠 and so intersect 𝐼0(Γ𝑠 ) near Γ𝑠 infinitely many times. These

intersections repeat at every integer multiple of the period 𝑇Γ𝑠 of Γ𝑠 by the definition of asymptotic
phase (1.7), meaning that 𝐼0(Γ𝑠 ) is required to intersect each branch of 𝑊 𝑢(0), alternatingly and
infinitely many times. Hence, 𝐼0(Γ𝑠 ) spirals around 𝑊 𝑠(0) and its strong contraction towards
𝑊 𝑠(0) is governed by the unstable eigenvalue of 0.
This accumulation of 𝐼0(Γ𝑠 ) onto 𝑊 𝑠(0) in region E is shown more clearly in the sketches in
figure 2.19, where panel (𝑎) shows the situation in Cartesian coordinates inside the periodic orbit
Γ𝑠 , while panel (𝑏) shows it in polar coordinates with Γ𝑠 represented by the blue line at the top.
As 𝐼0(Γ𝑠 ) moves away from 𝛾0 (blue dot) with increasing arclength, it intersects both branches of
𝑊 𝑢(0) alternatingly as it begins to accumulate onto 𝜕𝒜(Γ𝑠 ); note that 𝐼0(Γ𝑠 ) is only shown up
to the second blue dot near 0.
In region F, after the pitchfork bifurcation PF, the repellors 𝑞± and their basins have

disappeared and 0 is now repelling. Hence, 0 is the only point in the boundary of 𝒜(Γ𝑠 ) and

the isochrons of ℐ (Γ𝑠 ) accumulate onto this point. This is illustrated in figure 2.20, where
panels (𝑎) and (𝑏) show twenty phase-uniform isochrons of ℐ (Γ𝑠 ) and only 𝐼0(Γ𝑠 ) (dark blue) in

the (rotated) (𝑣, 𝑤 )-plane, respectively; also shown here is the strong unstable manifold 𝑊 𝑢𝑢(0)
of 0, which is the continuation of 𝑊 𝑢(0) in region E past PF into region F. Panel (𝑐) shows the
arclength ℓ along 𝐼0(Γ𝑠 ) against its 𝑣-coordinate. In region F the isochrons of ℐ (Γ𝑠 ) converge (as

curves) to the point 0; in the process they intersect 𝑊 𝑢𝑢(0) alternatingly. Notice the stronger
contraction in the strong unstable direction, compared to the rather weak unstable direction
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Figure 2.20: Details of isochron geometry in region F in the (rotated) (𝑣, 𝑤 )-plane. Panel (𝑎)
shows the phase portrait, consisting 0, 𝑊 𝑢𝑢(0), and Γ𝑠 , together with ten isochrons of ℐ (Γ𝑠 ), and
panel (𝑏) shows the phase portrait with only the zero-phase isochron 𝐼0(Γ𝑠 ); here each isochron in
panel (𝑎) is coloured according to its phase 𝜃 as given by the colour bar. Panel (𝑐) shows how the
𝑣-coordinate along 𝐼0(Γ𝑠 ) changes with arclength ℓ (asymptotically approaching ℓ ≈ −3.138), where
the 𝑣-range is as in panels (𝑎) and (𝑏) and the red vertical line indicates the position 0 with respect
to the 𝑣-direction. Compare with figures 2.5 and 2.6.
(along which the nearby pitchfork bifurcation PF occurs). This difference in the moduli of the
real eigenvalues of 0 induces a local time-scale separation leading to an area of phase sensitivity
(where ℐ (Γ𝑠 ) is relatively dense) near the weak eigenspace of 0. Hence, the spiralling of 𝐼0(Γ𝑠 )
towards 0 is difficult to see in either of the phase portraits of panels (𝑎) and (𝑏), but it is

evident from the arclength plot in panel (𝑐). Note that, as a consequence of the repellor 0 being
hyperbolic, the arclength of 𝐼0(Γ𝑠 ) on this side of Γ𝑠 is finite, namely, ℓmax ≈ −3.138 as was
determined by fitting the envelope of the folds with respect to 𝑣. Comparison between the panels

of figures 2.18 and 2.20 shows that the foliation ℐ (Γ𝑠 ) changes continuously through the pitchfork
bifurcation PF. In the process, the boundary 𝑊 𝑠(0) shrinks from a curve of finite arclength to a
point at PF, beyond which the arclengths of the isochrons in ℐ (Γ𝑠 ) inside Γ𝑠 become finite.
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Figure 2.21: Illustrations of the geometric properties in region F of 𝐼0(Γ𝑠 ) ∈ ℐ (Γ𝑠 ). Panel (𝑎)
shows a sketch of the phase portrait of region F inside the stable periodic orbit Γ𝑠 in the (𝑥, 𝑦 )-plane
with 𝐼0(Γ𝑠 ). Panel (𝑏) shows the same objects in the (𝜓, 𝑟 )-plane of polar coordinates around 0;
here the blue horizontal line at the top of the panel represents Γ𝑠 , onto which the strong manifold
𝑊 𝑢𝑢(0) accumulates. Invariant objects are labelled as in figure 2.5; compare with figure 2.20.

Again, these findings are illustrated in the sketches in figure 2.21 in Cartesian coordinates in
panel (𝑎) and in a polar-coordinate representation in panel (𝑏). Comparison between the panels
of figures 2.18 and 2.20, and the panels of figures 2.19 and 2.21 shows that the foliation ℐ (Γ𝑠 )
changes continuously through the pitchfork bifurcation PF. In the process, the boundary 𝑊 𝑠(0)

shrinks from a curve of finite arclength to a point at PF, beyond which the arclengths of the
isochrons in ℐ (Γ𝑠 ) inside Γ𝑠 become finite.

2.9

Isochron tangencies along 𝑂±

As was discussed in the previous sections, there are quadratic tangencies between forwardtime and backward-time isochron foliations in regions B–D. They occur along the tangency
orbits 𝑂± and are associated with sharp turns of one isochron foliation with respect to the

other. We now show enlargements of phase portraits of regions B–D to illustrate these isochron
foliation tangencies near the basin boundary, where they are particularly pronounced. We first
illustrate how isochron foliation tangencies are ‘transported’ along the tangency orbits 𝑂± as they
themselves accumulate onto a respective basin boundary. We then present in the next section
how 𝑂± change during the transitions through the bifurcations SNL, HOM, H, and CC.

Figure 2.22 shows the tangencies between forward-time and backward-time isochrons foliations

in regions B–D in rows (𝑎)–(𝑐), respectively, as enlargements of relevant regions of phase space.
Each phase portrait is presented in the original Cartesian coordinates of system (2.1) and shows
the isochrons and invariant objects from figures 2.5 and 2.6, together with the tangency orbits
𝑂± .

Figure 2.22(𝑎1) shows how in region B near 𝑞+ the foliation 𝒰 (Γ𝑢 ) exhibits increasingly

sharper turns with respect to ℐ (𝑞+ ) along 𝑂+ as this orbit spirals into 𝑞+ . Note that the latter

forward-time isochron foliation has quite low curvature and, near the point ℐ (𝑞+ ), effectively
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Figure 2.22: Enlargements of phase portraits for regions B–D from figure 2.6, showing quadratic
tangencies of isochrons along the orbits 𝑂− (light green) and 𝑂+ (dark green). Panels (𝑎1) and (𝑎2)
show the tangencies in region B between ℐ (𝑞± ) and 𝒰 (Γ𝑢 ) near 𝑞+ ( ) (︀and)︀0 ( ), respectively.
Panels (𝑏1) and (𝑏2) show the tangencies in region C between ℐ (Γ𝑠 ) and 𝒰 Γ𝑢± near the left-most
point of Γ𝑢+ (red) and the top-most point on Γ𝑠 (blue), respectively. Panels (𝑐1) and (𝑐2) show
successive enlargements of the tangency in region D between ℐ (Γ𝑠 ) and 𝒰 (𝑞+ ) near 𝑞+ ( ). Invariant
objects and isochron foliations are coloured as in figures 2.5 and 2.6.
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consists of almost straight rays; this is the case because, as invariant manifolds of the time-𝑇𝑞+

map, the curves in ℐ (𝑞+ ) are tangent to the straight rays that are the linear eigenspaces of the
blow-up (see § 1.4). Conversely, as panel (𝑎2) shows, near the origin 0 the foliation 𝒰 (Γ𝑢 ) is quite

straight inside the periodic orbit Γ𝑢 (red curve) as it accumulates onto the unstable manifold
𝑊 𝑢(0), while intersecting 𝑊 𝑠(0) infinitely many times; notice that, while the isochrons of 𝒰 (Γ𝑢 )
are transverse to Γ𝑢 , the angle between these curves is quite shallow near 0. The shown isochrons
of the stable foliations ℐ (𝑞± ) inside Γ𝑢 (not to be confused with ℐ (Γ𝑠 ) outside Γ𝑢 ) are tangent to

𝒰 (Γ𝑢 ) along 𝑂± . Notice that the tangencies are not so sharp in this region of the phase plane,
but become sharper as the curves in ℐ (𝑞± ) ‘squeeze’ in between the branches of 𝑊 𝑠(0) as this
manifold accumulates onto Γ𝑢 .

Figure 2.22(𝑏1) shows, for the foliation ℐ (Γ𝑠 ) (outside the periodic orbit Γ𝑢+ ) in region C,

how increasingly sharper turns of isochrons develop as the orbit 𝑂+ squeezes in between 𝑊 𝑠(0),
which here accumulates onto Γ𝑢+ . Notice that the isochron foliation 𝒰 (Γ𝑢+ ) is almost linear near
Γ𝑢+ , effectively forcing the tangencies to become sharper as 𝑂+ accumulates onto Γ𝑢+ in backward

time. Alternatively, panel (𝑏2) focuses on what these tangencies look like near the periodic orbit
Γ𝑠 (blue curve). Here the isochrons of ℐ (Γ𝑠 ) are close to linear, while those of 𝒰 (Γ𝑢+ ) develop

increasingly sharper turns as 𝑂+ accumulates onto Γ𝑠 in forward time.

Two successive enlargements near 𝑞+ of the phase portrait in region D are shown in panels (𝑐1) and (𝑐2); here the region of the second enlargement is marked by a box in the first
panel. These panels show how turns of ℐ (Γ𝑠 ) along 𝑂+ , which are initially not pronounced,
become increasingly sharper as the orbit 𝑂+ accumulates in a spiralling fashion on the repelling

equilibrium 𝑞+ in backward time. The enlargement in panel (𝑐2) clearly shows that the isochrons
in 𝒰 (𝑞+ ) become close to linear as 𝑞+ is approached, forcing the quadratic tangencies of ℐ (Γ𝑠 )
to become sharper and sharper in a self-similar way along the spiralling tangency orbit 𝑂+ . Note
that, locally near 𝑞+ , the geometry of the isochrons in panels (𝑎1) and (𝑐2) is qualitatively the
same, subject to a change of the direction of time.

2.10

Transition of the tangency orbits 𝑂±

As was discussed in the previous sections, quadratic tangencies between forward-time and
backward-time isochron foliations occur in regions B–D along the tangency orbits 𝑂± , and they
are associated with sharp turns of one isochron foliation with respect to the other. Figure 2.23
presents series of sketches that illustrate how the tangency orbits 𝑂± emerge, bifurcate and then

disappear again in the transitions from regions B–E. Each panel shows (in rotated coordinates)
the invariant objects of the representative phase portraits together with 𝑂± , each labelled to

indicate their respective bifurcation or region. Note that, in figure 2.23, we are not showing the
isochron foliations that become tangent along 𝑂± ; they can be found in figure 2.6 and § 2.8.3
to § 2.8.5.

The orbits 𝑂± are created in the bifurcation SNL where a non-hyperbolic saddle-node periodic

orbit Γ emerges. As SNL is approached from within region A, the two branches of 𝑊 𝑠(0) develop
an increasing number of rotations near where Γ is about to emerge before going off to infinity. At
the bifurcation SNL the stable manifold 𝑊 𝑠(0), and with it the basins of attraction 𝒜(𝑞± ), are
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Figure 2.23: Sketches of the phase portraits of (2.1) that illustrate the changes of the isochron
foliation tangency orbits 𝑂± due to the bifurcation sequence studied. Phase portraits are sketched
in the rotated (𝑣, 𝑤 )-coordinates and show all relevant invariant objects; see figure 2.5 for details of
the labelling. Also shown in each sketch are the trajectories 𝑂± along which the isochrons of the
respective forward-time and backward-time isochron foliations are tangent.
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now confined to lie inside Γ, rather than extending to infinity. As a result, there are two orbits 𝑂±

along which one finds tangencies between the forward-time isochrons of 𝑞± and the backward-time

isochrons of Γ (which exist inside Γ as the limits of the isochrons of the hyperbolic periodic orbit
Γ𝑢 in region B). The two tangency orbits 𝑂± are each other’s symmetric counterparts and spiral

into 𝑞± in forward time and accumulate onto Γ in backward time, respectively. In region B the
non-hyperbolic periodic orbit Γ has split into Γ𝑢 inside Γ𝑠 , and 𝑂± now accumulate onto Γ𝑢 in
backward time; inside the repelling periodic orbit Γ𝑢 , the situation is geometrically as at the

bifurcation SNL, with a quadratic tangency between ℐ (𝑞± ) and 𝒰 (Γ𝑢 ) along 𝑂± .
As the homoclinic bifurcation HOM is approached, the stable and unstable manifolds 𝑊 𝑠(0)
and 𝑊 𝑢(0) as well as the repelling periodic orbit Γ𝑢 and the tangency orbits 𝑂± approach

each other and pass very close to 0. At HOM, all these objects form a lemniscate inside Γ𝑢 ,
as is sketched in figure 2.23. In region C the curves 𝑊 𝑠(0) and 𝑊 𝑢(0) have exchanged their
relative positions, leading to the creation of the repelling periodic orbits Γ𝑢± on which 𝑊 𝑠(0) and
the tangency orbits 𝑂± now accumulate in backward time; at the same time 𝑊 𝑢(0) and 𝑂±

accumulate onto Γ𝑠 in forward time. The quite spectacular effect of the transition at HOM is
that the tangency along 𝑂± is now between ℐ (Γ𝑠 ) and 𝒰 (Γ𝑢± ), while ℐ (𝑞± ) and 𝒰 (Γ𝑢± ) intersect
transversely inside Γ𝑢 .

At H the equilibria 𝑞± become hyperbolic repellors as the periodic orbits Γ𝑢± disappear. As a

result, the two branches of the stable manifold 𝑊 𝑠(0) and the tangency orbits 𝑂± now converge to
𝑞± . Since the equilibria 𝑞± are foci, along 𝑂± one finds in region D (as well as at H) the quadratic
tangencies of the foliation ℐ (Γ𝑠 ) and 𝒰 (𝑞± ). Finally, at the transition CC the eigenvalues of 𝑞±

become real and these equilibria lose their spiraling nature. Hence, the foliation 𝒰 (Γ𝑢± ), and with

it the tangency orbits 𝑂± , have disappeared in region E. Our numerical investigations suggest
that the limits of 𝑂± are two orbits tangent to the emerging eigen-direction of the weaker real

eigenvalue in region E, and approaching 𝑞± from the direction opposite of 𝑊 𝑠(0); two such orbits
are shown as grey curves in figure 2.23.

2.11

Tabled summary of isochron properties across
the transition

We summarise the transitions from regions A–F in a compact way in table 2.3 (continued over
three pages) in terms of the properties of the invariant objects and the isochron foliations in the
different basins. This information is very dense and will be very hard to digest on a stand-alone
basis; rather, this summary is provided as a look-up table that the reader may wish to consult in
conjunction with the detailed explanations in § 2.8. Table 2.3 is organised into sub-tables for each
region, separated by sub-tables for each of the transitions between them. Each sub-table for a
region presents all equilibria and periodic orbits, the invariant manifolds of saddle equilibria, the
basins of attractors/repellors and their boundaries, and the properties of the relevant isochron
foliations; we then list the intersections of basins of attraction and repulsion in which isochron
foliations coexist, and denote whether the forward-time and backward-time isochron foliations are
transverse or have quadratic tangencies. Each sub-table for a transition indicates the bifurcation
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in terms of the invariant objects that characterise it, and then details the associated changes to
invariant objects, basins and isochron foliations.

2.12

Bifurcation structure at infinity

As we have already seen, the phase portraits near infinity of (2.1) can be studied by compactifying phase space via Poincaré compactification [20, 44], which maps R2 diffeomorphically
to the open unit disc D2 such that its boundary S1 represents the direction of approach or
departure from infinity; see § 2.3 or [25] for more details and explicit formulas. This coordinate
change preserves the geometry of invariant objects and results in a continuous vector field — the
compactification (2.5) — defined on the closed unit disc D2 ∪ S1 . Phase portraits in the open

disk D2 of the compactification are equivalent to those of the original system on R2 , but with a

non-linear rescaling of time; points of S1 , on the other hand, correspond to directions of escape
to infinity of the original system, which are determined by the higher-order terms of (2.1).
We start off the discussion of the compactification (2.5) by showing in figure 2.24 its phase
portraits on D2 ∪ S1 in regions A, B, and F. The invariant objects on the unit circle S1 representing
infinity are unaffected by the linear terms of (2.1). Since the bifurcation parameter 𝑎 only appears

in the linear terms of (2.1), the dynamics on the circle S1 remain unchanged throughout regions A–
∞
∞
F. On S1 there are two nodal repellors 𝑞±
(0, ±1) and two saddles 𝑝±
at (±1, 0); their stable

∞
∞
invariant manifolds 𝑊 𝑠(𝑝±
and trace out S1 . The presence of the equilibria
) accumulate onto 𝑞±
∞
∞
𝑞±
and 𝑝±
on S1 mean that trajectories of (2.1) do not spiral towards infinity, but escape to

∞
∞
infinity (in forward or backward time) along the directions represented by the points 𝑞±
and 𝑝±
.

Hence, the only isochron foliations that we need to concern ourselves with are those of finite
invariant objects.
The compactified phase portrait of region A in figure 2.24 shows that the two branches of
∞
∞
𝑊 𝑠(0) accumulate in backward time to the repelling equilibria 𝑞−
and 𝑞+
, respectively. This

shows that the curve 𝑊 𝑠(0), which forms the finite part of 𝜕𝒜(𝑞± ), winds around the equilibria

0 and 𝑞± only finitely many times. As a result, the (shaded) basin 𝒜(𝑞− ) encompasses most of

the right-hand side of the image; in particular, the semicircle 𝑊 𝑠(𝑝∞+ ) is also in the boundary

𝜕𝒜(𝑞− ), and the equivalent statement is true for 𝒜(𝑞− ). Hence, the isochron foliations ℐ (𝑞± )
must accumulate onto both finite and non-finite invariant objects. Notice further that each basin
∞
𝒜(𝑞± ) contains the unstable manifold 𝑊 𝑢(𝑝∓
) which, hence, converges in forward time to 𝑞± .

In the compactified phase portrait of region B in figure 2.24, the pair of periodic orbits Γ𝑠

and Γ𝑢 now surround 0 and 𝑞± . Hence, 𝑊 𝑠(0) accumulates onto Γ𝑢 in backward time and is no

∞
longer able to reach the points 𝑞±
, so that we now have a pair of winding basins of attraction

∞
𝒜(𝑞± ) inside of Γ𝑢 . Similarly, the unstable manifolds 𝑊 𝑢(𝑝±
) accumulate onto Γ𝑠 and no longer

reach the attractors 𝑞∓ . Note that the basin 𝒜(Γ𝑠 ) outside Γ𝑠 is bounded by the circle S1 , that
∞
is, by the closure 𝑊 𝑠(𝑝−
) ∪ 𝑊 𝑠(𝑝∞+ ). The situation outside the stable periodic orbit Γ𝑠 remains

unchanged in the transitions through regions regions C to F, as is illustrated in figure 2.24 with

the compactified phase portrait of region F. Hence, any qualitative changes of isochron geometry
from region B onwards occur strictly inside Γ𝑠 .
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Table 2.3: Summary of the phase portraits for regions A–F and the transitions between them.
The sub-tables for each region present the respective label (first column), the invariant objects
(second column), and their invariant manifolds for saddles and basins of attraction/repulsion,
their boundaries and any isochron foliations (third column); we also indicate whether basins are
unbounded or winding and list separately the intersection sets with interacting isochron foliations,
where −
̸ tangent foliations. The sub-tables for each transitions between
⋔
⋔ denotes transverse and −
regions show the transition and bifurcating objects (first column) and then list the respective
changes to the relevant invariant objects and foliations.
A

0
∞
𝑝±
∞
𝑞±
𝑞±

𝑊 𝑠(0), 𝑊 𝑢(0)
∞
∞
𝑊 𝑠(𝑝±
), 𝑊 𝑢(𝑝±
)
∞
ℛ(𝑞± ) (unbounded)
∞
∞
𝜕ℛ
ℛ ( 𝑞±
) = 𝑞− ∪ 𝑞+ ∪ 𝑊 𝑢(0) ∪ 𝑊 𝑢(𝑝−
) ∪ 𝑊 𝑢(𝑝∞+ )
ℐ (𝑞± ) ⊂ 𝒜(𝑞± ) (unbounded)
∞
∞
∞
∞
𝜕𝒜
∪ 𝑞+
∪ 𝑊 𝑠(𝑝∓
𝒜(𝑞± ) = 𝑊 𝑠(0) ∪ 𝑊 𝑠(𝑝∓
) = 𝑊 𝑠(0) ∪ 𝑞−
)
∞
𝒜 ( 𝑞− ) ∩ ℛ ( 𝑞±
)
∞
𝒜(𝑞+ ) ∩ ℛ(𝑞± )

A↔B
SNL
Γ𝑠 = Γ𝑢
B

0
𝑞±
Γ𝑢
Γ𝑠

B↔C
HOM

𝑊 𝑠(0) = 𝑊 𝑢(0)

∅ ↔ Γ𝑠
∅ ↔ Γ𝑢

∅ ↔ ℐ (Γ𝑠 )
∅ ↔ 𝒰 (Γ𝑢 )

ℐ ( 𝑞− )
ℐ (𝑞+ )
∞
↔ Γ𝑢
lim 𝑊 𝑠(0) : 𝑞±

𝑡→−∞

𝒜(𝑞± ) : unbounded ↔ winding basins
∞
𝜕𝒜
𝒜(𝑞± ) : 𝑊 𝑠(0) ∪ 𝑊 𝑠(𝑝∓
) ↔ 𝑊 𝑠(0)

𝑊 𝑠(0), 𝑊 𝑢(0)
ℐ (𝑞± ) ⊂ 𝒜(𝑞± ) (winding basins)
𝜕𝒜
𝒜(𝑞± ) = 𝑊 𝑠(0) = 𝑊 𝑠(0) ∪ Γ𝑢
𝒰 (Γ𝑢 ) ⊂ ℛ(Γ𝑢 )
𝜕ℛ
ℛ(Γ𝑢 ) = 𝑊 𝑢(0) ∪· Γ𝑠 = 𝑞− ∪ 𝑞+ ∪ 𝑊 𝑢(0) ∪· Γ𝑠
ℐ (Γ𝑠 ) ⊂ 𝒜(Γ𝑠 )
∞
∞
∞
𝜕𝒜
𝒜(Γ𝑠 ) = Γ𝑢 ∪· ∞ = Γ𝑢 ∪· 𝑞−
∪ 𝑞+
∪ 𝑊 𝑠(𝑝−
) ∪ 𝑊 𝑠(𝑝∞+ )
𝒜(𝑞± ) ∩ ℛ(Γ𝑢 )
ℐ ( 𝑞± ) −
̸⋔ 𝒰 (Γ𝑢 )
𝒜(Γ𝑠 ) ∩ ℛ(Γ𝑢 )
ℐ (Γ𝑠 ) −
⋔ 𝒰 (Γ𝑢 )
Γ𝑢 ↔ ∅

∅ ↔ Γ𝑢±

𝒰 (Γ𝑢 ) ↔ ∅

∅ ↔ 𝒰 (Γ𝑢± )

lim 𝑊 𝑢(0) : 𝑞± ↔ Γ𝑠

𝑡→∞

lim 𝑊 𝑠(0) : Γ𝑢 ↔ Γ𝑢±

𝑡→−∞

𝒜(𝑞± ) : winding basins ↔ disks
𝜕𝒜
𝒜(𝑞± ) : 𝑊 𝑠(0) ↔ Γ𝑢±
𝜕𝒜
𝒜(Γ𝑠 ) : Γ𝑢 ∪· ∞ ↔ 𝑊 𝑠(0) ∪· ∞

More generally, the compactification (2.5) necessarily shares the same bifurcation structure of
its non-compactified counterpart (2.1) in any finite region of phase space. However, it additionally
features bifurcations that involve non-finite objects, in particular, equilibria at infinity, that is, on
the unit circle S1 representing infinity. While one may think the bifurcations involving non-finite
objects to be functionally irrelevant to the structure of a bifurcation diagram of a non-compactified
system, such bifurcations may introduce new and finite invariant objects into phase space. Hence,

60

Isochron foliations of planar systems and their interactions
Table 2.3: continued.
C

0
𝑞±
Γ𝑢±
Γ𝑠

𝑊 𝑠(0), 𝑊 𝑢(0)
ℐ ( 𝑞± ) ⊂ 𝒜 ( 𝑞± )
𝜕𝒜
𝒜(𝑞± ) = Γ𝑢±
𝒰 (Γ𝑢± ) ⊂ ℛ(Γ𝑢± ) (winding basins)
𝜕ℛ
ℛ(Γ𝑢± ) = 𝑞± ∪· 𝑊 𝑢(0) = 𝑞± ∪· 𝑊 𝑢(0) ∪ Γ𝑠
ℐ (Γ𝑠 ) ⊂ 𝒜(Γ𝑠 )
𝜕𝒜
𝒜(Γ𝑠 ) = 𝑊 𝑠(0) ∪· ∞ = 𝑊 𝑠(0) ∪ Γ𝑢− ∪ Γ𝑢+ ∪· ∞
𝒜(𝑞± ) ∩ ℛ(Γ𝑢± )
ℐ ( 𝑞± ) −
⋔ 𝒰 (Γ𝑢± )
𝒜(Γ𝑠 ) ∩ ℛ(Γ𝑢 )
ℐ (Γ𝑠 ) −
̸ 𝒰 ( Γ𝑢 )
⋔
±

C↔D

H
hyperbolic 𝑞±
D

0
𝑞±
Γ𝑠

Γ𝑢± ↔ ∅

𝒰 (Γ𝑢± ) ↔ ∅

𝒜 ( 𝑞± ) ↔ ∅
∅ ↔ ℛ ( 𝑞± )

ℐ ( 𝑞± ) ↔ ∅
∅ ↔ 𝒰 ( 𝑞± )

±

lim 𝑊 𝑠(0) : Γ𝑢± ↔ 𝑞±

𝑡→−∞

𝑞± : attractor ↔ repeller

𝑊 𝑠(0), 𝑊 𝑢(0)
𝒰 (𝑞± ) ⊂ ℛ(𝑞± ) (winding basins)
ℛ(𝑞± ) =𝑊 𝑢(0)= 𝑊 𝑢(0) ∪ Γ𝑠
𝜕ℛ
ℐ (Γ𝑠 ) ⊂ 𝒜(Γ𝑠 )
𝜕𝒜
𝒜(Γ𝑠 ) = 𝑊 𝑠(0) ∪· ∞ = 𝑞− ∪ 𝑞+ ∪ 𝑊 𝑠(0) ∪· ∞
𝒜(Γ𝑠 ) ∩ ℛ(𝑞 )
ℐ (Γ𝑠 ) −
̸ 𝒰 (𝑞 )
⋔
±

D↔E
𝒰 ( 𝑞± ) ↔ ∅
CC
𝑞± : repeated eigenvalue and eigenvector
E

0
𝑞±
Γ𝑠

F

0
Γ𝑠

𝑞± : focus ↔ node

𝑊 𝑠(0), 𝑊 𝑢(0)
ℛ(𝑞± ) (winding basins)
𝜕ℛ
ℛ(𝑞± ) =𝑊 𝑢(0)= 𝑊 𝑢(0) ∪ Γ𝑠
ℐ (Γ𝑠 ) ⊂ 𝒜(Γ𝑠 )
𝜕𝒜
𝒜(Γ𝑠 ) = 𝑊 𝑠(0) ∪· ∞ = 𝑞− ∪ 𝑞+ ∪ 𝑊 𝑠(0) ∪· ∞
𝒜(Γ𝑠 ) ∩ ℛ(𝑞± )

E↔F
PF
0 = 𝑞±

±

𝑞± ↔ ∅

ℛ ( 𝑞± ) ↔ ∅
∅ ↔ ℛ(0)

ℛ(0), 𝑊 𝑢𝑢(0)
𝜕ℛ
ℛ(0) = Γ𝑠
ℐ (Γ𝑠 ) ⊂ 𝒜(Γ𝑠 )
𝜕𝒜
𝒜(Γ𝑠 ) = 0 ∪· ∞

𝒜(Γ𝑠 ) ∩ ℛ(0)

ℐ (Γ𝑠 )

0 : saddle ↔ repeller
𝑊 𝑢(0) ↔ 𝑊 𝑢𝑢(0)

ℐ (Γ𝑠 )
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∞
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∞
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∞
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Figure 2.24: Compactified phase portraits of (2.1) in regions A, B, and F. The unit circle S1
∞
∞
represents the direction of(︀escape
)︀ to infinity and consists two repellors 𝑞 ( ), two saddles
(︀ 𝑝±)︀ ( ) and

∞
∞
their stable manifolds 𝑊 𝑠 𝑝±
(blue curves). Also shown are the unstable manifolds 𝑊 𝑢 𝑝±
(orange
𝑠
curves) and the respective finite invariant sets 𝑞± ( ) and 0 ( ), with manifolds 𝑊 (0) (light-blue
curve), 𝑊 𝑢(0) (orange curve) and 𝑊 𝑢𝑢(0) (orange curve), and the periodic orbit Γ𝑠 (blue curve);
compare with figure 2.5.

bifurcations involving non-finite objects may be important and should generally not be ignored
entirely. In fact, figure 2.4(𝑎) already contains an example of this observation in a subtle way:
there are no finite invariant objects with which the bifurcation HET can be defined in region F
as presented. We now explain how this issue can be resolved by considering additional equilibria
at and near infinity, and their bifurcations.
Figure 2.25(𝑎) shows the bifurcation diagram from figure 2.4(𝑎) with two additional sets
of curves. The curves PF∞ of pitchfork bifurcations at infinity are horizontal lines at 𝑏 = 0 and
𝑏 = −2.5, respectively. On the each curve PF∞ there is a point GPF∞ of generalised pitchfork
bifurcations, from which a curve SN∞ of saddle-node bifurcation emerges. The curves SN∞ approach
the curves HET as 𝑎 increases and decreases, respectively; this is illustrated further in the two
insets of panel (a). The bifurcation curves PF∞ , SN∞ and HET divide the (𝑎, 𝑏)-plane into the
eight open regions I–VIII of topologically different phase portrait of equilibria and their invariant
manifolds near infinity on the Poincaré disk D2 ∪ S1 , that is, outside the periodic orbit Γ𝑠 (which is
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Figure 2.25: Panel (𝑎) shows the extended bifurcation diagram of (2.5), where figure 2.4(𝑎)
regarding finite objects has been completed with bifurcations involving non-finite objects. The
insets in panel (𝑎) are enlargements in the (𝑎, 𝑏)-plane of the correspondingly shaded areas below
and above them. The dashed lines PF∞ are pitchfork bifurcations at infinity at 𝑏 = 0 and 𝑏 = −2.5,
respectively, and they also indicate the 𝑏-values used to produce the phase portraits in figure 2.26
in the labelled open regions I–VIII. The curves SN∞ of saddle-node bifurcation emerges from the
points GPF∞ on PF∞ and approach the curves HET out of frame to the left and right. Panel (𝑏) shows
the compactified phase portrait of (2.1) at the point GH, which is the centre in the (𝑎, 𝑏)-plane of
the symmetry of the bifurcation diagram under rotation over 𝜋.
not shown and inside of which we considered the interactions of forward-time and backward-time
isochron foliations earlier). These phase portraits in regions I–VIII are shown in figure 2.26 and
discussed further below. We remark that the phase portraits we used to represent regions A–F
throughout this chapter are actually contained entirely within region I, which is why they might
also be referred to as regions AI –FI . However, regions E and F extend into region II, and these
subregions are labelled EII and FII in Figure 2.25(𝑎). We stress that for regions E and F there is
no topological difference inside of Γ𝑠 between regions I and II.

The bifurcation diagram is clearly still invariant with respect to the symmetry of rotation
over 𝜋 around the central point GH at (𝑎, 𝑏) = ( − 𝑐/2, − 𝑑/2) = (−1.25, −1.25); see § 2.6. The
phase portrait at GH plays the role of an ‘organising centre’ for regions I–VIII, and it is shown
∞
∞
in panel (𝑏). The equilibria 𝑞±
and 𝑝±
are attractors and repellors, respectively, and are the
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Table 2.4: Representative values of parameter 𝑏 for the topologically different regions I–VIII
shown in figure 2.25. The upper and lower sub-tables refer to the left and right columns of figure 2.26,
respectively, with 𝑎 set as indicated in the first column and the 𝑏-values for each representative
phase-portrait as indicated by the following columns.
𝑎

Region

II

V

VI

I

−2.98

𝑏

−2.565

−2.525

−1.25

1.0

VIII

VII

−3.0

−1.25

0.025

0.0656

𝑎

Region

0.48

𝑏

IV

III

only invariant objects on S1 . There are two new saddles 𝑝± , whose invariant manifolds form
the heteroclinic connection HET (which either creates or destroys Γ𝑠 ). The branches of these

∞
∞
invariant manifolds that are not involved in this connection end at 𝑞±
and 𝑝±
in backward-

and forward-time, respectively. The origin 0 is a saddle and its stable and unstable manifolds

coincide to form a pair of homoclinic loops, corresponding to the homoclinic bifurcation HOM,
which is a glueing bifurcation of Γ𝑢± and Γ𝑢 . Further, the equilibria 𝑞± have complex conjugate
eigenvalues that are purely imaginary, which is why we refer to the point GH as a generalised

Hopf-bifurcation. This discussion shows that GH can indeed be interpreted as an organising
centre near which the entire bifurcation sequence in regions A–F can be found. While the chosen
name is suitable to indicate which topological types of phase portraits occur in (2.1) as the
parameters are perturbed from this point, the phase portrait at GH is actually more degenerate
than that of a codimension-two generalised Hopf bifurcation. In particular, at GH the planar
third-order model (2.1) is reversible, that is, the phase portrait is invariant under reflection in
the diagonal followed by reversal of time; as a result, all finite open regions of D2 in panel (𝑏)

are foliated by families of closed circles (not shown); the open regions near S1 , on the other hand,
∞
∞
are foliated by families of trajectories from 𝑝±
to 𝑞±
(not shown). Higher-order terms would need

to be added to (2.1) to unfold this situation, but this is well beyond the scope of this thesis.

In between the points GPF∞ , the curves PF∞ in figure 2.25(𝑎) form the boundary between
the regions I and II and the regions III and IV, respectively. The associated phase portraits
near infinity are shown grouped together in figure 2.26, for 𝑎 = −2.98 on the left and for
𝑎 = 0.48 on the right for values of 𝑏 as listed in table 2.4; note that the phase portrait for
region I actually represents the situation near infinity that we already showed in figure 2.24. Since
these parameter values have been chosen to map to each other under rotation by 𝜋 about GH,
this representation clearly illustrates the associated symmetry in the Poincaré disk — given by
reflection in the diagonal with reversal of time. Note that this symmetry between different phase
portraits ‘generalises’ the reversibility of the phase portrait at the central point GH. Specifically,
in figure 2.26 the phase portraits for regions I and IV are related in this way, as are the phase
portraits for regions II and III. In the transition through PF∞ from region I to region II, the
∞
equilibria 𝑝±
change from saddles to attractors and the new saddles 𝑝± in D2 emerge from them

in the process; and similarly for the transition from region IV to region III. We refer to this as

a pitchfork bifurcation at infinity because there is a reflection invariance across the circle S1 .
Specifically, in light of the invariance of the phase portraits under rotation by 𝜋, the symmetry
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Figure 2.26: Phase portraits near infinity for topologically distinct regions I–VIII in figure 2.25(𝑎),
∞
∞
showing the equilibria 𝑞±
, 𝑝±
,𝑝± and their stable and unstable manifolds only. Phase portraits in
the left and right columns represent 𝑎-values of −2.98 and 0.48, respectively; parameter 𝑏 is set as
indicated in table 2.4.
transformation of inversion in S1 is an invariance of the (compactification of R2 to the) unit
Riemann sphere, whose lower half-sphere is diffeomorphic to the Poincaré disk. This ‘hidden’
symmetry of reflection (across the equator S1 of the sphere) can be made explicit locally by
blow-up techniques; see [29] for details.
Figure 2.26 also shows the four phase portraits in regions V–VIII grouped together in the
same way; here phase portraits V and VII are related, and so are phase portraits VI and
VII. The transition from region V to region VI is via crossing the curve HET, where there is
a heteroclinic cycle between the saddles 𝑝± ; notice that both branches of 𝑊 𝑠(𝑝± ) end at the

∞
attractors 𝑠± in region V, while in region VI, both branches of 𝑊 𝑢(𝑝± ) end up at 𝑝−
and 𝑝∞+ ,

respectively. The situation is again the same for the transition from region VIII via HET to

region VII, subject to the symmetry of reflection in the diagonal with reversal of time. Notice that
the bifurcation HET produces the periodic orbit Γ𝑠 when a clockwise-oriented path is taken around
GH. Note also from the insets of figure 2.25(𝑎) that the transitions between regions IV and VI
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Figure 2.26: continued.
and between regions I and VII are via the saddle-node bifurcation curves SN; as the respective
phase portraits in figure 2.26 show, the pairs of equilibria 𝑝± and 𝑠± are created (or disappear)

when the respective curve SN is crossed.

2.13

Discussion of interacting planar isochron
foliations

We examined the geometry of forward-time and also backward-time isochrons of a planar
system as they accumulate onto parts or elements of their basin boundary that contain saddle
equilibria and, hence, branches of stable or unstable manifolds. As we have seen, the respective
isochrons may then display geometric features that are more complex than might have been
expected. In the first instance we considered a subset on the basin boundary consisting of a saddle
and its stable manifolds, whose two branches converge to a repellor each. As we have shown,
when the repellors are foci, this type of phaseless set may lead to the emergence of sharper and
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sharper turns of (forward-time) isochrons as they spiral around such a compact part of the basin
boundary. We also considered basin boundaries involving global manifolds that go off to infinity.
After compactification, which emerged as a very useful tool, this means that a part of the circle
at infinity is contained in of the basin boundary. As a result, the isochrons in such a basin must
approach infinity and return as they accumulate onto both finite and non-finite parts of the basin
boundary, which constitutes another method for the emergence of sharp turns of isochrons.
We subsequently addressed the question of how isochron foliations change when the system
undergoes bifurcations. To this end, we considered a ‘fairly common’ sequence of bifurcations
in the model system (2.1). In this context it is important to study foliations both of basins of
attraction by forward-time isochrons and of basins of repulsion by backward-time isochrons, as
this allowed us to pinpoint new mechanisms of their interactions that lead to novel types of sharp
folds of isochrons and, hence, phase sensitivity in certain regions of the phase plane. The emphasis
of our investigation was on the interactions of two such isochron foliations in regions where both
exist, and how such interactions change during a quite typical sequence of bifurcations.
As a new feature, we find (forward-time or backward-time) isochron foliations associated
with (a symmetric pair of) basins that wind onto a periodic orbit and showed that they have
quadratic tangencies along a unique tangency orbit with the respective other (backward-time
or forward-time) isochron foliations of the periodic orbits. As a result, one finds sharper and
sharper turns in the tiny ‘channel’ of the winding basin. We showed how winding basins arise
in a saddle-node or fold of periodic orbits and then bifurcate in a homoclinic bifurcation. The
latter transition is quite spectacular, in that winding basins of attraction effectively change into
winding basins of repulsion, with an associated change of the properties of the isochron foliations
involved. The isochron foliation of the winding basin is lost after a Hopf bifurcation when the
bifurcating equilibrium ceases to spiral.
These actual bifurcations of the vector field provide a second mechanism for generating
non-transverse isochron foliations with structurally stable quadratic tangencies, namely, along a
single tangency orbit in each basin. This is markedly different from the first mechanism reported
in Langfield, Krauskopf, and Osinga [39] of a cubic isochron foliation tangency or CIFT, where
quadratic tangencies are generated along a pair of tangency orbits; in particular, a CIFT is
not associated with a bifurcation. Identifying the different ways in which quadratic isochron
tangencies and tangency orbits may arise when parameters are changed is not only interesting
from a theoretical perspective, but also of practical importance: they are one way of explaining
and identifying very sharp turns of (forward-time) isochrons (also referred to as boomerang [48]
or Z-shaped turns [43]) that are known indicators of extreme phase sensitivity.
Sharp or boomerang turns of isochrons have been observed in a reduced Hodgkin–Huxley
system in Osinga and Moehlis [48, figures 3, 7, and 9], as well as in Morris–Lecar models
in Guillamon and Huguet [23, figure 4], in Huguet and Llave [27, figures 3–4] and in Pérez-Cervera,
M-Seara, and Huguet [51, figure 13], and appear to be indicative of isochron foliation tangencies
induced by a CIFT as shown in Langfield, Krauskopf, and Osinga [39, figures 5, 7, 8, and 10].
In contrast, winding basins and the associated non-transversality of isochron foliations along a
single tangency orbit emerge as generators of a different type of phase sensitivity. For example,
Shaw, Park, et al. [57, figure 9] present sharp turns (also for a constructed model) that appear to
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be induced by the basin boundary. Furthermore, the sharp turns present in the cross-sections of
two-dimensional isochrons of the Hindmarsh–Rose model shown by Mauroy, Rhoads, et al. [43]
appear to be organised geometrically as described here. Specifically, figures 2(𝑎), 2(𝑏), 9, and 11
show isochrons with geometry similar to that seen in the basins 𝒰 (Γ𝑢+ ) in figure 2.12(𝑐), ℐ (𝑞+ )

in figures 2.7 and 2.9, ℐ (Γ𝑠 ) in figure 2.16, and ℐ (𝑞+ ) in figure 2.9(𝑑), respectively.

A take-home message of our work is that the generation of non-transverse isochron foliations

via (global) bifurcations is a generic mechanism that must be expected to occur more generally.
This clearly includes other planar vector field models, such as the Duffing oscillator and normal
forms for resonance phenomena [22, 35]. In short, winding basins and the associated nontransversality of isochron foliations along a single tangency orbit emerge as generators of a new
type of phase sensitivity that does not require a time-scale separation between the variables.
We deduce from the brief discussion of results of Shaw, Park, et al. [57] and Mauroy, Rhoads,
et al. [43] that our findings regarding interacting isochron foliations also have implications for
the possible geometry of isochrons of higher dimensions. In particular, we expect that global
bifurcations of codimension one, of which there are many more types already in dimension three,
generate non-transversality between isochron foliations and associated phase sensitivity.
The work presented in this chapter opens up avenues for future research, some of which will
be addressed in subsequent chapters. First of all, the investigation of the geometric properties of
quite complicated isochron foliations, as presented here, has been made possible by a two-point
boundary value problem set-up [38–40, 48]. This set-up and approach has been refined and
implemented in the package CoCo [8, 9] as part of this project. We explain this method in detail
in chapter 3, which includes instructions for obtaining the MATLAB CoCo code as well as a
quite extensive tutorial detailing how to compute isochron foliations of different kinds that can
be adapted by the user to different (planar) examples. Secondly, our method for finding isochrons
of planar systems can be generalised to compute the foliation of a two-dimensional stable or
unstable manifolds of a saddle periodic orbit. As we show and discuss with several examples of
vector fields in R3 , this yields a new way of computing two-dimensional invariant manifolds of
flows; its novel feature is that the computed isochrons can be used to illustrate phase information
on the respective manifold in different ways.

3
Computing isochrons by numerical
continuation in the plane
This chapter explains the computation of forward-time isochron foliations ℐ (·) and backward-time
isochron foliations 𝒰 (·) of periodic orbits and equilibria in the plane, as used extensively in

chapter 2. We approach the computation of each isochron via the continuation of trajectory
segments that solve suitable two-point boundary value problems (BVPs), specifically those
introduced in [48] and illustrated in [38, Figure 2]. Our BVP continuation approach addresses
the sensitivity issues in systems with time-scale separations that are encountered with other
methods of isochron computation. Specifically, continuation of a well-suited BVP relieves us of
the numerical instability of backward-time integration. While we consider only the isochrons
of stable invariant objects in this chapter, simply reversing the direction of time turn unstable
invariant objects of interest into stable ones; hence, the backward-time isochron foliation of a
repelling periodic orbit or focus can be computed as those for the respective attracting objects of
the reversed-time system.
We proceed by presenting an overview of this set-up in § 3.1 and then introduce the formulation
for (forward-time) isochrons of an attracting periodic orbit and an attracting focus in § 3.2.1 and in
§ 3.2.2, respectively. To our knowledge, so far, this BVP approach to the computation of isochrons
has been performed exclusively with the collocation BVP solver and pseudo–arclength continuation
routine of the package AUTO-07P [15]. As part of this thesis work, the computation of planar
isochron foliations has been implemented within the MATLAB-based software CoCo [8, 9]. This
CoCo implementation is available as an isochron computation toolbox (iscrn). It incorporates a
number of improvements to the set-up compared to the original implementations in [38, 48], and
takes advantage of features of CoCo (especially, the way it allows one to define multi-segment
BVPs) that are not available in AUTO-07P. Technical features of the toolbox iscrn are discussed
in § 3.3, and § 3.4 and § 3.5 are a tutorial that demonstrates how two examples of isochron
foliations from chapter 2 can be computed in practice. The final § 3.6 explains how the resulting
isochron data can be extracted and visualised.
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3.1

Overview of the BVP set-up

The isochron computation algorithm presented in this chapter has multiple stages, each
of which requires a suitable BVP set-up such that the numerical continuation of its solutions
achieves a specific results. We give here a brief overview of the BVPs for our algorithm, providing
specific details in the following sections. To compute an isochron of an attracting periodic orbit
Γ𝑠 we first require knowledge of the associated orbit segment γ(𝑡) that satisfies periodic boundary
conditions with period 𝑇Γ𝑠 . A BVP is then constructed for an orbit segment x(𝑡) that represents
the time-𝑇Γ𝑠 flow and transports its start point x(0) to a linear approximation of 𝐼𝜃(Γ𝑠 ); that is,
the end point x(𝑇Γ𝑠 ) lies on a short line segment near Γ𝑠 (approximately) tangent to 𝐼𝜃(Γ𝑠 ). We
then compute the one-dimensional isochron 𝐼𝜃(Γ𝑠 ) as the smooth manifold traced out by the start
point x(0) during a continuation run, where the end point x(𝑇Γ𝑠 ) varies along the fundamental
domain. We remark that, while both AUTO-07P and CoCo rescale time such that orbit segments
are defined over the time interval [0, 1], CoCo hides this fact, allowing the user to implement
the BVP in the natural time 𝑡 ∈ [0, 𝑇Γ𝑠 ) of the original (unscaled) system; this is how they are
formulated below.

The first BVP facilitates the rotation of a periodic orbit Γ𝑠 by a phase 𝜃 relative to some
reference point 𝛾0 ∈ Γ𝑠 , which is by convention chosen as the maximal point in the first coordinate
of Γ𝑠 . This is achieved by separating γ(𝑡) = Γ𝑠 into two segments, the phase segment
𝑥1 = {γ(𝑡) ∈ Γ𝑠 | 𝑡 ∈ [0, 𝑇Γ𝑠 𝜃 ]},
and the anchoring segment
𝑥2 = {γ(𝑡 + 𝜃𝑇Γ𝑠 ) ∈ Γ𝑠 | 𝑡 ∈ [0, 𝑇Γ𝑠 (1 − 𝜃 )]},
and then varying the phase 𝜃 to the desired phase 𝜃* such that 𝛾𝜃* = 𝑥1 (𝑇Γ𝑠 𝜃* ). The anchoring

and phase segments are subject to continuity boundary conditions at each end, and we further
require that F(𝑥1 (0)) · 𝑒ˆ 1 = 0, where F(·) is the vector field and 𝑒ˆ 1 is the unit vector of the
first coordinate of the system. The rotated periodic orbit γ̃(𝑡) = Γ˜𝑠 is, hence, constructed by
appending 𝑥1 (𝑡) to 𝑥2 (𝑡) such that γ̃(0) = 𝛾𝜃 .
The second BVP is set-up in two stages. Firstly, CoCo’s collocation toolbox natively implements the variational equations, and a simple method for computing the Floquet multipliers and
bundles using this toolbox is presented in [9]. We supplement the BVP with the above toolbox
feature to allow for the rotation of both the periodic orbit and its Floquet vector at the base
point. To this end, the Floquet bundle from the previous stage is also separated into phase and
anchoring segments. We subject the Floquet bundle to constraints as presented in [34] at 𝛾𝜃 ,
and periodicity conditions at 𝛾0 . Then, as 𝜃 is varied during continuation, solutions for both
the periodic orbit and the Floquet vector of each desired phase are saved for the subsequent
computation of isochrons.
Next, we use the appropriately rotated periodic orbit as the first solution x(𝑡) that satisfies
the second BVP associated with the time-𝑇Γ𝑠 flow ending on to the linear approximation w𝜃 of
𝐼𝜃(Γ𝑠 ) as determined previously. From this BVP we first construct the (approximate) fundamental
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domain s𝜃 for the isochron 𝐼𝜃(Γ𝑠 ) as given by the vector s𝜃 between x(0) and x(𝑇Γ𝑠 ), where x(𝑡) is
selected as the solution with the pre-specified maximal orthogonal distance 𝛿max of x(0) from w𝜃
(while x(𝑇Γ𝑠 ) lies along w𝜃 ); the associated orbit segment is saved for later use and denoted s(𝑡).
We then consider the time-𝑘𝑇Γ𝑠 flow for increasing integers 𝑘 with x(𝑘𝑇Γ𝑠 ) along the vector s𝜃 .
This allows us to compute the isochron 𝐼𝜃(Γ𝑠 ) as series of concatenated arcs 𝐼𝜃𝑘 (Γ𝑠 ), where each

such arc is the smooth one-dimensional curve that is traced out by x(0) as x(𝑘𝑇Γ𝑠 ) varies during
a continuation over the length of s𝜃 under the time-𝑘𝑇Γ𝑠 flow. The arc number 𝑘 is increased
each time when x(𝑘𝑇Γ𝑠 ) reaches the end of s𝜃 by appending the orbit segment s(𝑡) to x(𝑡). The
resulting orbit segment has its end point at the base of s𝜃 and, hence, its continuation traces out
the next arc for the (𝑘 + 1)𝑇Γ𝑠 -flow. When 𝐾 arcs have been computed, the respective branch
of the isochron is given by 𝐼𝜃(Γ𝑠 ) =

𝑘 𝑠
𝑘 =0 𝐼𝜃 ( Γ ).

⋃︀𝐾

Note that we define the initial arc 𝐼𝜃0 (Γ𝑠 ) of

𝐼𝜃(Γ𝑠 ) as that which is computed whilst determining the fundamental domain. The other branch
of 𝐼𝜃(Γ𝑠 ) is found in the same way by starting the computation of the fundamental domain from
the vector −w𝜃 .

3.2

Planar algorithm

Formulation of the BVP and continuation of its solutions to compute an isochron are
deceptively simple; the set-up is directly based on the interpretation of the isochron as stable
manifolds of fixed points in the time-𝑇Γ𝑠 return map associated with the attracting periodic orbit
Γ𝑠 ; see [21] and also § 1.1. When stated as a projection two-point boundary value problem, it
takes the form
ẋ = F(𝑥),

(3.1a)

( x(𝑇 ) − 𝛾𝜃 ) · w𝜃 = 𝜂,

(3.1b)

( x(0) − 𝛾𝜃 ) · w𝜃⊥ = 𝛿.

(3.1d)

( x(𝑇 ) − 𝛾𝜃 ) · w𝜃⊥ = 0,

(3.1c)

Here the vector w𝜃 represents the stable eigenspace 𝐸𝑠(𝛾𝜃 ) of 𝛾𝜃 ∈ Γ𝑠 , which along with its

complement w𝜃⊥ forms an orthogonal basis of R2 . Since we seek to construct 𝐼𝜃(Γ𝑠 ) as the stable

invariant manifold 𝑊 𝑠(𝛾𝜃 ) of the associated time-𝑇Γ𝑠 map of (3.1a), we restrict the trajectory x(𝑡)
such that its end point x(𝑇 ) lies a distance 𝜂 along 𝐸𝑠(𝛾𝜃 ); this is achieved with (3.1b) and (3.1c).
The final constraint (3.1d) provides measure of error by computing the orthogonal distance 𝛿
of x(0) to w𝜃 — that is, along w𝜃⊥ . Since we also restrict the integration time 𝑇 of x(𝑡) to the
period 𝑇Γ𝑠 of Γ𝑠 , the start point x(0) will trace out an approximation of the non-linear manifold

𝑊 𝑠(𝛾𝜃 ) = 𝐼𝜃(Γ𝑠 ). In order for (3.1) to remain applicable to both periodic orbits and equilibria,
we will, henceforth, refer to the integration time as 𝑇 rather than 𝑇Γ𝑠 .
The two-point boundary value problem given by (3.1a–c) is consistent on its own, where
the choice of some maximum (control-)value 𝜂max of 𝜂 defines a notion of error of the computed
𝐼𝜃(Γ𝑠 ); specifically, it is chosen such that x(𝑇 ) is assumed practically indistinguishable from
𝛾𝜃 for 𝜂 ∈ [0, 𝜂max ]. We also account for the possibility of a too large deviation of 𝐼𝜃(Γ𝑠 ) from
its linear approximation w𝜃 near 𝛾𝜃 , as well as phase drift of the phase from 𝜃, as 𝜂 ∈ [0, 𝜂max ]
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increases, when 𝜃 is varied. Namely, instead of specifying 𝜂max directly, we add (3.1d) and set a
maximum 𝛿max for the orthogonal deviation 𝛿 from w𝜃 . The condition 𝛿 = 𝛿max determines the
fundamental solution s(𝑡), with end points that define the (approximate) fundamental domain
as the vector s𝜃 = s(0) − s(𝑇 ). Simultaneously, we record the distance 𝜂𝛿max
= (s(𝑇 ) − 𝛾𝜃 ) · w𝜃 so

as to encode the point 𝛾s𝜃 = 𝜂𝛿max
w𝜃 at the base of s𝜃 . This choice of fundamental domain more

closely approximates how 𝑊 𝑠(𝛾𝜃 ) bends away from w𝜃 , and s𝜃 sets an orthonormal basis (s𝜃 , s𝜃⊥ )
to be used for the remaining isochron computation.
We achieve this revised setting, by replacing (3.1b) and (3.1c) with
(︁
(︁

x(𝑇 ) − 𝜂max
w𝜃 − 𝛾𝜃 · s𝜃 = 𝜏 ,
)︁

x(𝑇 ) − 𝜂max
w𝜃 − 𝛾𝜃 · s𝜃⊥ = 0,
)︁

(3.2a)
(3.2b)

and removing (3.1d). We can now be assured that the second piecewise-linear segment approximating 𝐼𝜃(Γ𝑠 ) lies at most an orthogonal deviation of 𝛿max from 𝐸𝑠(𝛾𝜃 ). We now choose x(𝑡)
to move a distance 𝜏 from s(𝑇 ) = 𝜂max
w𝜃 + 𝛾𝜃 along s𝜃 as x(0) traces out more of 𝐼𝜃(Γ𝑠 ), until

the point when 𝜏 = ‖s𝜃 ‖ = 𝜏max . Now, an initial condition 𝑥0 ∈ 𝐼𝜃(Γ𝑠 ) returns to the local
approximation of 𝐼𝜃(Γ𝑠 ) with the maximal orthogonal deviation 𝛿 from w𝜃 . To continue the

computation of 𝐼𝜃(Γ𝑠 ) while ensuring that this error bound is not exceeded, we concatenate s(𝑡)
to the end of x(𝑡); this creates a smooth trajectory x̃(𝑡) such that its end point x̃(𝑇 ) lies at the
base of s𝜃 (for 𝜏 = 0), while its start point x̃(0) lies at the present computational boundary of
𝐼𝜃(Γ𝑠 ). This new trajectory defines the time-2𝑇 map to the linear approximation of the isochron;
hence, it can be used to trace out more of 𝐼𝜃(Γ𝑠 ) in the same way until again 𝜏 = ‖s𝜃 ‖ = 𝜏max ,

when s(𝑡) is concatenated again to obtain a trajectory representing the time-3𝑇 map, and so on,
until a sufficiently long piece of 𝐼𝜃(Γ𝑠 ) has been computed.

3.2.1

Isochrons of planar periodic orbits

In order to apply the two-point boundary value set-up (3.1), we must first compute the linear
approximation of 𝐼𝜃(Γ𝑠 ), that is vector w𝜃 associated with the non-trivial Floquet multiplier,
denoted 𝜇𝑠 . In the case of an isochron of a periodic orbit, we can use another two-point boundary
value problem set-up as used by Doedel [13, 14]. Note, however, that the vector field is not
rescaled by 𝑇 in this formulation:
ẋ = F( x),

(3.3a)

x (0) = x (𝑇 ),

(3.3b)

𝑒ˆ 1 · F( x(0)) = 0,

ẇ = (DF( x) − 𝜇𝑠 𝐼 )w,

w ( 𝑇 ) = 𝜇𝑠 w ( 0 ) ,
‖w(0)‖ = ‖w0 ‖.

(3.3c)
(3.3d)
(3.3e)
(3.3f)

Note further that we do not use an integral phase condition as is typically done in such
constructions, but rather, (3.3c) ensures that x(0) remains anchored at the maximum of Γ𝑠 with
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respect to its first coordinate. We remark that this condition may fail in a parameter-dependant
setting if unique maximum with respect to the first coordinate of Γ𝑠 does not exist; in such a
case, one would need to rethink the convention that is used to assign the zero-phase point 𝛾0 .
The conditions (3.3a–c) constrain a periodic orbit given by x(𝑡) such that it begins at an external
value; though the user must make sure that x(𝑡) begins at the absolute maximum in its first
coordinate. The addition of the variational equation (3.3d) and Floquet condition (3.3e) allows
for the computation of the Floquet bundle w(𝑡) and its associated Floquet multiplier 𝜇𝑠 . We
can initialise this problem by setting the trivial solution 𝜇𝑠 = ‖w0 ‖ = w(𝑡) = 0. Via numerical
continuation of this two-point BVP set-up, we locate a branching point for a suitable Floquet
multiplier, switch branches, and then grow ‖w0 ‖ to unit length such that w(𝑡) is no longer a
trivial solution to (3.3).

With the Floquet vector w𝜃 for a point 𝛾𝜃 ∈ Γ𝑠 , we can now illustrate the algorithm for

computing isochrons of planar periodic orbits in figure 3.1 by a number of sketches that show
how the planar algorithm is initialised and started. Panel (𝑎) shows the invariant objects
present, namely the attracting periodic orbit Γ𝑠 (blue) with the phase point 𝛾𝜃 (blue dot) under
consideration. At this point we consider the coordinate system given by the Floquet vector w𝜃
and its orthogonal complement w𝜃⊥ ; note that w𝜃⊥ is generally different from the vector F(𝛾𝜃 )
that represents the flow Φ(0, 𝛾𝜃 ) at 𝛾𝜃 . We choose the direction of w𝜃⊥ such that it makes an

acute angle with F(𝛾𝜃 ), and hence represents the direction of flow. Also shown in figure 3.1 is a
repelling equilibrium 𝑞 on which the isochrons of Γ𝑠 accumulate.
To be able to refer to solutions of the BVP set-up at varying stages, we define the general
orbit segment
x𝜀v(𝑡) ∈ x(𝑡) ∈ R𝑛 ⃒ ∃𝑘∈N ∀𝑡∈[0, 𝑘𝑇Γ𝑠 ] ∃v∈R𝑛 ∃𝜀∈R+, Φ(𝑘𝑇Γ𝑠 , x(0)) = 𝜀v
⃒

{︀

}︀

(3.4)

where v is a specified vector and 𝜀 a given distance along v; while we consider here orbit segments
in R2 , this definition is more general so that it covers orbit segments in higher dimensions as
considered in chapter 4. Figure 3.1(b) shows the orbit segment x𝜂w𝛿𝜃(𝑡) that defines the fundamental
max

domain s𝜃 = x𝜂w𝛿𝜃(0) − x𝜂w𝛿𝜃(𝑇Γ𝑠 ); namely, its property is that the start point x𝜂w𝛿𝜃(0) ∈ 𝐼𝜃(Γ𝑠 ) is
max

max

max

orthogonally at distance 𝛿max from the linear approximation w𝜃 of 𝐼𝜃(Γ𝑠 ). Notice further from
panel (𝑎) that the continuation of the solution x𝜂w𝛿𝜃(𝑡) over 𝜂 ∈ [0, 𝜂max ] has resulted in the
max
computation of the first arc of 𝐼𝜃(Γ𝑠 ).

Figure 3.1(c) shows an orbit segment x𝜏s𝜃(𝑡) of the family with 𝜏 ∈ [0, 𝜏max ] that is being
continued to grow 𝐼𝜃(Γ𝑠 ) via the start point x𝜏s𝜃(0). Here the end point x𝜏s𝜃(𝑇) is on the fundamental

domain s𝜃 at distance 𝜏 from 𝜂𝛿max
w𝜃 + 𝛾𝜃 . Once 𝜏 = 𝜏max , as in panel (𝑑), the orbit segments
x𝜏s𝜃(𝑡) and x𝜂w𝛿𝜃(𝑡) are concatenated to form the new orbit segment that represents the return
max

max

to the fundamental domain s𝜃 under the time-2𝑇Γ𝑠 map. This allows the continuation of the
concatenated solution x0s𝜃(𝑡), with total integration time 2𝑇Γ𝑠 , to extend the arc of 𝐼𝜃(Γ𝑠 ). In

this way, the steps illustrated in panels (𝑐) and (𝑑) are repeated (each time increasing the total
period of integration by 𝑇Γ𝑠 ) until the desired length of 𝐼𝜃(Γ𝑠 ) has been computed. Note that,
unlike in [38, 48], the concatenated solution as constructed here does not have a discontinuity.
While w(𝑡) provides us with a good means of approximating w𝜃 for all 𝜃 ∈ [0, 1), the Floquet

condition (3.3e) is only guaranteed to hold at w(0). For this reason, in cases with extreme
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Figure 3.1: Set-up to compute the one-dimensional isochron 𝐼𝜃(Γ𝑠 ) (light-blue) at 𝛾𝜃 ∈ Γ𝑠 of

an attracting periodic orbit periodic orbit Γ𝑠 (blue) in R2 ; also shown is a repelling equilibrium 𝑞
inside Γ𝑠 . Panel (𝑎) shows the orthonormal basis (w𝜃 , w𝜃⊥ ) (dark-blue) at 𝛾𝜃 , and also the tangent
F(𝛾𝜃 ) of Γ𝑠 at 𝛾𝜃 . Panel (𝑏) illustrates the construction of the fundamental domain s𝜃 (orange), and
panel (𝑐) shows the orbit segment x𝜏s𝜃(𝑡) used to grow 𝐼𝜃(Γ𝑠 ) by continuation in 𝜏 ∈ [0, 1] along s𝜃 .
Panel (𝑑) shows the moment when 𝜏 = 1 and the orbits x𝜏s𝜃(𝑡) and x𝜂w𝛿𝜃max
(𝑡) are concatenated before
restarting the algorithm with 2𝑇Γ𝑠 .

numerical sensitivity we have developed a method for rotating both a periodic orbit Γ𝑠 and its
initial Floquet vector w(0), while simultaneously measuring the phase 𝜃 through which Γ𝑠 has

75

Planar algorithm
been rotated. To this end, we consider the two-point boundary value problem given by
𝑥˙ 1 = F(𝑥1 ),

(3.5a)

𝑥˙ 2 = F(𝑥2 ),

(3.5b)

𝑥1 (0) = 𝑥2 (𝑇2 ),

(3.5c)

𝑥2 (0) = 𝑥1 (𝑇1 ),

(3.5d)

𝑒ˆ 1 · F(𝑥1 (0)) = 0,
𝜃=

(3.5e)

𝑇1
,
𝑇1 + 𝑇2

(3.5f)

𝑤
˙ 1 = (DF(𝑥1 ) − 𝜇𝑠 𝐼 )𝑤1,
𝑤
˙ 2 = (DF(𝑥2 ) − 𝜇 𝐼 )𝑤2,
𝑠

(3.5g)
(3.5h)

𝑤1 (0) = 𝑤2 (𝑇2 ),

(3.5i)

𝜇𝑠 𝑤2 (0) = 𝑤1 (𝑇1 ),

(3.5j)

‖𝑤2 (0)‖ = 1,

(3.5k)

which is a modification of (3.3) by splitting x(𝑡) and w(𝑡) each into two parts1 . As a starting
solution we take a solution to (3.3), which satisfies this extended BVP with 𝑥1 (𝑡) ≡ x(0) = x(𝑇 ),
𝑇1 = 0, 𝑥2 (𝑡) = x(𝑡) and 𝑇2 = 𝑇, and similarly for 𝑤1 (𝑡) and 𝑤2 (𝑡). In other words, all
information is intially in 𝑥2 (𝑡) and 𝑤2 (𝑡), and they are initialised by their respective previous
solutions as obtained from (3.3) with 𝑇2 = 𝑇Γ𝑠 . A continuation that grows 𝜃 from its initial value
of 0, thus, increasing 𝑇1 , traces the unit vector 𝑤2 (0) that satisfies the Floquet condition at the
phase point given by 𝜃. This allows us to choose
w𝜃 = 𝑤2 (0),

(3.6)

as the initial linear approximation of 𝐼𝜃(Γ𝑠 ) for the construction of the fundamental domain as
sketched in figure 3.1(b).

3.2.2

Isochrons of planar foci

When is comes to considering the isochrons of equilibria for planar systems, we are restricted
to equilibria of focus-type because of the requirement that there is a rotational component of
the dynamics. In this case, the notion of the isochronous section, as described in § 1.4, and
the general principle that near an attracting focus 𝑞 the dynamics are approximately linear
allow us to construct a linear approximation w𝜃 of the isochron 𝐼𝜃(𝑞 ) at some specified phase
𝜃. Following [38], we use one of the complex-conjugate eigenvalues 𝜆𝑞 = 𝛼 + 𝛽𝑖 and one of the
The idea of rotation of a periodic orbit was first proposed in this context by Langfield [37], who added an
additional orbit segment to that defining the periodic orbit; in contrast, here we split the periodic into two orbit
segments.
1
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complex-conjugate (unit) eigenvectors v̂ of 𝑞 to construct an ellipse G𝑠 (𝜃 ) as
DF(𝑞 )v̂ = (𝛼 + 𝑖𝛽 )v̂,
2𝜋
𝑇 =
,
𝛽
c1 = |𝜀v̂|,

(3.7a)
(3.7b)
(3.7c)

c2 = angle(𝜀v̂),
2𝜋 − 𝑒ˆ 1 · c2
𝑡* =
,
2𝜋
𝑠
G (𝜃 ) = c1 · cos (2𝜋 (𝜃 + 𝑡* ) + c2 ),

(3.7d)
(3.7e)
(3.7f)

for some 𝜀 ≪ 1, by considering the real part of the linearised solution of (3.1a) about the

focus-type equilibrium if 𝛼 = 0. Since the real part of the complex-conjugate eigenvalues only
governs the speed at which solutions converge to q, this ellipse gives a good notion of phase
around 𝑞. We use the natural period of rotation about 𝑞, as per (3.7b), and define the linear
approximation of 𝐼𝜃(𝑞 ) of 𝑞 as
‖w𝜃 ‖w𝜃 = G𝑠 (𝜃 ),

(3.8)

where G𝑠 (0) is chosen as the maximum point with respect to in the first coordinate of the vector
field (in analogy with the convention for periodic orbits). This construction produces a notion of
asymptotic phase 𝜃 that is consistent with the Euclidean angle about 𝑞 from w𝜃 and, hence, we
further define
‖w𝜃⊥ ‖w𝜃⊥ = w𝜃 + 1 .

(3.9)

4

The ellipse G𝑠 (𝜃 ) is expressed in terms of a vector valued cosine function, taking vector-valued
parameters (3.7c) and (3.7d) for a suitably small choice of 𝜀 > 0. Indeed, this is a choice made for
definiteness, in light of the fact that any isochronous section is not unique [54, 55]. Nevertheless,
for the choice of the natural period of the focus, we find in practice, that the foliation ℐ (𝑞 )
effectively does not change over a suitably small2 range of 𝜀 ≪ 1.

The discussion above shows that the two-point boundary value problem (3.1) and (3.2) can

be used to compute also the isochrons of n attracting focus equilibrium, simply by replacing 𝛾𝜃
with 𝑞 in the formulation and considering 𝑇 = 𝑇𝑞 . The difference lies in how the computation is
started to define the fundamental domain, and this is illustrated in figure 3.2. Panel (𝑎) shows
the ellipse G𝑠 (𝜃 ) with w0 extending from 𝑞 to the maximum in the first coordinate on G𝑠 (𝜃 );
the perpendicular vector w𝜃⊥ completes the coordinate system at 𝑞 and is given here as w𝜃 + 1 .
4

Panel (𝑏) shows the orbit segment x𝜂w𝛿𝜃(𝑡) that defines the fundamental domain s𝜃 , satisfying (3.1)
max

for 𝛾𝜃 = 𝑞 and 𝛿 = 𝛿max . The arclength of 𝐼0(𝑞 ) grows as x𝜏s𝜃(𝑇𝑞 ) moves the distance 𝜏 along s𝜃 ,
and panel (𝑐) illustrates this at some intermediate 𝜏 ∈ [0, 𝜏max ]. Finally, panel (𝑑) illustrates the
situation when 𝜏 = 𝜏max and the orbit segments x𝜂w𝛿𝜃(𝑡) and x𝜏s𝜃(𝑡) are concatenated in order to
max

max

Specifically, when 𝜀 is chosen such that
is at most commensurate with 𝜂𝛿max . For the example computation
in § 3.5 we choose 𝜀 = 𝛿max = 5 × 10−4 , though this choice is dependant on how near to 𝑞 the nonlinear dynamics
dominate.
2

𝜀𝜇𝑠𝑞
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Figure 3.2: Set-up to compute the one-dimensional isochron 𝐼𝜃(𝑞 ) (light-blue)
focus
(︁ of an attracting
)︁
2
equilibrium 𝑞 (blue triangle) in R . Panel (𝑎) shows the orthonormal basis w𝜃 , w𝜃 + 1 (dark-blue)
4
at 𝑞 and the ellipse G𝑠 (𝑡) (dashed blue). Panel (𝑏) illustrates the construction of the fundamental
domain s𝜃 (orange), and panel (𝑐) shows the orbit segment x𝜏s𝜃(𝑡) used to grow 𝐼𝜃(𝑞 ) by continuation
in 𝜏 ∈ [0, 1] along s𝜃 . Panel (𝑑) shows the moment when 𝜏 = 1 and the orbits x𝜏s𝜃(𝑡) and x𝜂w𝛿𝜃max
(𝑡) are
concatenated before restarting the algorithm with 2𝑇𝑞 .

continue the computation for the time-2𝑇 map. Comparison of figure 3.2 with figure 3.1 shows
that, once the fundamental domain s𝜃 has been determined, the algorithm for a focus proceeds
just as that for a periodic orbit.

3.3

CoCo Implementation

This and the following sections present a tutorial that showcases the CoCo toolbox iscrn that
we developed to investigate the isochron geometry presented in chapter 2. Specifically, we detail
the computation of two isochron foliations in region D: the forward-time isochron foliation ℐ (Γ𝑠 )
of the stable periodic orbit Γ𝑠 and the backward-time isochron foliation 𝒰 (𝑞+ ) of the equilibrium
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𝑞+ , as depicted in § 2.8.5. The toolbox iscrn and the tutorial are both available as MATLAB
code via [24].
The toolbox iscrn makes use of the fact that CoCo has been designed specifically for setting
up and solving multi-segment BVPs [8], such as those required for computing isochron foliations.
Namely, CoCo allows for the native continuation of solutions to BVPs constructed from multiple
orbit segments, each with its own and separate mesh discretisation. CoCo inherently shifts mesh
points to adapt the different meshes during the continuation of solutions to a BVP. Note that,
while it also uses mesh adaptation, the package AUTO-07P uses a single mesh common to all
segments of the overall BVP. Moreover, CoCo provides the option to add or remove mesh points
dynamically from the discretisation during continuation. These features greatly improve the
stability of computations of solution families of multi-segment BVPs. The user has the option
of setting both a residual and absolute tolerance for solutions in CoCo, whereas only residual
tolerances are accessible to users of AUTO-07P. While both packages consider their tolerances as
an aggregate over a trajectory segment as represented by collocation, this difference is significant
because we compute isochrons while referencing only one point along an orbit segment.
An improvement of our implementation, as discussed in the previous sections, is that we
make use of the concept of a fundamental domain (see § 3.4.5) to avoid a discontinuity between
trajectory segments that solve the BVP for different multiples of the period of the periodic orbit.
Here we make use of the feature that CoCo’s design invites the implementation of new toolboxes,
which allows us to implement the passing of tangent vectors to the continuation of the BVP
to help ensure the smoothness of the computed isochrons. While it is also possible to achieve
this in AUTO-07P in principle, we do not believe that any such implementation would be as
straightforward or user-friendly as in CoCo. Finally, an advantage of a MATLAB implementation
is that the data is readily available for plotting or rendering.

3.3.1

Toolboxes as part of the installation

The required BVPs, along with two additional toolboxes to facilitate the computation of
initial solutions, are implemented with CoCo’s trajectory collocation (coll) and boundary value
problem (bvp) toolboxes. Rotation of periodic orbits by a phase 𝜃 ∈ [0, 1) and rotation of periodic

orbits to satisfy the zero-phase convention are achieved with the rotate phase point toolbox (rpp),
which is covered in § 3.4.3. The computation of Floquet multipliers of a periodic orbit, as well
as their Floquet bundle via rotation of the periodic orbit, are achieved by the Floquet toolbox
(flqt); this is covered in § 3.4.4. The computation of arcs of an isochron is achieved by the
isochron toolbox (iscrn), which is covered in § 3.4.5 for attracting periodic orbits, and in § 3.5
for repelling equilibria. These toolboxes were developed to compute isochrons in two-dimensional
systems, and to provide a relatively user-friendly implementation for isochron computation.
The function files that make up these toolboxes may be obtained from [24]; see specifically the included directory named iscrn. For temporary use, this folder may simply be
placed in the searchable path of the active MATLAB directory. For long term use it is advised to add this folder to the CoCo install directory; see [8] for installation instructions. To
add the ’iscrn’ toolbox to MATLAB’s path, open the file startup.m (which is added when
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installing CoCo) located at the path returned by the MATLAB command userpath, add
the line addpath(fullfile(PATH_TO_COCO, 'iscrn', 'toolbox')), where PATH_TO_COCO is a
string containing the path to CoCo’s install directory. There are a number of files included
in the folder iscrn/examples that are intended for use by the reader when following along
this guide. These should simply be placed in the search path of the active MATLAB directory.
Specifically, the files po_forward_demo.m and ep_backward_demo.m in the tube subdirectory
contain the code presented in this guide, in § 3.4 and § 3.5, respectively. Additionally, the file
isochron_foliation/isochron_foliation.m is a script that programmatically computes a foliation of isochrons, forward-time or backward-time, of periodic orbits or equilibria. The latter file
is not directly discussed in this document, but may be understood from the embedded comments
and the general guidance provided here. The use of the toolboxes within iscrn assume familiarity
with CoCo, and the reader may find it useful to also refer to the technical manuals located in the
help folder, located in CoCo’s install directory; specifically, the ‘Short Developer’s Reference for
CoCo’ (COCO_shortRef.pdf) and the ‘Trajectory Collocation Toolbox’ (COLL-Tutorial.pdf).
We ask any reader who adapts and uses our CoCo toolboxes for their own research to include
a reference to this supplementary material in any published work.

3.3.2

CoCo-compatible vector field functions

We encode system (2.1) (see § 2.1) below as the function denoted tube below for use
throughout this guide. This specific encoding is in the format of a CoCo-compatible function file
for a vector field of a system of ODEs; it is in the vectorised format to speed up computation,
which requires that each of these variables has a ‘:’ in the last dimension of their arrays. CoCo
requires this function to return a single variable Y as the right-hand side of a vector field; it takes
the variables u and system parameters p as input arguments.
1 function Y = tube(u, p)
2 x = u(1,:);
3 y = u(2,:);
4 a = p(1,:);
5 b = p(2,:);
6 c = p(3,:);
7 d = p(4,:);
8 mu = p(5,:);
9 r2 = x.^2 + y.^2;
10 Y(1,:) = mu.*a.*x = y = b.*x.*r2;
11 Y(2,:) = x + mu.*(a+c).*y = (b+d).*y.*r2;
12 end

When using CoCo for relatively difficult continuation problems, it is advised to supply the
Jacobians of the vector field along with the vector field itself. CoCo is able to perform continuation
without user-supplied Jacobian functions, but CoCo’s default Jacobian approximations tends
to be slower and less accurate. We encode the Jacobian with respect to the state variables as
tube_DFDX and the Jacobian with respect to the system parameters as tube_DFDP, each in the

vectorised format.
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3.4

Computing the isochrons of an attracting
periodic orbit

This section covers the steps required to compute the isochron foliation of the attracting
periodic orbit Γ𝑠 in region D; the required code is in the file po_forward_demo.m in iscrn/
toolbox/examples/tube. Section 3.4.1 describes the settings used throughout these computations
and § 3.4.2 describes how the periodic orbit Γ𝑠 can be found via numerical integration. Then
§ 3.4.3 covers the use of the rpp toolbox; here the reader is guided through computing Γ𝑠
via numerical integration, followed by implementing a rotation of Γ𝑠 to satisfy the zero-phase
convention. Section 3.4.4 covers the use of the flqt toolbox; here we first show how to compute a
single Floquet vector and then an entire bundle of Floquet vectors for desired phases. Section 3.4.5
describes the basic use of the iscrn toolbox; here we start with the computation of the fundamental
domain and then guide the reader through the computation of subsequent arcs of a given isochron.

3.4.1

Computational Settings

It is advised that the reader keeps the accuracy settings similar throughout the various
computations needed to compute the initial solution for the iscrn toolbox. To this end, we
include below the function orbit_settings, which modifies the continuation problem structure
prob by using the function coco_set, which is well documented in the ’Short Developer’s

Reference for CoCo’ except for the options used in line 7. For problems using the coll toolbox,
one should set computational tolerances by the 'all' option, instead of the options available
under the 'coll' option.
1 function prob = orbit_settings(prob)
2 prob = coco_set(prob, 'ode', 'vectorized', 'on');
3 prob = coco_set(prob, 'cont', 'ItMX', 1e6, 'NPR', 0, 'NAdapt', 1,...
4
'h_min', 5e=10, 'h0', 5e=3, 'h_max', 5e=2);
5 prob = coco_set(prob, 'coll', 'NTST', 50);
6 % prob = coco_set(prob, 'coll', 'NTST', 100); % C_u
7 prob = coco_set(prob, 'all', 'TOL', 5e=8);
8 end

To ensure that all arcs of 𝐼𝜃(Γ𝑠 ) are computed to the same level of accuracy, we use the
function iscrn_settings as below. This particular function is used for isochrons in each of
regions A–F; certain isochrons require different settings and these are recorded in this file. The
tolerances and step sizes indicated in iscrn_settings are set for high accuracy at the expense
of computation time and file sizes. The changes to the 'ItMX' and 'NPR' settings of 'cont'
instruct CoCo only to perform continuation in one (forward) direction and only save and print to
screen special solutions during continuation, respectively. As with orbit_settings, we change
the absolute tolerance using the 'all' option, rather than altering the native 'coll' toolbox
option.
1 function prob = iscrn_settings(prob)
2 prob = coco_set(prob, 'ode', 'vectorized', 'on');
3 prob = coco_set(prob, 'cont', 'ItMX', [ 0, 1e6 ], 'NPR', 0, 'NAdapt', 1,...
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4
5 prob =
6 % prob
7 prob =
8 % prob
9 end

=

=

=

'h_min', 5e 10, 'h0', 5e 5, 'h_max', 5e 2);
coco_set(prob, 'coll', 'NTST', 50); % default
= coco_set(prob, 'coll', 'NTST', 60); % B_u; C_u 0.4 0.5 0.7 0.9; D_eq 0.4
coco_set(prob, 'all', 'TOL', 5e 9); % default
= coco_set(prob, 'all', 'TOL', 5e 8); % B_u; C_u 0.4 0.5 0.7 0.9; D_eq 0.4

=

=

The choice of 'NTST' defines the number of mesh points that should be used in the initial solution

that satisfies the isochron BVP. Since the subsequent arc 𝐼𝜃𝑘+1 (Γ𝑠 ) of the computed isochron is
defined by the time-(𝑘 + 1)𝑇Γ𝑠 map, the number of mesh points involved in the computation

grows as 𝑘 · 'NTST'. Naturally, this increases the memory and computation time required for
the computation. As such, 'NTST' should be chosen in consideration of the total number of arcs

required to compute the isochron, usually after a test computation. It is advised to use the coll
toolbox’s mesh adaptation option, which adds and removes mesh points during continuation, for
computational stability.

3.4.2

Computing Γ𝑠

To begin, we need a numerical representation of Γ𝑠 , which can be achieved in a number of
ways for further use in CoCo. Typically when applying numerical continuation to systems of
ODEs we may find a periodic orbit as a result of related bifurcations. However, as described in
§ 2.6, the periodic orbit Γ𝑠 arises from a saddle-node bifurcation of periodic orbits and disappears
in a heteroclinic bifurcation involving saddle points. Neither the saddle-node nor the heteroclinic
bifurcations serve as vehicles to compute Γ𝑠 in CoCo, and instead we compute Γ𝑠 by numerical
integration.
CoCo-compatible functions for vector fields are designed for easy use with MATLAB’s ODE
integrators, such as ode45, and we may invoke the tube function anonymously with ode45 to
integrate (2.1) by prepending its call with @(t, x) as follows.
>> p0
>> [t0, x0]

=

= [ 0.66; 0.5; 2.5; 2.5; 1.0];
= ode45(@(t, x) tube(x, p0), [0, 100], [0; 0.25]);

Appropriate values for the system parameters of (2.1) are stored in p0, and we choose the
integration time 100 to be sufficiently large for our choice of initial condition, [0; 0.25]. The
trajectory computed with ode45 accumulates onto Γ𝑠 . From its time series we make a reasonable
guess of the period 𝑇Γ𝑠 of Γ𝑠 . Next, either take a segment at the end of t0 and x0 commensurate
with the guess for 𝑇Γ𝑠 , or use ode45 to integrate approximately one period from the end point of
x0 to get a numerical approximation of Γ𝑠 for use with the rpp toolbox.
>> [t0, x0]

= ode45(@(t, x) tube(x, p0), [0, 10.5], x0(end,:)');

As long as the estimate of 𝑇Γ𝑠 is sufficiently accurate, t0 and x0 returned by ode45 will converge
to a solution that satisfies the periodic boundary conditions in ode_isol2rpp.

3.4.3

RPP: Rotating periodic orbits

The rpp toolbox is designed to facilitate the rotation of a periodic orbit Γ𝑠 by a phase 𝜃 ∈ [ 0, 1)

relative to some reference point 𝛾0 ∈ Γ𝑠 . While the toolbox separates the supplied periodic orbits
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into two segments as described in § 3.1, both the input to its constructor ode_isol2rpp and the
output from its reader rpp_read_solution are single segment periodic orbits. This toolbox is
capable of rotating a periodic orbit to satisfy the zero-phase convention, and is extended into the
flqt toolbox to facilitate the rotation of a periodic orbit with its Floquet vector.

Applying the zero-phase convention
To make sure that the numerical representation x0 of Γ𝑠 satisfies the zero-phase convention,
that is, the zero-phase point 𝛾0 is at the maximum in the first coordinate along Γ𝑠 , we employ the

=

ode_isol2rpp constructor function with the option ' zpp' set to 'zero_phase'. The following

commands construct a continuation problem to this effect.
>>
>>
>>
>>

p
= {'a', 'b', 'c', 'd', 'mu_s'};
% parameter names
prob = coco_prob();
prob = orbit_settings(prob);
[~, PO_MAX, ind] = ode_isol2rpp(prob, 'po', @tube, @tube_DFDX, @tube_DFDP,...
t0, x0, p, p0, ' zpp', 'zero_phase');

=

First a cell-array of strings p is assigned to the system parameters of tube, then the continuation
problem structure is initialized in the call to coco_prob. Next, we make a call to the function
orbit settings to define some standardised settings for continuation problems of periodic orbits;

see § 3.4.1. Finally, the call to the ode_isol2rpp constructor constructs the continuation problem;
as is uncommon for CoCo constructor functions it also initiates the continuation and returns
the index of the maximum in the first coordinate of the periodic orbit. The constructor takes as
arguments the continuation problem structure prob, function handles for the vector field and
(optionally) its Jacobians with respect to state variables and parameters, the elements t0 and x0
of the trajectory segment defining Γ𝑠 , the cell array of names of system parameters p and the
values p0. While locating the maximum with respect to the first coordinate of Γ𝑠 , the end point
of the phase segment 𝑥1 is fixed, its start point 𝑥1 (0) is allowed to move around Γ𝑠 subject to
periodicity conditions with the anchoring segment 𝑥2 (𝑡). CoCo’s event location functionality
is used to determine solutions to the continuation problem when 𝑥1 (0) moves through a local
extrema of Γ𝑠 by detecting when tube(𝑥1 (0), p0) · 𝑒ˆ 1 = 0. These solutions are given the type

XTRM and may be searched for with the function coco_bd_labs. In the output of this call to
ode_isol2rpp below, we see columns for the phase 𝜃 relative to 𝛾0 , the time derivative of the

first coordinate of the system, and state variables at the start point 𝑥1 (0), labelled as theta,
phi0, x0_1 and x0_2, respectively.
STEP
0
21
273
397
643
729

TIME
00:00:01
00:00:03
00:00:22
00:00:31
00:00:48
00:00:54

||U||
1.7343e+01
1.5392e+01
1.2174e+01
1.1802e+01
1.2753e+01
1.3949e+01

LABEL
1
2
3
4
5
6

TYPE
EP
FP
XTRM
FP
XTRM
EP

theta

phi0

x0_1

=1.9440e=15 4.1529e=01 1.9247e=01
1.5143e=02
4.2857e=01
1.2538e=01
3.6063e=01
2.7756e=17 =4.7211e=01
5.1514e=01 =4.2857e=01 =1.2538e=01
8.6063e=01
1.3878e=17
4.7211e=01
1.0000e+00
4.1529e=01
1.9247e=01

x0_2

=5.7804e=01
=5.2991e=01
4.0244e=01
5.2991e=01
=4.0244e=01
=5.7804e=01
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It follows that the solution which has 𝑥1 (0) at the maximum of x0 is the one, marked XTRM,
with the largest value in the x0_1 column. The label number for this solution is returned in the
variable ind, as determined by the call to ode_isol2rpp above. This solution is read from the
output files via rpp_read_solution, as below, using the option 'zero phase' to insure that the
function concatenates 𝑥1 (𝑡) and 𝑥2 (𝑡) in the correct order.
>> sol = rpp_read_solution('po', 'zero_phase', ind);
>> t0 = sol.tbp;
>> x0 = sol.xbp;

The returned structure sol contains a number of fields, including the array of time instances tbp
corresponding to the array of state variable values xbp, the array of system parameter values p,
and the phase theta relative to the start point of the original periodic orbit.

3.4.4

FLQT: Computing the Floquet bundle

The flqt toolbox is designed to facilitate the computation of Floquet multipliers and Floquet
bundles of periodic orbits for use as linear approximations of isochrons. Floquet multipliers of
an attracting periodic orbit Γ𝑠 , as well as a numerical approximation of its Floquet bundle, are
computed from the variational equations. The methods for computing Floquet multipliers and
bundles in [9] are encoded in the constructor ode_isol2flqt and the utility flqt_read_solution
for ease of access. Further, the constructor uses the rpp toolbox to facilitate the rotation of the
Floquet bundle along with a periodic orbit, such that the Floquet vector for any point 𝛾𝜃 ∈ Γ𝑠

may be determined accurately without first rotating the periodic orbit and recomputing the
Floquet bundle, or the need for interpolation along the Floquet bundle.

Computing a Floquet vector
From the solutions stored in t0 and x0 obtained in § 3.4.3 we compute the Floquet multipliers
𝜇Γ𝑠 and Floquet bundle w(𝑡) of Γ𝑠 such that w0 = w(0) is the zero-phase Floquet vector at 𝛾0 .
The following commands encode the continuation problem; note that the function coco is called
to perform continuation once the continuation problem structure prob is constructed. In the call
to coco a 0-dimensional manifold is requested; rather than performing continuation, a single
solution to the boundary value problem encoded by ode_isol2flqt is found by CoCo’s Newton
solver by starting from the supplied initial condition (t0, x0, and p0).
>> prob =
>> prob =
>> prob =
t0,
>> FLQT0 =
>> sol0 =

coco_prob();
orbit_settings(prob);
ode_isol2flqt(prob, 'po', @tube, @tube_DFDX, @tube_DFDP,...
x0, p, p0);
coco(prob, 'floquet0', [], 0);
flqt_read_solution('po', 'floquet0', 1);

The solution is read using the utility flqt_read_solution, producing a structure sol0 with
fields including the array of time instances tbp corresponding to the array of state variable values
xbp, the array of system parameter values p, the Floquet multiplier mu, and the Floquet vector w

associated with 𝛾0 . With this solution, one may begin computation of the zero-phase isochron
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𝐼0(Γ𝑠 ) of Γ𝑠 . However, should the reader wish to compute a foliation of isochrons, ode_isol2flqt
is able to rotate the Floquet vector computed at 𝛾0 , along with Γ𝑠 to obtain a set of distinct
phases.

Rotating the Floquet bundle
The flqt toolbox extends the rpp toolbox to encode a larger continuation problem structure
allowing for the rotation of both a periodic orbit and its Floquet bundle. The periodic orbit, and
its Floquet bundle are separated into the phase and anchoring segments, per § 3.1; the Floquet
bundle is subject to constraints as presented in [34] at 𝑥1 (𝜃𝑇Γ ) = 𝛾𝜃 , and periodicity conditions
at 𝑥1 (0) = 𝛾0 . With the solution sol0 from above, the following commands may be used to
encode a continuation problem to rotate the Floquet vector around Γ𝑠 .
>>
>>
>>
>>

theta = 0 : (1 / 20) : 0.99;
prob = coco_prob();
prob = orbit_settings(prob);
prob = ode_isol2flqt(prob, 'po', @tube, @tube_DFDX, @tube_DFDP,...
sol0.tbp, sol0.xbp, p, sol0.p, theta, ' flqt0', {sol0.mu; sol0.w});
>> FLQT = coco(prob, 'floquet', [], 1, {'theta', 'mu', 'wth_1', 'wth_2'},...
{[ 1e 4, max(theta) + 1e 4], [], [], []});

=

= =

=

First, an array of phases for which Floquet vectors are desired is set in the variable theta;
note that due to periodicity the phase 𝜃 = 1 is not included. The following two lines initialize
the continuation problem structure and its settings, and the call to ode_isol2flqt encodes
the Floquet vector rotation problem. After supplying function handles for system (2.1) and
its Jacobians, the time and state variable arrays sol0.tbp and sol0.xbp defining Γ𝑠 , the array strings p and values sol0.p for systems parameters, we supply the array of phases theta,
and the stable Floquet multiplier and its Floquet vector in the array {sol.mu; sol.w} following the option '=flqt0'. Continuation is initiated by the call to coco; here, 1 is input to

request a one-dimensional set of solutions to the continuation problem, the array of strings
{'theta', 'mu', 'wth_1', 'wth_2'} specify the variables allowed to change during continu-

ation, and {[=1e=4, max(theta)+ 1e=4], [], [], []} sets the computational bounds for
each continuation variable represented by a string in the previous array. The principle continuation

parameter is chosen as 'theta', the phase associated with points 𝛾𝜃 ∈ Γ𝑠 . The subsequent free

continuation parameters 'mu', 'wth_1', and 'wth_2', represent the Floquet multiplier and the
coordinates of the Floquet vector 𝜇𝑠Γ𝑠 and w𝜃 , respectively. These strings, or replacement strings

representing these variables (type help ode_isol2flqt into MATLAB for details), are required
when rotating a Floquet bundle. The computational bounds on 'theta' should be set slightly
outside of [0, max(theta)] to avoid the initial solution given by t0 and x0 converging outside of
computational bounds. Each solution corresponding to a phase in theta is located by CoCo’s
event location algorithm and marked with the type THETA, as seen in the screen output below.
STEP
0
1
1

TIME
00:00:00
00:00:00
00:00:00

STEP

TIME

||U||
1.7723e+01
1.7723e+01
1.7724e+01
||U||

LABEL
1
2
3

TYPE
EP
THETA
EP

LABEL

TYPE

theta
0.0000e+00
0.0000e+00
1.0000e 04

=

=

theta

wth_1

mu
1.3446e 03
1.3446e 03
1.3446e 03

=2.8737e=01
=2.8737e=01
=2.8667e=01

mu

wth_1

=
=
=

wth_2
9.5782e 01
9.5782e 01
9.5803e 01

=
=
=

wth_2
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0
46
88
132
181
235
297
364
417
464
508
548
585
622
661
706
759
821
871
923
923

00:00:00
00:00:11
00:00:20
00:00:28
00:00:37
00:00:47
00:00:57
00:01:08
00:01:18
00:01:26
00:01:32
00:01:38
00:01:44
00:01:52
00:01:58
00:02:05
00:02:13
00:02:22
00:02:29
00:02:38
00:02:38

1.7723e+01
1.4566e+01
1.4302e+01
1.3984e+01
1.3695e+01
1.3536e+01
1.3280e+01
1.3028e+01
1.2518e+01
1.2406e+01
1.2485e+01
1.2469e+01
1.2580e+01
1.2822e+01
1.2926e+01
1.3264e+01
1.3325e+01
1.3433e+01
1.3655e+01
1.4357e+01
1.4359e+01

4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

EP
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
THETA
EP

0.0000e+00
5.0000e 02
1.0000e 01
1.5000e 01
2.0000e 01
2.5000e 01
3.0000e 01
3.5000e 01
4.0000e 01
4.5000e 01
5.0000e 01
5.5000e 01
6.0000e 01
6.5000e 01
7.0000e 01
7.5000e 01
8.0000e 01
8.5000e 01
9.0000e 01
9.5000e 01
9.5010e 01

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03
=03

1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e
1.3446e

=2.8737e=01
=5.7738e=01
=7.5328e=01
=8.5442e=01
=9.1382e=01
=9.5274e=01
=9.9504e=01
=8.7623e=01
=4.9938e=01
=1.0337e=01
2.8737e=01
5.7738e=01
7.5328e=01
8.5442e=01
9.1382e=01
9.5274e=01
9.9504e=01
8.7623e=01
4.9938e=01
1.0337e=01
1.0255e=01

=01
=01
=01
=01
=01
=01
=02
=01
=01
=01
=01
=01
=01
=01
=01
=01
=02
=01
=01
=01
=01

9.5782e
8.1647e
6.5770e
5.1958e
4.0611e
3.0380e
9.9447e
4.8189e
8.6638e
9.9464e
9.5782e
8.1647e
6.5770e
5.1958e
4.0611e
3.0380e
9.9447e
4.8189e
8.6638e
9.9464e
9.9473e

=
=
=
=
=
=
=
=
=
=

The rotated Floquet vector solutions are read with the utility flqt_read_solution. Each
solution may be stored individually, though when intending to compute a foliation of isochrons it
is best to store them in an array, which is achieved by the following.
THTlabs = coco_bd_labs(FLQT, 'THETA');
Nphase = numel(THTlabs);
sol
= cell(Nphase, 1);
for phi = 1 : Nphase
sol{phi} = flqt_read_solution('po', 'floquet', THTlabs(phi));
>> end

>>
>>
>>
>>

Here, the first line produces an array of label numbers for each solution with the type THETA,
which is measured to determine the number solutions to be read and isochrons to be computed.
Each solution sol{phi} is a structure with fields including the array of time instances tbp
corresponding to the arrays of state variable values xbp and Floquet bundle wbp, the array of
system parameter values p, the phase theta of the solution relative to 𝛾0 , the Floquet multiplier
mu, and the Floquet vector w associated with 𝛾𝜃 .

3.4.5

ISCRN: Computing an isochron of Γ𝑠

The iscrn toolbox is designed to facilitate the computation of isochrons of planar systems
as smooth one-dimensional manifolds by the application of the boundary value problem set-up
described in § 3.1. As a guide for the use of the toolbox, we now explain the use of the constructors
of the iscrn. While the guide in this section may simply be repeated to compute an isochron
foliation, the script isochron_foliation.m is the folder iscrn/help provides an example of
how to implement the computation of many isochrons of the respective foliation.
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Computing the fundamental domain
We begin with the computation of the fundamental arc 𝐼00 (Γ𝑠 ) of 𝐼0(Γ𝑠 ) in region D, and

hence the computation of the fundamental domain s0 of 𝐼0(Γ𝑠 ). We use the solution structure
sol0 returned from flqt_read_solution in § 3.4.4 to set-up the continuation problem below,

starting by setting 𝛿max , the maximal distance from the periodic orbit, that bounds deltamax.
The choice of this value governs the accuracy of the approximation of 𝐼0(Γ𝑠 ); while it should
be chosen sufficiently small, we note that excessively small values of 𝛿max lead to computational
issues.
>>
>>
>>
>>

=

deltamax = 5e 4;
prob = coco_prob();
prob = iscrn_settings(prob);
prob = coco_set(prob, 'cont', 'ItMX', [0, 100]);

The function iscrn_settings is supplied in § 3.4.1, and we note here that the choice of 'NTST'
should be made carefully considering the guidance given there. After invoking iscrn_settings,
the following line instructs CoCo to perform continuation only in the forward direction with
respect to the primary continuation parameter. This setting prevents CoCo from moving the end
point x(𝑇Γ𝑠 ) backwards along w0 , per default settings.
The fundamental arc of 𝐼𝜃(Γ𝑠 ) is computed via the following commands.
>> prob = ode_isol2iscrn(prob, 'T0', @tube, @tube_DFDX, @tube_DFDP,...
sol0.tbp, sol0.xbp, p, sol0.p, sol0.w, [],...
' fund', {deltamax;
sol0.mu}, ' arc', {0, 20});
>> ISO{1} = coco(prob, 'Gs/arc00+', [], 1,...
{'tau', 'delta', 'x0_1', 'x0_2', 'l'},...
{[], [ 1, 1], [], [], []});

=

=

=

The string 'T0' is the identifier allocated to the trajectory segment x(𝑡), and will be used later
to read data from saved files. The solution structure sol0 from § 3.4.4 contains a numerical
approximation of Γ𝑠 , which is used as the initial solution for the BVP, as well as a copy of
the system parameters sol0.p. Additionally, sol0 contains the fields mu and w for the Floquet
multiplier 𝜇𝑠Γ𝑠 and vector w0 , respectively. These are passed to ode_isol2iscrn as above; to

compute the other branch of 𝐼𝜃(Γ𝑠 ) (on the other side of Γ𝑠 ) sol.w is multiplied by −1. The empty
array [] following this is a dummy variable that is ignored when the option '=fund' is invoked to
compute the fundamental domain. This option is followed by the cell array {deltamax; sol0.mu}

that supplies our choice of 𝛿max and the stable Floquet multiplier of Γ𝑠 . The option '=arc' instructs

CoCo to measure the arclength along the numerical approximation of 𝐼0(Γ𝑠 ) during continuation;
it must be followed by a cell array that contains the bounds, in terms of arclength, at which the
computation should stop when met. While we do not expect a large arclength to be covered by
the fundamental arc of 𝐼0(Γ𝑠 ), this option should be used nonetheless if one intends to measure
the arclength along subsequent arcs of 𝐼0(Γ𝑠 ).
The first argument of the call to coco, the string 'Gs/arc00+', names the directory in which
output files are stored. We advise using the format
〈isochron name〉〈isochron number〉/〈arc name〉〈arc number〉〈side〉,
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where 〈side〉 is either the string '=' or '+', to construct this name such that the output files for
each arc are sorted into directories of their respective isochron, and also not overwritten. The

post-processing functions provided in § 3.6 to read these files assume this format. The cell array of
continuation parameters {'tau', 'delta', 'x0_1', 'x0_2', 'l'} must be included, although

the final string may be omitted if the option '=arc' is not being used. The following cell array
of bounds for the continuation parameters {[], [=1, 1], [], [], []} is also required, even

though we are only concerned with setting the computational bounds of delta when computing
the fundamental arc of 𝐼𝜃(√︁
Γ𝑠 ). The constructor ode_isol2iscrn rescales both continuation
variables tau and delta by 𝜇𝑠Γ𝑠 𝛿max and 𝛿max , respectively. As a result, we set the computational
bounds on delta to ±1 instead of ±𝛿max . The rescaling of tau attempts to improve computational
stability by predicting the value of tau at√︁which delta = 𝛿max . True values for tau and delta
can be computed by multiplying each by 𝜇𝑠 𝛿max and 𝛿max , respectively.

We advise to check CoCo’s screen output, making sure that the continuation has terminated
with both a positive value of tau and delta = ±1, as below.
STEP
0
38

TIME
00:00:00
+00
00:00:02
02

=

||U||
1.3782e+01

LABEL
1

1.4112e+01

2

TYPE
EP

tau
0.0000e+00

EP

9.7594e 01

=

delta
0.0000e+00

=1.0000e+00

x0_1
4.7211e 01

x0_2

= =4.0244e=01
4.6565e=01 =3.8264e=01

l
0.0000e
2.0825e

Should the terminal value of tau be negative, then the computed fundamental domain s0 belongs
to the other branch of 𝐼0(Γ𝑠 ). The preceding commands should then be repeated, except that
prob = coco_set(prob, 'cont', 'ItMX', [100, 0]) should replace the appropriate line in

order to initiate backward continuation with respect to tau. If instead the terminal value for
delta has absolute value less than one, the above commands should also be repeated with a

higher value given for the non-zero number following 'ItMX'.
In addition to being saved to file, the above output is assigned to the variable ISO{1}, and
any continuation parameter may be extracted from ISO{1} using standard the CoCo function
coco_bd_col as below, where the final argument passed to this function is a string or cell array

of strings of names of the continuation parameters that one wishes to extract; the names of these
columns can be quickly queried via ISO{1}{1,:}, but this is beyond what this guide aims to
explain.
>> tau
= coco_bd_col(ISO{1}, 'tau');
>> delta = coco_bd_col(ISO{1}, 'delta');
>> x0
= coco_bd_col(ISO{1}, {'x0_1', 'x0_2'});

The change in the scaled orthogonal deviation delta from the linear approximation of 𝐼𝜃(Γ𝑠 ),
while the scaled distance along that linear approximation tau is varied, is viewed with the
following commands.
>> plot(tau, delta)
>> xlabel('tau')
>> ylabel('delta')

The short arc of 𝐼𝜃(Γ𝑠 ) computed while locating the fundamental domain is thus viewed by the
following commands.
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>> plot(x0(1,:), x0(2,:))
>> xlabel('x')
>> ylabel('y')

Alternatively, one may use the provided reader iscrn_read_arc instead of coco_bd_col to
extract this data; this function is covered in § 3.6.

Computing subsequent arcs of the isochron
Computing the further arcs of 𝐼0(Γ𝑠 ) is best achieved via the constructor ode_iscrn2iscrn.
This constructor passes the tangent vector to the continuation problem to ensure smoothness
along the boundaries of adjacent isochron arcs. In this section we show the computation of the
first and second arcs 𝐼01 (Γ𝑠 ) and 𝐼02 (Γ𝑠 ) of the isochron, using the results of the computation of

the fundamental arc 𝐼00 (Γ𝑠 ). These instructions may be altered to compute further arcs of 𝐼0(Γ𝑠 ).
We first choose a reasonable number of mesh points ntst for the trajectory segment x(𝑡)

that implement the map defining the isochron. As iscrn_settings turns the 'NAdapt' option
on the reader is advised to carefully set the 'NTST' and 'NTSTMX' settings as below. Specifically,
'NTST' should be set to match the actual number of mesh points used in the solution to start the

continuation, and 'NTSTMX' should be set as the desired maximum number of mesh points for
x(𝑡) as 𝑘 · ntst. Below we choose ntst as 50, which is relatively high for the observed geometric

complexity of this isochron. The second line extracts the true number of mesh points used
in the final solution of the previous continuation run, stored in the 'T0.iscrn.NTST' column
of ISO{1} at label number 2, using the post-processor function coco_bd_val. This string is

constructed as '`\mlplaceholder{object identifier}`.`\mlplaceholder{toolbox}`.NTST',
referring to the object identifier that we set in the call to ode_isol2iscrn in the paragraph on
the fundamental domain in § 3.4.5.
>>
>>
>>
>>
>>
>>

ntst
s_NTST
prob
prob
prob
prob
;
>> ISO{2}
{[

=
=
=
=
=
=

50;
coco_bd_val(ISO{1}, 2, 'T0.iscrn.NTST');
coco_prob();
iscrn_settings(prob);
coco_set(prob, 'coll', 'NTST', s_NTST, 'NTSTMX', ntst);
ode_iscrn2iscrn(prob, 'T1', 'Gs/arc00+', 'T0', 2, 'Gs/arc00+', 'T0', 2)

= coco(prob, 'Gs/arc01+', [], 1, {'tau', 'x0_1', 'x0_2', 'l'},...
0.1, 1], [ 1,1], [ 1,1], []});

=

=

=

The next two lines initialise the continuation problem and its settings, and the following line
sets the number of mesh points as described above. Specifically, for the first arc of 𝐼0(Γ𝑠 ) we
move the end point x(𝑇Γ𝑠 ) over the fundamental domain s0 . Since we use the time-𝑇Γ𝑠 map to
compute 𝐼0(Γ𝑠 ) we do increase the number of mesh points of the continuation problem. The call
to ode_iscrn2iscrn takes the continuation problem prob, followed by the object identifier T1
that identifies this construction. The following three inputs refer to the solution from which to
start the computation of the isochron, in this case the terminal solution of the fundamental arc.
Specifically, the directory storing the solution 'Gs/arc00+', the object identifier for the solution
'T0', and the label number of that solution 2. The final three input arguments refer again to

the terminal solution of the fundamental arc, but now to identify the solution s(𝑡) that defines
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the fundamental domain s0 . While these arguments are indeed not necessary to construct the
continuation problem for the first arc, all subsequent arcs of 𝐼0(Γ𝑠 ) append s(𝑡) to the end of
the terminal solution of the previous isochron arc in order to construct their starting solution.
The function coco initiates the continuation, and stores the output in ISO{2}, saving files to
'Gs/arc01+'. The arguments to this function are as is § 3.4.5, except for the exclusion of delta

and its corresponding bounds, as well as the addition of computational boundaries to tau. Again
tau is scaled such that its continuation should terminate when tau

= 1 and x(𝑇Γ𝑠 ) reaches
the end of s0 , while the left boundary is set past 0 to avoid the initial solution not converging.
Computational bounds on the arclength l of 𝐼0(Γ𝑠 ) are read from the previous solution, and
automatically passed to the constructor.
Constructing the second arc 𝐼02 (Γ𝑠 ) of the isochron is achieved via commands very similar to
those above, except that the number of mesh points should be increased. The first line below
shows the command required to extract the number of mesh points in the terminal solution stored
in ISO{2}. Note that we reference the object identifier 'T1' as set above to name the trajectory
segment that solves the BVP defining 𝐼01 (Γ𝑠 ). The continuation problem is then initialized,
and has its settings set, followed by the careful setting of the number of mesh points to be
used in computing the second arc of 𝐼0(Γ𝑠 ). We set the true number of mesh points 'NTST' as
k_NTST + s_NTST, the number of mesh points of the terminal solution in the previous arc added
to the number of mesh points in the terminal solution of the fundamental arc, respectively. Given
that we now use the time-2𝑇Γ𝑠 map to compute 𝐼0(Γ𝑠 ), we increase the maximum number of
mesh points to 2 · ntst.
k_NTST = coco_bd_val(ISO{2}, 2, 'T1.iscrn.NTST');
prob
= coco_prob();
prob
= iscrn_settings(prob);
prob
= coco_set(prob, 'coll', 'NTST', k_NTST + s_NTST, 'NTSTMX', 2 * ntst);
prob
= ode_iscrn2iscrn(prob, 'T2', 'Gs/arc01+', 'T1', 2,...
'Gs/arc00+', 'T0', 2);
>> ISO{3} = coco(prob, 'Gs/arc02+', [], 1, {'tau', 'x0_1', 'x0_2', 'l'},...
{[ 0.1, 1], [ 1,1], [ 1,1], []});

>>
>>
>>
>>
>>

=

=

=

In the call to ode_iscrn2iscrn we pass the continuation problem structure prob, and supply
the object identifier 'T2' of the trajectory segment that represents the new map for 𝐼02 (Γ𝑠 ).

The following three arguments refer to the terminal solution of the previous arc, which will be

concatenated with the terminal solution of the fundamental arc, as identified by the next three
arguments, to construct the initial solution for the continuation problem to compute 𝐼02 (Γ𝑠 ). The

following call to coco initiates continuation, storing output in ISO{3} and in files in the directory
'Gs/arc00+'. Its other arguments remain as explained above.

Subsequent arcs of 𝐼0(Γ𝑠 ) may be computed by repeating the commands above, but changing
arguments so that the terminal solution of the second arc of the isochron is used and the data is
stored in the appropriate directory. Care should be taken to update the number of mesh points
as specified. The other branch of 𝐼0(Γ𝑠 ) is likewise computed by following the instructions in
this section after changing the sign of the Floquet vector when computing the fundamental
domain, as discussed in § 3.4.5. A foliation of isochrons is computed by following these instruction
for each solution returned by ode_isol2flqt as described in § 3.4.4. Alternatively, the script
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isochron_foliaiton.m located in the folder iscrn/examples may be used to automate that
process.
To visualise the results of these computations, follow the directions at the end of the paragraph
on the fundametal domain in § 3.4.5, or see § 3.6.

3.5

Computing isochrons of a repelling focus
equilibrium

Isochrons may be defined and computed for focus-type equilibria such as the repellor 𝑞+
in region D; the required code discussed in this sections is in the file ep_backward_demo.m in
iscrn/toolbox/examples/tube. The approach of continuing the solution to a BVP defining the
time-𝑇𝑞 + map is identical to that for periodic orbits and the only difference lies in computing the
linear approximation of such isochrons. We now guide the reader through the computation of the
first three arcs of the zero-phase backward-time 𝑈0(𝑞+ ), which, notably, also is an example of

using the '=u' option of the iscrn toolboxes when computing backward-time isochrons. Given
the similarity in procedure and steps with those in § 3.4, we keep this section quite brief.

3.5.1

Computing the linear approximation of an isochron of the
focus

The function ep_bundle is used when computing a set of linear approximations of isochrons
of a focus equilibrium 𝑞 for phases 𝜃 stored in an array theta. This function constructs the
ellipse that represents a blow-up about 𝑞 [39], and returns the linear approximation in a structure
that mimics that returned by flqt_read_solution. The commands below return a cell-array of
structures sol given an array of phases theta.
>>
>>
>>
>>
>>
>>

theta
= 0 : (1 / 20) : 0.99;
Nphase = numel(THTlabs);
sol
= cell(Nphase, 1);
for phi = 1 : Nphase
sol{phi} = ep_bundle(@tube_DFDX, x0, p0, 5e 4, theta(phi));
end

=

Each call to ep_bundle requires the handle to the Jacobian with respect to the state variables
of the system, the equilibrium x0, the array of parameter values p0, a scaling variable for the
magnitude of the ellipse, and a phase theta(phi) for which the linear approximation of the
isochron is requested.

Computing an isochron
The initial solution requires a trajectory segment, in this case the steady-state solution, and
the linear approximation of the isochron as above. The real part 𝛼 of the equilibrium’s eigenvalues
𝜆𝑞+ = 𝛼 + 𝛽𝑖 are used in place of the Floquet multiplier 𝜇𝑠 for determining a scale on the linear

approximation of the isochron, while 𝑇𝑞 + is given by the complex part of the focus’ eigenvalues.
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While the subsequent computations follow those in § 3.4.5, we go over them here briefly as well
to demonstrate the use of the '=u' option used when computing backwards-time isochrons.

3.5.2

Computing the fundamental domain

For the computation of the fundamental arc 𝑈00 (𝑞+ ) of 𝑈0(𝑞+ ) in region D, and hence the

computation of the fundamental domain s0 of 𝑈0(𝑞+ ), we set deltamax as in § 3.4.5, and invoke
iscrn_settings. The next line instructs CoCo to perform continuation only in the forward

direction with respect to the primary continuation parameter.
>>
>>
>>
>>

=

deltamax = 5e 4;
prob = coco_prob();
prob = iscrn_settings(prob);
prob = coco_set(prob, 'cont', 'ItMX', [0, 100]);

The fundamental arc of 𝑈0(𝑞+ ) is computed via the following commands, where the arguments

for ode_isol2iscrn are as described in § 3.4.5 and the final option '=u' instructs the constructor
to reverse time of the vector field and its Jacobians; in other words, a backward-time isochron is
computed as a forward-time isochron of the time-reversed system.
>> prob = ode_isol2iscrn(prob, 'T0', @tube, @tube_DFDX, @tube_DFDP,...
sol.tbp, sol.xbp, p, sol.p, sol.w, [],...
' fund', {deltamax; sol.mu}, ' arc', {0, 20}, ' u');
>> ISO{1} = coco(prob, 'ep/arc00+', [], 1,...
{'tau', 'delta', 'x0_1', 'x0_2', 'l'},...
{[], [ 1, 1], [], [], []});

=

=

=

=

Likewise, the arguments given to coco are as in § 3.4.5, except that output files are instead
√
instructed to be saved to 'ep/arc00+'. Also, here the value of tau is rescaled as 𝛼 𝛿max . Again,
we advise the user to check CoCo’s screen output to make sure that the continuation has
terminated with positive values of tau and delta = ±1, as below.
STEP
TIME
0 00:00:00
55 00:00:04

||U||
1.1565e+01
1.0413e+01

LABEL
1
2

TYPE
EP
EP

tau
0.0000e+00
1.5742e+00

delta
2.2710e 02
1.0000e+00

=

x0_1
3.2526e 01
3.4932e 01

=
=

x0_2

=2.4137e=01
=2.6616e=01

l
5.2456e 05
3.4608e 02

=
=

Should the terminal value of tau be negative, then the computed fundamental domain
s0 is that of 𝑈0.5(𝑞+ ). The preceding commands should then be repeated, except that
prob = coco_set(prob, 'cont', 'ItMX', [100, 0]) should replace the appropriate line in
order to initiate backward continuation with respect to tau. If instead the terminal value for
delta has absolute value less than one, the above commands should also be repeated with a

higher value for the non-zero number following 'ItMX'.

3.5.3

Computing further arcs of 𝑈0(𝑞+ )

Computing the further arcs of 𝑈0(𝑞+ ) is achieved via the constructor ode_iscrn2iscrn, which
passes the tangent vector to the continuation problem to ensure smoothness across adjacent
isochron arcs. This constructor also passes the option '=u', and hence, this option is not required

for further arcs of 𝑈0(𝑞+ ). Instructions for the computation of a the foliation 𝒰 (𝑞+ ) of backwardtime isochrons of 𝑞+ are identical to those for the computation of ℐ (Γ𝑠 ) given in § 3.4.5. Note
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from the comments in iscrn_settings.m that the absolute tolerance and number of mesh points
required to compute 𝑈0.4(𝑞+ ) are reduced and increased, respectively, to ensure that CoCo’s
Newton solver converges; see also § 3.4.1. A visualisation of a computed foliation can be found in
§ 3.6.

3.6

Extracting isochron data

We provide post-processing functions to read solutions from an isochron continuation, as well
as a set of functions that process the isochron from the files stored in the data directory to which
CoCo saves output files, or a different directory in the MATLAB path. Each of these functions
assumes that such files are named in the format:
'〈isochron name〉〈isochron number〉/〈arc name〉〈arc number〉〈side〉'

This is indeed the case when following the instructions in this guide. Even when moving isochron
files out of the data directory, as long as they have the above format and are in the MATLAB
path, the post-processing functions discussed in this section will extract the data as desired.

Extracting trajectory segments
The trajectory segment that solves the time-𝑘𝑇 map associated with the isochron computation
for a given label is read from file by the post-processor iscrn_read_solution. The following
commands read the terminal solution of the fundamental arc on the isochron 'Gs/arc00+',
computed per instructions in § 3.4.5 and hence identified by 'T0' with terminal solution label 2.
>> sol = iscrn_read_solution('T0', 'Gs/arc00+', 2);

The resulting solution structure sol has a number of useful fields, including the representation
of x(𝑡) in the fields tbp and xbp, the state parameter values in the field p, the normalised
fundamental domain and its original length in the fields s and tau_max, and the true number of
mesh points used for this solution in NTST. Other fields are included in this structure, and they
are explained in the help section of iscrn_read_solution.

Extracting isochrons
The post-processing function iscrn_read_isochron extracts the one-dimensional curve representing the isochron as the union of the computed isochron arcs. In the example below we extract
one branch of the zero-phase isochron of ℐ (Γ𝑠 ) as computed following the instructions in § 3.4.5.

The isochron name format 'Gs/arc%02d+' is passed as the first argument, followed by the object
identifier format 'T\%d'. These strings are formatted as described in [65]. The final argument is

a cell array of names of continuation variables that the reader wishes to extract. In this case,
the coordinates of the isochron. The option '=trunc' indicates that either the 'initial' or
'final' points of each arc of the isochron should be truncated during concatenation, since the

first and last points on successive arcs of an isochrons are near identical.
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Figure 3.3: Left: The branch of the zero-phase isochron 𝐼0(Γ𝑠 ) (blue) in region D inside of Γ𝑠
(black) as computed in § 3.4.5. Right: Arclength along 𝐼0(Γ𝑠 ) in region D against its 𝑥-coordinate;
compare with § 2.8.5.
>> iscrn = iscrn_read_isochron('Gs/arc%02d+', 'T%d', {'x0_1', 'x0_2'},...
' trunc', 'initial');

=

The structure iscrn has a number of fields, of which iscrn is of primary interest. The requested
variables in the cell array can be accessed in iscrn.iscrn, which is returned as a matrix with

columns assigned to each variable requested. If the option '=arc' is used during computation,
the field l contains the computed arclength for each point along the isochron. Additional fields
include the periodic orbit via tpo and xpo, the trajectory segments defining the fundamental
domain tbp_s and xbp_s, state parameters in p, the stable Floquet multiplier and its Floquet

vector in mu and w, respectively, and the normalised fundamental domain and its original norm
in s and taumax, respectively, along with various other fields as documented in the help section
of iscrn_read_isochron.
Visualisation of this branch of 𝐼0(Γ𝑠 ), along with Γ𝑠 is achieved by the following commands,
together with a separate plot of the arclength of 𝐼0(Γ𝑠 ) against its 𝑥-coordinate.
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>

figure(1)
plot(iscrn.iscrn(:,1), iscrn.iscrn(:,2), 'b')
hold on
plot(iscrn.xpo(:,1), iscrn.xpo(:,2), 'k')
xlabel('x')
ylabel('y', 'rotation', 0)
figure(2)
plot(iscrn.iscrn(:,1), iscrn.l, 'b')
xlabel('x')
ylabel('l', 'rotation', 0)

The resulting plots are shown in figure 3.3.

Extracting arcs of isochrons
Particularly when troubleshooting an isochron computation, it may be useful to extract only
the data of a single arc with iscrn_read_arc. The example below extracts the fundamental arc
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of the zero-phase isochron of ℐ (Γ𝑠 ) as computed by following the instructions in § 3.4.5. The

isochron name 'Gs/arc00+' is passed as the first argument, followed by the object identifier
'T0', then a cell array of names of continuation variables that the reader wishes to extract, in

this case, the coordinates of the isochron.
>> arc = iscrn_read_arc('Gs/arc00+', 'T0', {'x0_1', 'x0_2'});

The structure arc contains similar fields as those of iscrn from § 3.6; information on further
fields is contained in the help section of iscrn_read_arc.

Extracting an entire isochron foliation
Extracting the data of a foliation of isochrons is achieved with iscrn_read_foliation. The
function takes very similar arguments to iscrn_read_isochron, except that the isochron name
must be formatted as in the example below. The following commands extract both sides of the
foliation ℐ (Γ𝑠 ) that is stored somewhere in MATLAB’s search path, in a directory with the
name format described in § 3.6. Specifically, the computed isochrons of the foliation ℐ (Γ𝑠 ) are

read from the po directory, with sub-directories iscrn%02d, arc%01d+ and arc%01d- storing the
isochrons 𝐼𝜃(Γ𝑠 ), and their arcs 𝐼𝜃𝑘 (Γ𝑠 ) for both sides, respectively.
>> GsP =
'
>> GsM =
'

iscrn_read_foliation('po/iscrn%02d/arc%01d+', 'T%d', {'x0_1', 'x0_2'},...
'initial');
iscrn_read_foliation('po/iscrn%02d/arc%01d+ ', 'T%d', {'x0_1', 'x0_2'},...
trunc', 'initial');

=trunc',

=

=

The output assigned to GsP and GsM are arrays of structures with fields similar to those of the
structure iscrn from § 3.6. Further details on the fields of these structures can be found in the
help section of iscrn_read_foliation.
A foliation of forward-time isochrons is visualised by the following commands; note that each
structure contained in the array GsP is accessed here with curved brackets rather than braces.
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>

figure(1)
plot(GsP(1).xpo(:,1), GsP(1).xpo(:,2), 'k')
hold on
for i = 1:length(fol)
plot(GsP(i).iscrn(:,1), GsP(i).iscrn(:,2),...
'Color', iscrn_map_forward((i
1) / length(GsP)))
end
xlabel('x')
ylabel('y', 'rotation', 0)
cmpf = iscrn_map_forward(0:1/100:0.99);
colormap(cmpf)
colorbar('Location', 'SouthOutside')

=

Each isochron is coloured accordingly to its phase by the function iscrn_map_forward, which
returns an rgb-value from the colour-map used throughout this paper when supplied with a
phase. A colour map is easily constructed by passing a linear array of phases between 0 and 1 to
the function, as in the third to last line above. MATLAB returns the left-hand plot in figure 3.4;
compare with figures 2.6 and 2.15.
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Figure 3.4: Two foliations of isochrons computed using the supplied script isochron_ foliation.
m . Left: Twenty forward-time isochrons (cyan–blue) of the foliation ℐ (Γ𝑠 ) of Γ𝑠 (black) in region D,

equally spaced in phase and coloured according to the colour bar. Right: Ten backward-time
isochrons (yellow–red) of the foliation 𝒰 (𝑞+ ) of 𝑞+ in region D, equally spaced in phase and
coloured according to the colour bar. Compare with § 2.8.5.

The commands required to extract the foliation 𝒰 (𝑞+ ) stored with the name format 'ep/

iscrn%02d/arc%01d+' are similar to those for periodic orbits, although the isochrons of equilibria

have only one side.
>> qPP = iscrn_read_foliation('ep/iscrn%02d/arc%01d+', 'T%d', {'x0_1', 'x0_2'},...
' trunc', 'initial');

=

The output assigns to qPP an array of structures with the same fields as GsP above. This foliation
of backward-time isochrons is visualised by the following commands.
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>

figure(2)
plot(qPP(1).xpo(:,1), qPP(1).xpo(:,2), 'k')
hold on
for i = 1:length(qPP)
plot(qPP(i).iscrn(:,1), qPP(i).iscrn(:,2),...
'Color', iscrn_map_backward((i
1) / length(qPP)))
end
xlabel('x')
ylabel('y', 'rotation', 0)
cmpb = iscrn_map_backward(0:1/100:0.99);
colormap(cmpb)
colorbar('Location', 'SouthOutside')

=

Again, each isochron is coloured according to its phase, with rgb-values for backward-time
phase returned by iscrn_map_backward. The resulting output is shown as the right-hand plot of
figure 3.4; compare with figures 2.6 and 2.15.

4
Isochron foliations of embedded
two-dimensional global manifolds
Periodic orbits of saddle type are commonly encountered in continuous-time dynamical systems
with phase spaces of dimensions larger than two. The stable and unstable invariant manifolds of
saddle periodic orbits are important objects for understanding the organisation of the overall
dynamics of a given system. In particular, codimension-one manifolds act as separatrices of the
flow. These global manifolds typically cannot be found analytically and, hence, must be computed
numerically; see, for example, [32, 33] for overviews of different computational approaches.
In this chapter we present a new way of computing the two-dimensional stable and unstable
invariant manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) of a saddle-type periodic orbit Γ×: we construct them
as the 𝜃-parametrised families in 𝜃 of the forward-time and backward-time isochrons 𝐼𝜃(Γ×)
and 𝑈𝜃(Γ×), respectively. In other words, 𝑊 𝑠(Γ×) is given by the foliation ℐ (Γ×) and 𝑊 𝑢(Γ×) by
the foliation 𝒰 (Γ×). This representation has the benefit of providing a natural two-dimensional
parametrisation of these manifolds in terms of the asymptotic phase 𝜃 and the arclength ℓ along the

isochrons. Hence, we are not only able to illustrate the geometry of the two-dimensional invariant
manifold under consideration, but we can also represent, at the same time, the synchronisation
properties on it as the periodic orbit Γ× is approached in forward or backward time. Indeed, the
geometry of the isochrons provides clues to the phase dynamics on the global invariant manifolds
𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) — globally and not just near Γ×.
More specifically, we present the isochron manifold algorithm, a modification of the planar
isochron algorithm that was discussed in chapter 3, to compute a suitably large subset of the
isochrons on a given two-dimensional global manifold in a larger ambient space. The presentation
and implementation is for vector fields in R3 , where both 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) are surfaces, but it
can also be used for systems in R𝑛 with 𝑛 ≥ 4 as long as the manifold itself is of dimension two.
Each isochron is computed up to a pre-specified arclength ℓ, and a mesh representing 𝑊 𝑠(Γ×)

and 𝑊 𝑢(Γ×) is then generated from the computed selection of isochrons of 𝐼𝜃(Γ×) and 𝑈𝜃(Γ×),
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respectively. In particular, the boundary of a thus computed surface lies at distance ℓ along each
isochron; extending computations for increasing arclength ℓ allows us to grow the manifold along
isochrons. The details of the computational set-up can be found in § 4.1.
Here, we use this approach to demonstrate with three different example systems how isochron
foliations can be used to compute, explore and visualise the global manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×)
of a saddle periodic orbit Γ×. In § 4.2 we present a constructed model in R3 with explicitly given
manifold and isochron geometry, which serves as a test case for the isochron manifold algorithm.
In § 4.3, then consider Sandstede’s model [56] in a regime previously illustrated briefly in [17,
Figs. 2(a) and 3(a)], where there is a saddle periodic orbit with orientable invariant manifolds;
we demonstrate the foliation by isochrons of its stable and unstable manifolds in this realistic
example, for which the geometry is not known beforehand. Finally, the so-called 𝜁 3 -model [3] is
used in § 4.4 that allows us to give an example of manifolds and associated isochron foliations of a
saddle periodic orbit on its nonorientable invariant manifolds. Specifically, we use the parameter
regime previously considered in [47] to investigate nonorientable global manifolds. These earlier
computations showed a small part of the global stable manifold near the periodic orbit. We
extend the computed part of the stable manifold past what has previously been illustrated. This
allows us to explore its complicated geometry in a more global sense, and how it relates to the
geometry of the isochron foliation. Together, these examples demonstrate that isochron foliations
provide a novel and powerful means of constructing the invariant manifolds of saddle periodic
orbits and understanding their geometry.

4.1

Computing the isochron foliation of a
two-dimensional invariant manifold

The planar isochron computation algorithm described in chapter 3 computes one-dimensional
isochrons that foliate a two-dimensional basin of attraction. In fact, the only reason that we
specifically refer to this algorithm as the planar isochron computation algorithm is because its
design does not account for the further degrees of freedom available in spaces with dimensions
larger than two. As has been suggested in [37], this algorithm may be extended to the computation
of isochrons that foliate non-planar two-dimensional stable manifolds, which can be viewed as
two-dimensional ‘basins of attraction’ of saddle objects; this applies similarly to two-dimensional
unstable manifolds (‘basins of repulsion’), or even other suitable invariant objects constrained to
a two-dimensional manifold. While the required changes to the planar algorithm may appear
straight-forward, careful consideration of the nature of two-dimensional invariant manifolds
proved to be necessary in this endeavour. In this section, we discuss only the modifications
necessary, chiefly to how the computation is set up and started, for the application of the planar
isochron computation algorithm to isochrons on a two-dimensional invariant manifold of a saddle
periodic orbit; here, we are assuming familiarity of the reader with the planar algorithm as
explained in considerable detail in chapter 3.

Computing the isochron foliation of a two-dimensional invariant manifold

4.1.1
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Constructing the fundamental domain

To compute the forward-time isochrons of a saddle-type periodic orbit Γ× on its stable manifold
𝑊 𝑠(Γ×), we need to account for the extra dimension of the system that one is working with — we
implemented Γ× ⊂ R3 , that is, one extra dimension; as before, backward-time isochrons on𝑊 𝑢(Γ×)

are computed in the same way by considering the vector field with reversed time.)

First we must decide how to orient the orthonormal basis that defines the coordinate system
locally at the base point 𝛾𝜃 under consideration. Specifically, any choice of basis that produces a
plane with a normal vector equal to the linear approximation w𝜃 of the isochron 𝐼𝜃(Γ×) of the
periodic orbit Γ× is suitable. However, choosing this coordinate system such that w𝜃 and one
of the other basis vectors are co-planar with the tangent vector of Γ× at 𝛾𝜃 ensures that these
two basis vectors span the stable eigenspace 𝐸𝜃𝑠(Γ×) of Γ× at 𝛾𝜃 . Hence, this plane lies has the
property that the two-dimensional stable manifold 𝑊 𝑠(Γ×) at 𝛾𝜃 is tangent to it. Given that the
tangent vector of Γ× at 𝛾𝜃 is defined by the instantaneous flow F(𝛾𝜃 ) = Φ(0, 𝛾𝜃 ), we may define
the second basis vector as the orthonormalisation
⃦
⃦
F(𝛾𝜃 ) · w𝜃
⃦ Φ⃦ Φ
w𝜃 .
⃦w𝜃 ⃦ w𝜃 = F(𝛾𝜃 ) −

‖F(𝛾𝜃 )‖

Note that w𝜃 is assumed to have unit length due to the boundary-constraint (3.3). In R3 , the
third and only additional basis vector is simply the normal vector to 𝐸𝜃𝑠(Γ×), given by
‖w𝜃 ‖ w𝜃N = w𝜃 × w𝜃Φ ,
and
also of unit
length, yielding the orthonormal and right-handed local coordinate system
(︁
)︁
⊥
Φ
N
w𝜃 , w𝜃 , w𝜃 at 𝛾𝜃 . In higher dimensions, that is, in R𝑛 , the 𝑛 − 2 normal vectors w𝜃 𝑗 may
be constructed through applying a Gram–Schmidt orthonormalisation scheme to the standard

basis of R𝑛 , where the chosen vectors w𝜃 and w𝜃Φ represent the first two dimensions of the new
orthonormal basis.

Figure 4.1 illustrates, for the implemented
case
in R3 of a saddle periodic orbit Γ× with
(︁
)︁

period 𝑇Γ×, how the coordinate system w𝜃 , w𝜃Φ , w𝜃N is used to construct a fundamental domain;

specifically, this sketch is for the computation of isochrons on the stable manifold 𝑊 𝑠(Γ×) of Γ×.
Panel (𝑎) shows the saddle-type periodic orbit Γ× with the constructed coordinate system at the
base point 𝛾𝜃 . Note how the tangent vector F(𝛾𝜃 ) = Φ(0, 𝛾𝜃 ) to Γ×, which is the eigenvector of the
trivial Floquet multiplier to Γ×, has been orthonormalised to obtain w𝜃Φ . Shown in Figure 4.1(𝑎)
are the projections of F(𝛾𝜃 ) onto both w𝜃 and w𝜃Φ , and all these vectors lie in the stable eigenspace
𝐸𝜃𝑠(Γ×) of Γ× at 𝛾𝜃 . Finally, w𝜃N is the normal vector to this plane, spanning the light-grey local
coordinate system at 𝛾𝜃 .

Figure 4.1(𝑏) shows the constructed (approximate) fundamental domain. The set-up is
effectively the same as for the planar case in figure 3.1: for a suitable 𝛿max , we consider the orbit
segment x𝜂w𝛿𝜃max
w𝜃 at some small
(𝑡) (purple curve) that terminates after time 𝑇Γ× at the point 𝜂𝛿max
distance from 𝛾𝜃 along the vector w𝜃 (the stable eigendirection of 𝛾𝜃 under the time-𝑇Γ× map).
In this higher-dimensional setting, we cannot expect that the point x𝜂w𝛿𝜃max
(0) lies in the plane
spanned by w𝜃 and w𝜃Φ , but rather, the start point x𝜂w𝛿𝜃max
(0) will now have a component along the
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(𝑎)
F(𝛾𝜃 )

𝐸𝜃𝑠(Γ×)

w𝜃N

w𝜃Φ

𝛾𝜃

w𝜃

Γ×

(𝑏)
x𝜂w𝛿𝜃(0])
max

𝐸𝜃𝑠(Γ×)

𝛿N

x𝜂w𝛿𝜃max
(𝑡)

𝛿max

s𝜃

𝛿Φ

𝐼𝜃(Γ×)

w𝜃Φ

x𝜂w𝛿𝜃max
(𝑇Γ×) 𝛾
𝜃

w𝜃
𝜂max

Γ×

w𝜃N

𝜂𝛿max

x𝜏s𝜃(0)

(𝑐)

𝐼𝜃(Γ×)

𝐸𝜃𝑠(Γ×)

s𝜃
x𝜏s𝜃(𝑡)
Γ×

x𝜏s𝜃(𝑇Γ×)

w𝜃Φ

w𝜃N

𝜏
w𝜃

𝛾𝜃

Figure 4.1: Modified set-up to compute the one-dimensional isochron 𝐼𝜃(Γ×) (light-blue) at 𝛾𝜃 ∈ Γ×

×
3
on the two-dimensional stable manifold of a saddle-type(︀periodic orbit
)︀ Γ (green) in R ; compare
Φ
N
with figure 3.1. Panel (𝑎) shows the orthonormal basis w𝜃 , w𝜃 , w𝜃 (dark-blue) at 𝛾𝜃 , and also
the tangent F(𝛾𝜃 ) of Γ× at 𝛾𝜃 . Panel (𝑏) illustrates the construction of the fundamental domain
s𝜃 (orange), and panel (𝑐) shows the orbit segment x𝜏s𝜃(𝑡) used to grow 𝐼𝜃(Γ×) by continuation in
𝜏 ∈ [0, 1] along s𝜃 .

normal vector w𝜃N . Therefore, we choose 𝛿max as the allowed maximal distance of the w𝜃 -axis.

The fundamental domain s𝜃 is then defined as the line segment between the starts and end

points of x𝜂w𝛿𝜃max
(𝑡), represented by the vector s𝜃 = x𝜂w𝛿𝜃max
(0) − x𝜂w𝛿𝜃max
(𝑇Γ×). This is a direct generalisation
3
to R of the construction of the fundamental domain for the planar case in chapter 3. The
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projected distances 𝛿 Φ and 𝛿 N of ⃦x𝜂w𝛿𝜃max
(0) − 𝛾𝜃 ⃦ in figure 4.1(𝑏), which are used in the algorithm
to measure aspects of the deviation of 𝐼𝜃(Γ×) from its linear approximation w𝜃 ; specifically,
⃦
⃦

⃦
⃦

𝛿 Φ is the orthogonal distance from w𝜃 in the plane 𝐸𝜃𝑠(Γ×), and 𝛿 N measures the orthogonal
deviation of 𝐼𝜃(Γ×) from 𝐸𝜃𝑠(Γ×); we call them the phase shear and the lift off of the isochron
𝐼𝜃(Γ×), respectively. We ensure that 𝛿max is chosen small enough so that the associated 𝛿 N is

sufficiently small as well. We find that the phase shear 𝛿 Φ remains relatively small in all of our
examples; this means, in practice, that 𝛿max ≈ 𝛿 N throughout.

The isochron algorithm now proceeds, per chapter 3, with the continuation of the orbit

segment x𝜂w𝛿𝜃max
(𝑡) to obtain a family of orbit segments x𝜏s𝜃(𝑡) whose end points x𝜏s𝜃(𝑇Γ×) lie at

(normalised) distances 𝜏 ∈ [0, 1] along the fundamental domain, that is, the vector s𝜃 . As
figure 4.1(𝑐) illustrates, the start point x𝜏s𝜃(0) then traces out the isochron 𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×).
When the end of s𝜃 , that is, the maximal distance 𝛿max is reached (𝜏 = 1), the algorithm switches
to the continuation of an orbit segment with integration time 2𝑇Γ×. The construction of the

required extended orbit segment is performed as described in chapter 3 by appending the orbit
x𝜂w𝛿𝜃max
(𝑡) that defines the fundamental domain s𝜃 .

Figure 4.1 illustrates the situation for an orientable manifold, but in R𝑛 with 𝑛 ≥ 3, the

manifold 𝑊 𝑠(Γ×) may be nonorientable; we will see an example of this in § 4.4. In this case, the
trajectory x𝜂w𝛿𝜃max
(𝑡) has start and end points on either side of the plane spanned by w𝜃Φ and w𝜃N ; in

particular, the line segment between these two points does not define a fundamental domain.
This issue is overcome by considering (multiples of) the second return time 2𝑇Γ× (defining the
double-cover of the time-𝑇Γ× map), rather than 𝑇Γ×, in the construction of the fundamental
domain and the running of the isochron algorithm.

Finally, we mention that the computational set-up for isochrons of foci in planar systems, as
presented in chapter 3, can be generalised in the same way to compute (isochron foliations on)
two-dimensional stable or unstable manifolds of saddle-foci in R𝑛 .

4.1.2

Rendering and visualising the manifold

Once a representative number of isochrons on the two-dimensional stable or unstable manifold
has been computed, this data can be used to render and visualise the respective manifold as a
surface in different ways. Indeed, the foliation of the two-dimensional manifold of an oscillator by
isochrons introduces a natural two-dimensional parametrisation that defines the point x(𝜃, ℓ) in
terms of its asymptotic phase 𝜃 and arclength ℓ from the base point 𝛾𝜃 along the isochron.

It is straightforward to render the computed isochrons with base points 𝛾𝜃 in R3 as curves

parametrised by ℓ. This already gives an impression of the two-dimensional manifold as a surface,
as well as the phase dynamics on it. However, it is less straightforward — yet highly desirable — to
visualise the manifolds directly as surfaces. This requires the construction of a suitable mesh,
that is a triangulation, that can be rendered; for example with MATLAB, ass is done throughout
this thesis.
Depending on the geometry of the manifold and of the isochrons on it, generating a mesh of
good quality may be a challenge. In light of the parametrisation property, a natural approach is to
use a uniform mesh in (𝜃, ℓ)-space, that is, a triangulation generated from the points x(𝜃𝑖 , ℓ𝑗 ) on
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the computed isochrons 𝐼𝜃𝑖(Γ×); here 0 ≤ 𝑖 ≤ 𝑁𝜃 and 0 ≤ 𝑗 ≤ 𝑁ℓ , for chosen mesh parameters 𝑁𝜃

and 𝑁ℓ . This works well near the periodic orbit when the vectors w𝜃𝑖 of the linear bundle of Γ×
are far from co-linear with the tangent vector F(𝛾𝜃𝑖 ), that is, the angle between w𝜃𝑖 and F(𝛾𝜃𝑖 ) is

(reasonably) close to 𝜋/2. However, as we will see with the examples later in the section, already
in this quite ideal local situation, such a type of mesh may be less suitable further away from Γ×
because of nonlinear effects; specifically, a very uneven distance may arise between neighbouring
computed isochrons as a function of their phase. The issue is that line segments between point
x(𝜃𝑖 , ℓ𝑗 ) and x(𝜃𝑖+1 , ℓ𝑗 ) may become very large, which leads to very obtuse (narrow) triangles
and, hence, a deterioration of the mesh quality.
To avoid the issue of obtuse triangles, we consider separate triangulations for the respective
strips between each two successive isochrons, which we also refer to as phase ribbons. More
optimal triangulations for such triangle strips are investigated in [67] and also in [41] in the context
of triangulated ruled-surfaces, where triangulated strips arise from piecewise-linear interpolation
between two discrete curves on a surface under consideration. Specifically, we attempt
to connect
(︁
)︁
a point x(𝜃𝑖 , ℓ𝑗 ) on 𝐼𝜃𝑖(Γ×) to the closest point on 𝐼𝜃𝑖+1(Γ×), which we denote by x 𝜃𝑖+1 , ℓ̃(𝑗 ) . For
each 𝑗, the corresponding point at arclength ℓ̃(𝑗 ) is determined by a search on the parametrised
computed curve 𝐼𝜃𝑖+1(Γ×). The triangulation of the respective phase ribbon is then generated
from these mesh points, and the surface rendered as the union of these ribbons.

We may take advantage of the representation of 𝑊 𝑠(Γ×) and/or 𝑊 𝑢(Γ×) as the union of
phase ribbons to illustrate and interpret the geometry of isochrons whilst also highlighting the
geometry of the manifold. This can be done in different ways, and in the examples later in this
chapter we employ two types of visualisation. Firstly, it is informative to use a colour palette for
these phase ribbons in terms of the phase 𝜃 such as the shades of some chosen colour; this gives
a good representation of the phase information. Secondly, we represent successive ribbons on
the manifold alternatingly transparent and shaded by asymptotic phase; the contrast between
successive phase ribbons, in combination with a see-through effect due to this transparency,
provides additional insights into the interplay between the geometry of the manifold and the
isochron foliation on it.

4.2

A constructed model as test-case example

We now present a constructed example with a saddle periodic orbit Γ×, such that we know
analytically some properties of its stable and unstable invariant manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×).
Namely, we consider the modification of the three-dimensional Hopf normal-form given by
⎧
𝑥2 + 𝑦 2
⎪
⎪
⎪
𝑥
˙
=
𝛽𝑥
−
1
−
𝜅𝑧
𝜔𝑦
+
𝜎𝑥
,
(
)
⎪
⎪
1 − 𝜁𝑧
⎨
2

2

𝑥 +𝑦
⎪
⎪
𝑦˙ = (1 − 𝜅𝑧 ) 𝜔𝑥 + 𝛽𝑦 + 𝜎𝑦
,
⎪
⎪
1 − 𝜁𝑧
⎪
⎩
𝑧˙ = 𝛼𝑧.

(4.1)
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The cylindrical-polar form of (4.1) is
⎧
)︃
(︃
2
⎪
𝑟
⎪
⎪
⎪
𝑟,
𝑟˙ = 𝛽 + 𝜎
⎪
⎨
1 − 𝜁𝑧
⎪
𝜓˙ = (1 − 𝜅𝑧 )𝜔,
⎪
⎪
⎪
⎪
⎩

(4.2)

𝑧˙ = 𝛼𝑧,

Here 𝑥 + 𝑖𝑦 = 𝑟𝑒2𝜋𝑖𝜓 , meaning that 𝑟 =

√︀

𝑥2 + 𝑦 2 is the radius and 𝜓 is the polar angle. Indeed,

one obtains the Hopf normal form [36] simply by setting 𝜅 = 0, 𝜁 = 0, and 𝛼 = 0; the equations
for 𝑧˙ in (4.1) and (4.2) then decouple, and the respective first two equations are the planar
normal-form of the Hopf bifurcation. Notice further that the (𝑥, 𝑦 )-plane given by 𝑧 = 0 is
invariant, and that (4.1) and (4.2) likewise reduce to the planar Hopf normal-form this invariant
plane. Hence, a circular periodic orbit Γ with radius 𝑟Γ =

√︀

|𝛽/𝜎| emerges from the equilibrium 0

at the origin in a Hopf bifurcation at 𝛽 = 0. The stability of 0 in the (𝑥, 𝑦 )-plane is determined
by the sign of 𝛽, switching from stable to unstable at the Hopf bifurcation as 𝛽 becomes positive.
The periodic orbit Γ only exits when 𝛽𝜎 < 0; that is, the parameter 𝜎 = ±1, determines whether
the periodic orbit exists for positive or negative values of 𝛽, and additionally whether Γ is stable
or unstable, respectively.
The equation for 𝑧˙ implies that the vector field in R3 has a non-zero component (for non-zero
𝛼) in the orthogonal direction of the invariant (𝑥, 𝑦 )-plane of (4.1), except on this plane itself
where 𝑧 = 0; in particular, the (𝑥, 𝑦 )-plane is attracting for negative and repelling for positive 𝛼.
Hence, the stability of Γ in R3 is determined by the two parameters 𝛼 and 𝜎; keeping in mind
that Γ only exist when 𝛽𝜎 < 0. If 𝛼 and 𝜎 have the same sign then Γ is attracting or repelling.
Hence, to ensure that Γ is of saddle type, we require that 𝛼 and 𝜎 have opposite signs. Specifically,
for a saddle periodic orbit Γ× with 𝛼 > 0, 𝛽 > 0, 𝜎 < 0, the invariant (𝑥, 𝑦 )-plane without 0 is
the stable manifold 𝑊 𝑠(Γ×), and when 𝛼 < 0, 𝛽 < 0, 𝜎 > 0, it is the unstable manifold 𝑊 𝑢(Γ×).
For 𝜁 = 0, there exists a second explicitly given invariant manifold: the cylinder 𝑥2 + 𝑦 2 =
−𝛽/𝜎 (= 𝑟Γ2 ), which is orthogonal to the (𝑥, 𝑦 )-plane and intersects it in the the periodic orbit
Γ× (with radius 𝑟Γ×). The fact that this cylinder is invariant follows from the fact that it is
given by the 𝑟-nullcline, to which the flow is tangent since the equations for 𝑧˙ and 𝜓˙ in (4.2) are
decoupled; note that this is true for 𝜁 = 0 and any value of 𝜅. Hence, the invariant cylinder is
𝑊 𝑢(Γ×) or 𝑊 𝑠(Γ×), when 𝜁 = 0 we refer to Γ× as the standard saddle periodic orbit. For 𝜁 ̸= 0,
the second invariant manifold is no longer given explicitly and needs to be found numerically;
note, in particular, that the flow is transverse in the 𝑧-direction, that is, not tangent to the
𝑟-nullcine given by 𝑟2 = 𝑥2 + 𝑦 2 = (𝜁𝑧 − 1)𝛽/𝜎 when 𝜁 ̸= 0. For small 𝜁 and locally near Γ×, this

invariant manifold is a perturbation of the cylinder for 𝜁 = 0; however, as we will see in § 4.2.3,
its global properties are quite different and has the chape of a funnel; this is why we refer to Γ×
when 𝜁 ̸= 0 as a funnel saddle periodic orbit.

Notice further from (4.1) that (for any choices of the parameters) the angular velocity 𝜓˙

about the origin is constant in planes of fixed 𝑧 = 𝑐𝑜𝑛𝑠𝑡; for 𝑧 = 0, it is equal to 𝜔. In other
words, the system is invariant under any rotation about the 𝑧-axis, which manifests itself by the
˙ In particular,
fact that the equations for 𝑟˙ and 𝑧˙ of system (4.2) are decoupled from that for 𝜓.
the global invariant manifolds of the origin 0 (when it is a saddle) are a disc in the (𝑥, 𝑦 )-plane
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and the invariant 𝑧-axis; which of these is the stable and which the unstable manifold is again
determined by the signs of 𝛼, 𝛽, 𝜁 and 𝜎. This rotational invariance about the 𝑧-axis also means
that the isochron 𝐼𝜃1(Γ×) ⊂ 𝑊 𝑠(Γ×) maps to the forward-time isochron 𝐼𝜃2(Γ×) ⊂ 𝑊 𝑠(Γ×) under
mere rotation by the angle 𝜃2 − 𝜃1 ; the same statement is true for two backward-time isochrons
𝑈𝜃1(Γ×), 𝑈𝜃2(Γ×) ⊂ 𝑊 𝑢(Γ×).

4.2.1

Overview of investigation

Any basin of attraction or repulsion of an invariant object for which they are defined is foliated
by its isochrons. Consequently, for the case of saddle periodic orbits, their stable and unstable
invariant manifolds are respectively foliated by their forward-time and backward-time isochrons;
this follows from the fact that the periodic orbit is an attractor and a repellor, respectively,
when the flow is restricted to the invariant manifold. We now use the constructed example (4.1)
to predict, compute and explain the geometry of the isochrons of its saddle periodic orbit.
Specifically, from now on, we fix the Hopf normal-form parameters to (𝛽, 𝜎, 𝜔, 𝛼) = (4, −1, 2, 1).

Then system (4.1) has the saddle periodic orbit Γ× of radius 2, whose stable manifold 𝑊 𝑠(Γ×)
is the (𝑥, 𝑦 )-plane without the origin; its unstable manifold 𝑊 𝑢(Γ×) is the invariant cylinder
discussed above. The equilibrium 0 is a source. We consider different values of the perturbing
parameters 𝜁 and 𝜅, to examine the geometry of both forward-time isochrons 𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×)
and backward-time isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×), and their relationship with the geometry of the
foliated manifolds.

We first consider, in § 4.2.2, the standard saddle periodic orbit Γ× for 𝜁 = 0; here, 𝑊 𝑢(Γ×)
is the cylinder of constant radius, and we consider the influence of the parameter 𝜅 on the
foliation of 𝑊 𝑢(Γ×) by computed backward-time isochrons. We then consider, in § 4.2.3, the case
of non-zero 𝜁, when Γ× is a funnel saddle periodic orbit. For this geometrically more elaborate
case, we consider how 𝑊 𝑢(Γ×) can be constructed from computed backward-time isochrons for
both 𝜅 = 0 and for non-zero 𝜅. For reasons that become apparent in the following sections, we
describe phase portraits where 𝜅 is non-zero as twisted. For the standard and funnel cases of
Γ×, without and with twisting, we first discuss what is known analytically about dynamics and
isochrons of system (4.1), and then show the results of our computations of isochron foliations.
We briefly discuss, in § 4.2.4, the properties and performance of the isochron manifold algorithm.

4.2.2

The standard saddle periodic orbit

For 𝜁 = 0, the periodic orbit Γ× of system (4.1) is the intersection set of the (𝑥, 𝑦 )-plane,
which (without the repelling equilibrium 0) forms 𝑊 𝑠(Γ×), and the straight cylinder given by
𝑥2 + 𝑦 2 = 𝑟Γ2× = 4, which forms 𝑊 𝑢(Γ×). Moreover, in the (𝑥, 𝑦 )-plane the dynamics is rotation

with frequency 𝜔 irrespective of the radius 𝑟, which means that each forward-time isochron

𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×) is the straight ray from the origin in the (𝑥, 𝑦 )-plane through the point 𝛾𝜃 ∈ Γ×.
When additionally 𝜅 = 0 then the rate of rotation 𝜓˙ does not change with 𝑧 either, which means
that each isochron 𝑈𝜃(Γ×) on the cylinder 𝑊 𝑢(Γ×) is a vertical straight line in the through the
point
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(𝑎)

(𝑏)

𝑊 𝑢(Γ×)

𝑈𝜃𝑗 (Γ×)

Γ×

Γ×

𝑊 𝑠(Γ×)

𝐼𝜃𝑗 (Γ×)

𝜃
Figure 4.2: The invariant manifolds of the standard saddle periodic orbit Γ× (green) of system (4.1)
for 𝜁 = 𝜅 = 0. Panel (𝑎) shows the manifolds 𝑊 𝑠(Γ×) (blue) and 𝑊 𝑢(Γ×) (red). Panel (𝑏) additionally
shows 25 isochrons 𝐼𝜃𝑗 (Γ×) and 𝑈𝜃𝑗 (Γ×) of the forward-time and backward-time isochron foliations
ℐ (Γ×) and 𝒰 (Γ×), respectively. These isochrons are uniformly spaced in 𝜃 and coloured according to

their phase as indicated in the colour bars at the bottom of the figure.

𝑝ℎ𝑎𝑠𝑒𝑝𝑜𝑖𝑛𝑡𝜃 ∈ Γ×; this follows from the fact that, for 𝜅 = 0, the time-𝑇Γ× map preserves any

plane with 𝜃 = 𝑐𝑜𝑛𝑠𝑡. Figure 4.2 illustrates this situation in (𝑥, 𝑦, 𝑧 )-space, where the 𝑧-direction

is the vertical. Here panel (𝑎) shows the periodic orbit Γ× (green curve) and its two manifolds
𝑊 𝑠(Γ×) (blue surface) and 𝑊 𝑢(Γ×) (red surface), and panel (𝑏) also shows their foliations by ℐ (Γ×)

and 𝒰 (Γ×), respectively, as represented by 25 isochrons whose phase is given by the colour bar.

We stress that these global manifolds and the respective isochrons are drawn from the analytical
information about system (4.1).

When 𝜅 ̸= 0, the dynamics in the invariant (𝑥, 𝑦 )-plane of system (4.1) is unaffected; hence,

the isochrons 𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×) remain straight rays from 0 in this plane. However, while the

geometry of the cylinder 𝑊 𝑢(Γ×) is not affected by changes in 𝜅, the dynamics on this unstable
manifold are. For 𝜅 ̸= 0, the angular velocity about the 𝑧-axis, as given by the equation for 𝜓˙

in (4.2), changes linearly with 𝑧 linearly away from 𝜔. For 𝜅 > 0, the effective angular velocity
is larger for 𝑧 < 0 and smaller for 𝑧 > 0; thus, the trajectories on 𝑊 𝑢(Γ×) lag behind Γ× above
the (𝑥, 𝑦 )-plane, while below it, they move increasingly faster than Γ× in terms of polar angle 𝜓.
As a result of this linear decrease/increase of the angular velocity with 𝑧, the backward-time
isochrons 𝐼𝜃(Γ×) ∈ 𝑈𝜃(Γ×) are no longer straight lines but spirals — specifically, helices each with
slope 𝜔/𝜅 at Γ× — that together form the cylinder 𝑊 𝑠(Γ×).

We now employ the isochron computation algorithm for saddle periodic orbits in R3 to
compute the global invariant manifolds of the standard saddle periodic orbit Γ×. Specifically, we
compute and show 25 forward-time and 25 backward-time isochrons that are uniformly distributed
in phase with arclength ℓ ≤ 10; this number is kept quite low for illustration purposes. The
results for 𝜅 = 0 and for 𝜅 = 0.5 are shown in (𝑥, 𝑦, 𝑧 )-space in figure 4.3. Here, the computed
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(𝑎1)

(𝑎2)

𝑊 𝑢(Γ×)

Γ×

Γ×

ℐ (Γ×) = 𝑊 𝑠(Γ×)

𝑊 𝑠(Γ×)

(𝑏1)

(𝑏2)

𝑊 𝑢(Γ×)

𝒰 (Γ×) = 𝑊 𝑢(Γ𝑠 )

Γ×

Γ×

𝑊 𝑠(Γ×)

𝒰 (Γ×) = 𝑊 𝑢(Γ𝑠 )

ℐ (Γ×) = 𝑊 𝑠(Γ×)

𝜃
Figure 4.3: Computed isochrons on the global invariant manifolds of the standard periodic orbit
Γ× (green curve) of system (4.1) with 𝜁 = 0, and for 𝜅 = 0 in row (𝑎), and for 𝜅 = 0.5 in row (𝑏).
The left column shows the manifolds 𝑊 𝑠(Γ×) (cyan–blue surface) and 𝑊 𝑢(Γ×) (yellow–red surface)
up to arclength ℓ ≤ 10 and shaded according to the phase 𝜃 of the isochrons in the foliations ℐ (Γ×)
and 𝒰 (Γ×), respectively. The right column shows the same manifolds now divided into alternating
shaded and transparent phase ribbons of phase width ∆𝜃 = 1/25. Colour bars at the bottom of the
figure indicate the relation between phase and shade. Compare row (a) with figure 4.2.
isochrons are also used to render the manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) as surfaces, which is achieved
by generating a triangulation from neighbouring computed isochrons. In this way, the overall
triangulation is closely associated with the natural parametrisation of the respective manifold by
the phase 𝜃 and the arclength ℓ along isochrons; see § 4.1.2 for further details.
Row (a) of figure 4.3 illustrates the untwisted case with 𝜅 = 0. As predicted by our analysis
of system (4.1), the computed forward-time isochrons 𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×) are rays from the origin 0;
and the backward-time isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) are vertical straight lines. Panel (𝑎1) shows

𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) as surfaces rendered from the respective 25 computed isochrons, where
colour is used to indicate the associated phase on the two manifolds. Panel (𝑎2) illustrates the
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geometry of, and the phase information on 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) by showing alternating by shaded
and transparent phase ribbons, each of which has a phase width of ∆𝜃 = 1/25. This highlights
the computed isochrons as the curves along which the colour changes and, moreover, creates
“a see-through” effect that enhances the three-dimensional nature of the image. This type of
illustration also highlights where isochrons are closer to or further away from each other in
Euclidean distance in phase space, which indicates slower or faster dynamics along trajectories in
the respective regions on the invariant manifold. Comparison of row (𝑎) with figure 4.2 indeed
demonstrates excellent agreement with the analytically rendered manifolds and isochrons.
Row (𝑏) of figure 4.3 shows, in the same way, the computed isochrons for the twisted case
with 𝜅 = 0.5. As predicted by the theory, there is no change to the forward-time isochrons
𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×), resulting in an identical representation of 𝑊 𝑠(Γ×) in panels (b1) and (b2)
compared to panels (a1) and (a2). However, the backward-time isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) are

now twisted, owing to the linear dependence of the rotation speed on 𝑧; this is very visible in
panel (b2), where the phase ribbons now spiral around 𝑊 𝑢(Γ×). We stress that this manifold has
been rendered as the union of the 25 spiralling phase ribbons bounded by neighbouring computed
isochrons. As explained in § 4.1.2, the triangulation for each ribbon is computed by connecting
mesh points on bounding isochrons that are closest to each other (in Euclidean distance) in

(𝑥, 𝑦, 𝑧 )-space. When the geometry of the isochrons and/or the manifold is more complicated, as
for this twisting case, this approach generates a mesh of better quality (less obtuse triangles)
compared to simply connecting points with the same arclength ℓ. Comparison of the rendered
surfaces 𝑊 𝑢(Γ×) in row (b) with those of row (a) and in figure 4.3 illustrates that this manifold
is computed and rendered accurately as the cylinder of radius 2, in spite of the spiralling nature
of the isochrons on it.

4.2.3

The funnel saddle periodic orbit

We now change the geometry of the unstable manifold 𝑊 𝑢(Γ×) by setting 𝜁 ̸= 0, that is,
we consider the funnel case of the periodic orbit Γ×. As was already discussed in § 4.2, there
is now no analytical expression for 𝑊 𝑢(Γ×) and it must be found numerically. Notice from the
equation for 𝑟˙ of (4.2) that the flow in the 𝑟-direction blows up for 𝑧 → 1/𝜁 , while it remains
bounded in the 𝑧-direction. This means that the manifold 𝑊 𝑢(Γ×) approaches the plane with

𝑧 = 1/𝜁 . For 𝑧 → ±∞, on the other hand, 𝑟˙ is bounded, while 𝑧˙ → ±∞; hence 𝑊 𝑢(Γ×) become
practically vertical for large |𝑧|. These asymptotic properties are why we refer to 𝑊 𝑢(Γ×) as a

funnel. As we found for the standard periodic orbit in § 4.2.2, when 𝜅 = 0, the isochron 𝑈𝜃(Γ×)
is the intersection of the funnel with the half-plane of angle 𝜓 = 𝜃 with respect to the positive
real axis. For the twisted case 𝜅 ̸= 0, on the other hand, the isochrons in 𝒰 (Γ×) spiral around
this same funnel.

Figure 4.4 shows the surfaces 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) in (𝑥, 𝑦, 𝑧 )-space of the funnel saddle
periodic orbit Γ× of system (4.1) with 𝜁 = −1/11, as computed with our isochron computation
algorithm for 𝜅 = 0 in row (a) and for the twisted case with 𝜅 = 0.5 in row (b). The surfaces

have been rendered again from 25 forward-time and 25 backward-time isochrons, respectively,
which are uniformly distributed in phase; the manifolds are shown in the region of interest given
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(𝑎1)

(𝑎2)

Γ×

Γ×

𝑊 𝑠(Γ×)

ℐ (Γ×) = 𝑊 𝑠(Γ×)

𝒰 (Γ×) = 𝑊 𝑢(Γ×)

𝑊 𝑢(Γ×)

(𝑏2)

(𝑏1)

Γ×

Γ×
𝑊 𝑠(Γ×)

ℐ (Γ×) = 𝑊 𝑠(Γ×)

𝒰 (Γ×) = 𝑊 𝑢(Γ×)

𝑊 (Γ )
𝑢

×

𝜃
Figure 4.4: Computed isochrons on the global invariant manifolds of standard periodic orbit
Γ× (green curve) of system (4.1) with 𝜁 = −1/11, and for 𝜅 = 0 in row (𝑎), and for 𝜅 = 0.5 in row (𝑏).
The left column shows the manifolds 𝑊 𝑠(Γ×) (cyan–blue surface) and 𝑊 𝑢(Γ×) (yellow–red surface)
up to arclength ℓ ≤ 10 and shaded according to the phase 𝜃 of the isochrons in the foliations ℐ (Γ×)
and 𝒰 (Γ×), respectively. The right column shows the same manifolds now divided into alternating
shaded and transparent phase ribbons of phase width ∆𝜃 = 1/25. Colour bars at the bottom of the
figure indicate the relation between phase and shade.

by 𝑟 =

√︀

𝑥2 + 𝑦 2 ≤ 15 and −11 ≤ 𝑧 ≤ 8. The style of presentation is as in figure 4.3 with

panels (a1) and (b1) showing the phase on 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) with a continuous colour bar,
while panels (a2) and (b2) show alternatingly coloured phase ribbons. The triangulations of these
ribbons is again generated by connecting mesh point on neighbouring isochrons that are closest
to one another; see § 4.1.2.
Row (𝑎) of figure 4.4 shows the untwisted case with 𝜅 = 0. Again, as per the analysis
of system (4.1), the stable manifold 𝑊 𝑠(Γ×) is the (𝑥, 𝑦 )-plane (without the origin 0) and
the computed forward-time isochrons 𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×) are rays from0. The unstable manifold

𝑊 𝑢(Γ×), on the other hand, is no longer a straight cylinder, but has the predicted characteristic
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funnel shape: it approaches the asymptotic plane defined by 𝑧 = 1/𝜁 = −11 and does not
exist for 𝑧 ≤ −11. Since 𝜅 = 0, the backward-time isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) are curves with

fixed polar angle 𝜓 for any 𝑧 > −11, as is illustrated by the phase ribbons in panel (a2). For
𝜅 = 0.5, the geometry of the manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) is the same, but the backward-time
isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) now spiral around the funnel 𝑊 𝑢(Γ×). Notice that the rotation is

very pronounced where the funnel is narrow, that is, close to the straight cylinder, but comes to
a halt as the isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) approach the asymptotic plane; see panel (b2). This

observation is explained by the blow-up of 𝑟˙ as 𝑧 → 1/𝜁 = −11 (while 𝑧˙ is bounded for 𝑧 = −11).
Comparison of figure 4.4 with figure 4.3 shows that, locally near Γ×, the surface 𝑊 𝑢(Γ×) for

𝜁 = −1/11 is a perturbation of the cylinder 𝑊 𝑢(Γ×) for 𝜁 = 0; moreover, for either value of

𝜅, the isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) for 𝜁 = −1/11 are close to those for 𝜁 = 0 near Γ×. As for
the standard saddle periodic orbit, we find that 𝑊 𝑢(Γ×) is computed accurately, irrespective

of whether the isochrons spiral or not. Indeed, there are no discernible differences as surface,
between the two manifolds 𝑊 𝑢(Γ×) for 𝜅 = 0 in row (a) and 𝑊 𝑢(Γ×) for 𝜅 = 0.5 in row (b)
of figure 4.4; more precisely, the difference between the two triangulations is on the order of the
interpolation error between mesh points. We remark that, for the case of spiralling isochrons in
row (𝑏), it is again important to generate a triangulation between points that are close to each
other in (𝑥, 𝑦, 𝑧 )-space; otherwise, obtuse triangles may lead to a poorer overall mesh quality
and even artefacts.

4.2.4

Some conclusions from the test-case model

System (4.1) is quite special in a number of ways: it is invariant under any rotation about
the 𝑧-axis, the (𝑥, 𝑦 )-plane (with 𝑧 = 0) is invariant and the restriction to the (𝑥, 𝑦 )-plane is the
Hopf normal-form. This constructed model is in the spirit of planar models proposed by Winfree
[72], which are also related to the Hopf normal-form — yet they allow for some limited control of
the properties of isochrons. The new aspect is that system (4.1) allows us to change the geometry
of the unstable manifold 𝑊 𝑢(Γ×) via the parameter 𝜁, as well as the amount of spiralling of
the isochrons round 𝑊 𝑢(Γ×) via the parameter 𝜅. Note that, due to the rotational symmetry,
𝑊 𝑢(Γ×) is a surface of revolution about the 𝑧-axis for any choice of 𝜁 and 𝜅, and isochrons of the
foliations ℐ (Γ×) and 𝒰 (Γ×) map to one another under a rotation.

While system (4.1) is not generic, it nevertheless allowed us to demonstrate that the isochron

manifold algorithm is able to find and render two-dimensional stable and unstable manifolds
reliably and accurately as surfaces by computing a suitable subset of the respective isochron
foliation. Furthermore, the rendering by differently coloured and transparent phase ribbons
brings out different aspects of the geometry of the respective two-dimensional stable or unstable
invariant manifolds. Moreover, computing such global invariant manifold via isochrons allows
us to readily determine and visualise asymptotic phase information as the saddle periodic orbit
Γ× is approached in both forward and backward time. In this way, synchronisation properties
of trajectories are highlighted, which provides a different point of view of the geometry of, and
dynamics on these two-dimensional manifolds. We will see in the next sections that this is,
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indeed, also the case for saddle periodic orbits in model systems without any special (symmetry)
properties.

4.3

Orientable manifold in Sandstede’s model

As an example of a system without special symmetry properties we consider a system designed
by Sandstede [56] to explore different types of homoclinic bifurcations; see, for example, [1, 17,
18, 46] for examples of numerical investigations of different global bifurcations in this system.
Sandstede’s model is given as the three-dimensional vector field
⎧
⎪
𝑥˙ = 𝑎𝑥 + 𝑏𝑦 − 𝑎𝑥2 + 𝑥(2 − 3𝑥)(𝜇˜ − 𝛼𝑧 ),
⎪
⎪
⎪
)︁
⎨
3 (︁

𝑏𝑥2 + 𝑎𝑥𝑦 − 2𝑦 (𝜇˜ − 𝛼𝑧 ),
2
)︁
(︁
= 𝑐𝑧 + 𝜇𝑥 + 𝛾𝑥𝑧 + 𝛼𝛽 𝑥2 (1 − 𝑥) − 𝑦 2 .

𝑦˙ = 𝑏𝑥 + 𝑎𝑦 −

⎪
⎪
⎪
⎪
⎩ 𝑧˙

(4.3)

Its different parameters allow one to select different types of homoclinic bifurcations. We use
(4.3) here merely to select a saddle periodic orbit Γ× that is generic (without additional special
properties) and orientable, meaning that its two-dimensional stable and unstable manifolds are
topological cylinders/annuli near Γ×. More specifically, based on previous information in [17, 18],
we choose the parameter setting (𝑎, 𝑏, 𝑐, 𝛼, 𝛽, 𝛾, 𝜇, 𝜇˜ ) = (0.22, 1.0, −2.0, 0.3, 1.0, 2.0, 0.004, 0.0),
for which system (4.3) has a saddle periodic orbit Γ× with an orientable stable manifold 𝑊 𝑠(Γ×).
More specifically, Γ× is quite close to a homoclinic bifurcation of the origin 0, which is a saddle
point “outside” 𝑊 𝑠(Γ×). As we will show, the unstable manifold 𝑊 𝑢(Γ×) of Γ× is bounded by the
one-dimensional unstable manifold 𝑊 𝑢(0) as well as an attracting periodic orbit Γ𝑠 . Nearby is a
second saddle equilibrium 𝑝 with a one-dimensional stable manifold 𝑊 𝑠(𝑝 ) that is “surrounded”
by Γ𝑠 . We compute and render 𝑊 𝑠(Γ×) with our isochron manifold algorithm and explore its
interesting geometry via the nature of its isochron foliation; other invariant objects are computed
with standard continuation techniques, with the package AUTO [15].
Figure 4.5 shows the situation near Γ× in (𝑥, 𝑦, 𝑧 )-space the stable manifold 𝑊 𝑠(Γ×) has been
rendered from 200 computed forward-time isochrons 𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×) of arclength ℓ = 5 that are
equally spaced in phase; to focus on the neighbourhood near Γ×, the surface 𝑊 𝑠(Γ×) has been

clipped at the top, namely at 𝑧 = 3; we also plot 0, 𝑊 𝑢(0), 𝑝, 𝑊 𝑠(𝑝 ) and Γ𝑠 . As in § 4.2, we show
𝑊 𝑠(Γ×) rendered with asymptotic phase shown in colour in panel (a), and with alternatingly
shaded and transparent ribbons of phase width ∆𝜃 = 1/50 in panel (b). Notice that the distinctive
funnel shape of 𝑊 𝑠(Γ×) near Γ×, is quite similar to that of the unstable manifold 𝑊 𝑢(Γ×) of
system (4.1); see figure 4.4 (where the phase colour bar can also be found). More specifically,
the top part of 𝑊 𝑠(Γ×) is seen to narrow in figure 4.5 and approaches the curve 𝑊 𝑢(𝑝 ), while
its lower part becomes very wide. Notice, however, that 𝑊 𝑠(Γ×) does not approach an invariant
plane, as 𝑊 𝑢(Γ×) does in figure 4.4, but rather starts to bend upward in the left of the shown
view towards the region of positive 𝑧.
While figure 4.5(𝑎) gives a very good impression of the geometry of 𝑊 𝑠(Γ×), the phase ribbon
structure of panel (𝑏) allows us to point out some interesting aspects of the phase dynamics.
First of all, locally near Γ× the isochrons on 𝑊 𝑠(Γ×) are practically vertical (well aligned with the
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𝑧-direction), as is the case for 𝑊 𝑢(Γ×) of system (4.1) with 𝜅 = 0; see sfigure 4.4(𝑎2). In contrast
to the constructed example however, the isochrons 𝐼𝜃(Γ×) ⊂ 𝑊 𝑠(Γ×) of system (4.3) cannot be

mapped to one another by a fixed rotation. Moreover, the different widths of the phase ribbons in
the lower part of 𝑊 𝑠(Γ×) in figure 4.5(𝑎) show that this manifold contains both regions where the
flow is faster and where it is slower relative to the mean speed of the dynamics on the manifold.
Similarly, for the upper part of 𝑊 𝑠(Γ×), the spacing of phase ribbon becomes quite non-uniform
as the surface approaches the curve 𝑊 𝑠(𝑝 ).
An enlargement near Γ× of the invariant objects from figure 4.5 is presented in figure 4.6.
The focus is now on the unstable manifold 𝑊 𝑢(Γ×), which is represented by 100 backward-time
isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) that are uniformly spaced in phase. In figure 4.6(𝑎), which does
not show 𝑊 𝑠(Γ×), the computed isochrons are seen spiralling very tightly as they extend from

Γ× and accumulate onto the attracting periodic orbit Γ𝑠 . The backward-time isochrons on the
part of 𝑊 𝑢(Γ×) “outside” Γ× accumulate onto the unstable manifold 𝑊 𝑢(0), which has two
branches that both tend to infinity along the same direction to the right of the image. In the
process, the isochrons on 𝑊 𝑢(0) feature larger and larger excursions towards infinity as they
keep spiralling around Γ×. Panel (𝑏) shows a slightly different view, where 𝑊 𝑠(Γ×) is also shown,
represented by 50 ribbons of equal phase width. The computed backward-time isochrons give
a good impression of the geometry of 𝑊 𝑢(Γ×), which is a “racket-shaped’ object that lies very
close to the (𝑥, 𝑦 )-plane of system (4.3). However, due to the closeness of the bounding curves Γ𝑠
and 𝑊 𝑢(0) to the saddle-periodic orbit Γ×, in combination with the strongly spiralling nature of
the backward-time isochrons, it is impractical to render 𝑊 𝑢(0) as a triangulated surface from
this data.
Figures 4.7 and 4.8 show the invariant objects of system (4.3) in a much larger part of (𝑥, 𝑦, 𝑧 )space. The manifold 𝑊 𝑠(Γ×) is shown as a smooth surface with asymptotic phase information in
figure 4.7, while figure 4.8 shows it as represented by alternatingly shaded and transparent phase
ribbons. Here, 𝑊 𝑠(Γ×) is rendered from the same 200 phase-uniform forward-time isochrons that
have now been computed up to an arclength of ℓ = 20, without any clipping. The angle of view
in panels (𝑎) is very similar to that in figure 4.6(𝑏), where the new panels (b) is a view from
“the back”. These two figures clearly illustrate that the surface 𝑊 𝑠(Γ×) further away from Γ× has
a quite complicated geometry. Notice how its upper part approaches 𝑊 𝑠(𝑝 ) very closely as 𝑧
increases 𝑧, forming a “spire”, while the isochrons are rotating more and more around 𝑊 𝑠(𝑝 );
this rotation accounts for the spire being quite short compared to the arclength ℓ = 20 of the
isochrons that form it. The lower part of 𝑊 𝑠(Γ×), on the other hand, grows quite a bit with
ℓ, as is illustrated by the wider spacing between the phase ribbons in figure 4.8. Notice from
figure 4.7 that, nevertheless, the 200 computed isochrons still allow us to render 𝑊 𝑠(Γ×) with a
triangulation of good quality — in spite of the fact that this surface has an intriguing geometry
(topologically an annulus) with large changes of its local (Gaussian) curvature.
From this far vantage point in figure 4.8, we can see that the isochrons foliating 𝑊 𝑠(Γ×) partially
mimic the geometry of 𝑊 𝑠(Γ×) by folding with the folds of 𝑊 𝑠(Γ×), whilst also maintaining
some curvature related to the dynamics along 𝑊 𝑠(Γ×). Considering the boundary 𝜕𝑊 𝑠(Γ×), we
can see regions where ℐ (Γ×) is nearly orthogonal to 𝜕𝑊 𝑠(Γ×), and regions where ℐ (Γ×) almost
appears tangent to 𝜕𝑊 𝑠(Γ×). In fact, the isochrons are transverse to 𝜕𝑊 𝑠(Γ×), but in regions
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(𝑎)

Γ×
𝑊 𝑠(𝑝 )
𝑊 𝑠(Γ×)
𝑊 𝑢(0)

(𝑏)

Γ×
𝑊 𝑠(𝑝 )

ℐ (Γ×) = 𝑊 𝑠(Γ×)

𝑊 𝑢(0)

Figure 4.5: Phase portrait of system (4.3) showing 𝑊 𝑠(Γ×) (cyan–blue surface) as rendered
from 200 forward-time isochrons uniformly spaced in phase; each isochron is computed up to
arclength ℓ = 5, and 𝑊 𝑠(Γ×) is clipped at 𝑧 = 3. Also shown are: Γ× (green curve), 0 (green dot)
with 𝑊 𝑢(0) (red curve), 𝑝 (green dot) with 𝑊 𝑠(𝑝 ) (blue curve), and Γ𝑠 (blue curve). In panel (𝑎)
the surface 𝑊 𝑠(Γ×) is shaded according to the phase 𝜃 of the isochrons of ℐ (Γ×), while in panel (𝑏)
it is represented by 50 alternatingly shaded and transparent phase ribbons; see figure 4.4 for the
phase colour bar and for comparison.
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𝑊 𝑠(𝑝 )

(𝑎)
𝑝

Γ𝑠
Γ×

0

𝑊 𝑢(Γ×)

𝑊 𝑢(0)

(𝑏)

ℐ (Γ×) = 𝑊 𝑠(Γ×)

Figure 4.6: The invariant objects from figure 4.5 in a smaller neighbourhood of Γ×. Panel (a)
shows Γ× and Γ𝑠 , 0 with 𝑊 𝑢(0), and 𝑝 with 𝑊 𝑠(𝑝 ) (blue curve), as well as 100 backward-time
isochrons 𝑈𝜃(Γ×) ⊂ 𝑊 𝑢(Γ×) (yellow–red curves) uniformly spaced in phase 𝜃; see figure 4.4 for the
phase colour bar and note that 𝑊 𝑢(Γ×) is not rendered as a surface. Panel (b) additionally shows
𝑊 𝑠(Γ×) represented by 50 phase ribbons.
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𝑊 𝑠(Γ×)

(𝑎)

𝑊 𝑠(𝑝 )
𝑊 𝑢(0)

(𝑏)

𝑊 𝑢(0)
𝑊 𝑠(Γ×)

𝑊 𝑠(𝑝 )

Figure 4.7: The invariant objects from figure 4.5 in a larger region of phase space, shown from
two view points in panels (a) and (b). Here, 𝑊 𝑠(Γ×) is shown as a surface with asymptotic phase
information in colour, as rendered from 200 phase-uniform forward-time isochrons of arclength
ℓ = 20.
where 𝑊 𝑠(Γ×) has high curvature, there is a tendency for those isochrons to make more acute
angles with 𝜕𝑊 𝑠(Γ×). We can observe this phenomenon in panel (𝑏) for phases near 𝜃 = 0 on the
“lower” portion of 𝑊 𝑠(Γ×). Here, 𝑊 𝑠(Γ×) has an extreme fold, along which 𝐼𝜃(Γ×) also fold along.
The thickness of the phase-ribbons here indicate the relatively fast dynamics along this part of
the manifold. We see a similar, though less extreme, example of this folding on the left side of
panel (𝑏). In contrast, transverse intersection of ℐ (Γ×) with 𝜕𝑊 𝑠(Γ×) can be observed along the
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(𝑎)

ℐ (Γ×) = 𝑊 𝑠(Γ×)

𝑊 𝑠(𝑝 )
𝑊 𝑢(0)

(𝑏)

𝑊 𝑢(0)

ℐ (Γ×) = 𝑊 𝑠(Γ×)

𝑊 𝑠(𝑝 )

Figure 4.8: The invariant objects from figure 4.5 shown as in figure 4.7, where 𝑊 𝑠(Γ×) is now
rendered by alternatingly shaded and transparent phase ribbons.

left and bottom sides of panel (𝑎) and along the bottom side of panel (𝑏), where 𝑊 𝑠(Γ×) has low
curvature, and relatively slower dynamics.

4.4

Nonorientable manifold in the 𝜁 3-model

We now show that the isochron manifold algorithm is effective also when the saddle periodic
orbit Γ× has a pair of negative real Floquet multipliers, a stable one inside and an unstable
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one outside the unit circle. The stable and unstable manifolds 𝑊 𝑠(Γ×) and 𝑊 𝑢(Γ×) are then
nonorientable, which means that each of the local manifolds is a Möbius strip. Following previous
work on the computation of nonorientable manifolds in [47], we choose to consider such a saddle
periodic orbit in the 𝜁 3 -model
⎧
⎪
𝑥˙ = 𝑦,
⎪
⎪
⎨

𝑦˙ = 𝑧,

(4.4)

⎪
⎪
⎪
⎩ 𝑧˙ = (𝛼 − 𝑥)𝑥 − 𝛽𝑦 − 𝑧,

that was introduced by Arneodo, Coullet, et al. [3] to explore homoclinic bifurcations of saddle
periodic orbits. For 𝛼 = 3.2 and 𝛽 = 2.0, the 𝜁 3 -model model (4.4) has a saddle equilibrium
𝑝 with a one-dimensional stable manifold 𝑊 𝑠(𝑝 ). This curve is surrounded (close to 𝑝) by a
saddle periodic orbit Γ× with negative Floquet multipliers. We focus on the nonorientable and
unbounded stable manifold 𝑊 𝑠(Γ×), which we compute to study and visualise its intriguing
geometry. The unstable manifold𝑊 𝑢(Γ×) is bounded by an attracting period-doubled orbit Γ𝑠
that lies close to Γ×. Hence, 𝑊 𝑢(Γ×) is a quite narrow Möbius band (which we do not show here);
see [47] for more details. Moreover, the origin 0, which is always an equilibrium of system (4.4),
is a saddle and one branch of its one-dimensional unstable manifold 𝑊 𝑢(0) accumulates onto Γ𝑠 .
The phase portrait of system (4.4) near the saddle periodic orbit Γ× is shown in figure 4.9.
More specifically, all invariant objects mentioned above are shown with 𝑊 𝑠(Γ×) computed and
visualised up to arclength ℓ = 8 along the forward-time isochrons of ℐ (Γ×). In panel (a), the
computed local part of 𝑊 𝑠(Γ×) is rendered as a surface coloured by asymptotic phase, which shows
that it is, indeed, a Möbius band. The rendering by phase ribbon,s shown in panel (b), illustrates
how the isochrons of ℐ (Γ×), when continued along Γ×, fold over in the process to connect up with

a half-twist — just as is the case when one makes a Möbius band (as a developable surface) from
a thin strip of paper by giving it a half-twist along its length and glueing it along its short sides.
Notice also that the isochrons are almost perpendicular to Γ× and that the phase ribbons all
have a very similar width. On the other hand, and in contrast to a twisted (flat) strip of paper,
the isochrons and the Möbius band are curved quite a bit, especially in the bottom-right of the
figure where they fold over quite suddenly.
Figure 4.10 show 𝑊 𝑠(Γ×) from an identical angle and position near Γ×, but now the manifold
𝑊 𝑠(Γ×) has been computed up arclength ℓ = 100 along the isochrons of ℐ (Γ×); to allow for
a direct comparison with figure 4.9, all manifolds have been clipped to lie in the cube of the

(𝑥, 𝑦, 𝑧 )-space by 𝑥 ∈ [0, 5], 𝑦 ∈ [−4, 4], 𝑧 ∈ [−5, 4]. Figure 4.10 illustrates that the Möbius band
𝑊 𝑠(Γ×), as the arclength ℓ is increased, approaches the stable manifold 𝑊 𝑠(𝑝 ) in a spiralling
fashion near the point 𝑝. In the process, the isochrons of ℐ (Γ×) perform a half-twist with every
rotation around Γ×. Note that the local curvature where the isochrons fold over becomes larger
and larger in the process; this is illustrated especially clearly by the still very regularly spaced
phase ribbons in figure 4.10(b).
Figure 4.11 and 4.12 show the invariant objects of system (4.4) in a much larger part of
phase (𝑥, 𝑦, 𝑧 )-space to give a complete impression of the entire Möbius band 𝑊 𝑠(Γ×) as rendered
from 200 phase-uniform isochrons of arclength ℓ = 100. Each figure shows the invariant objects
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(𝑎)

𝑊 𝑠(𝑝 )
𝑊 𝑠(Γ×)

0

𝑢

𝑊 (0)

Γ×

Γ𝑠
𝑝

(𝑏)

𝑊 𝑠(𝑝 )
ℐ (Γ×) = 𝑊 𝑠(Γ×)

0

𝑊 𝑢(0)

Γ×

Γ𝑠
𝑝

Figure 4.9: Phase portrait of system (4.4) near Γ× (green curve) showing 𝑊 𝑠(Γ×) (cyan–blue
surface) as rendered from 200 forward-time isochrons uniformly spaced in phase and computed
up to arclength ℓ = 8. Also shown are 0 (green dot) with 𝑊 𝑢(0) (red curve), 𝑝 (green dot) with
𝑊 𝑠(𝑝 ) (blue curve), and Γ𝑠 (blue curve). In panel (𝑎) the surface 𝑊 𝑠(Γ×) is shaded according to the
phase 𝜃 of the isochrons of ℐ (Γ×), while in panel (𝑏) it is represented by 50 alternatingly shaded
and transparent phase ribbons; see figure 4.4 for the phase colour bar.
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(𝑎)

𝑠

𝑊 (𝑝 )

𝑊 𝑠(Γ×)

𝑊 𝑢(0)

0

Γ×

Γ𝑠
𝑝

(𝑏)

𝑊 𝑠(𝑝 )

ℐ (Γ×) = 𝑊 𝑠(Γ×)

𝑊 𝑢(0)

0

Γ×

Γ𝑠
𝑝

Figure 4.10: Phase portrait of system (4.4) in the cube defined by 𝑥 ∈ [0, 5], 𝑦 ∈ [−4, 4],
𝑧 ∈ [−5, 4] with invariant objects and presentation as in figure 4.9, where 𝑊 𝑠(Γ×) (cyan–blue
surface) is now rendered from 200 phase-uniform isochrons computed up to arclength ℓ = 100.
from the same two view points, with 𝑊 𝑠(Γ×) rendered as a smooth surface with asymptotic
phase information in figure 4.11, and as alternatingly shaded and transparent phase ribbons in
figure 4.12. These two figures illustrate the geometry of 𝑊 𝑠(Γ×), which is a ‘much wider’ Möbius
band compared to the narrower Möbius band for ℓ = 8 shown in Figure 4.9. In fact, it is not
possible to make a Möbius band as wide as that shown in figure 4.11 and 4.12 as a developable
surface from a flat strip of paper; see [61]. This fact highlights the nonlinear and highly curved
nature of 𝑊 𝑠(Γ×). Notice, how the boundary of the Möbius band, when followed around from
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𝑊 𝑠(𝑝 )

(𝑎)

𝑊 𝑠(Γ×)

Γ𝑠

𝑊 𝑢(0)

(𝑏)

Γ𝑠

𝑢

𝑊 (0)

Γ×

Γ×
𝑊 𝑠(𝑝 )

𝑊 𝑠(Γ×)

Figure 4.11: The invariant objects from figure 4.10 in a larger region of phase space, shown from
two view points in panels (a) and (b). Here 𝑊 𝑠(Γ×) is shown as a surface with asymptotic phase
information in colour, as rendered from 200 phase-uniform forward-time isochrons of arclength of
ℓ = 100.
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𝑊 𝑠(𝑝 )

(𝑎)

ℐ (Γ×) = 𝑊 𝑠(Γ×)

Γ𝑠

𝑊 𝑢(0)

(𝑏)

Γ𝑠

𝑢

𝑊 (0)

Γ×

Γ×
𝑊 𝑠(𝑝 )

ℐ (Γ×) = 𝑊 𝑠(Γ×)

Figure 4.12: The invariant objects from figure 4.5 shown as in figure 4.11, with 𝑊 𝑠(Γ×) now
rendered as alternatingly shaded and transparent phase ribbons.

the outside part of 𝑊 𝑠(Γ×) furthest from Γ×, can be seen to start spiralling around 𝑊 𝑠(𝑝 ), while
transitioning from one side of 𝑊 𝑠(𝑝 ) in both views of panels (a) and (b). Furthermore, the
rendering with phase ribbons in figure 4.12(b) illustrates particularly well how the surface 𝑊 𝑠(Γ×)
folds very sharply over itself along the bottom-left side of this panel the fold ‘travels’ along
𝑊 𝑠(𝑝 ) towards 𝑝 and then ‘dissolves’ (because it only continues for an even larger arclength ℓ of
isochrons) along the other side of 𝑊 𝑠(𝑝 ).
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Discussion of isochron foliations on global
manifolds

We have shown that a two-dimensional stable or unstable manifold of a saddle periodic
orbit Γ× can be found efficiently by computing a representative number of the isochrons that
foliate it. This approach is complementary to other approaches that represent and compute
such a global invariant manifold by finding a representative set of trajectories or a growing
set of topological circles at specified geodesic distance from Γ×; see [31, 33]. In particular, note
that the isochrons are transverse to Γ×, while trajectories on the invariant manifold become
tangent to Γ×. The isochron manifold algorithm is a relatively straightforward generalisation of
the isochron algorithm for one-dimensional isochrons in the plane. It has been implemented for
two-dimensional manifolds in R3 . The set of computed isochrons (each with its own suitable mesh)
is then turned into a triangulation that represents the invariant manifold as a surface. While the
parametrisation by asymptotic phase and arclength along isochrons is natural, simply selecting
points on neighbouring isochrons at equal arclength distances generally does not translate into a
triangulation of good quality; more specifically, triangles generated in this way can become very
elongated when the isochrons spiral or diverge locally from one another. This is why we generate
the triangulation by finding connecting interpolating points on neighbouring isochrons that have
small (Euclidean) distances.
The practicality of the isochron manifold algorithm for computing and visualising twodimensional invariant manifolds of saddle periodic orbits was demonstrated with three examples:
orientable manifolds of periodic orbits in a constructed vector field and in Sandstede’s model, as
well as a nonorientable manifold the 𝜁 3 -model. This demonstrates that the foliation of an invariant
manifold by its isochrons represents knowledge of its natural parametrisation by asymptotic phase
and arclength along the isochrons. We found that this phase information provides additional
useful information when it comes to understanding the geometric properties of two-dimensional
stable or unstable manifolds. Continuous colour shading of the computed part of an invariant
manifold by the phase already gives a good impression of the synchronisation dynamics. Moreover,
rendering such a surface as a set of alternatingly coloured ribbons of equal phase between bounding
isochrons is a novel and effective way to illustrate geometry and phase dynamics at the same
time. In particular, the width of ribbons allows one to readily identify regions on the manifold
where the flow is fast (greater distances between isochrons) and regions where it is slow (small
distances between isochrons).
We remark that the relationship between the curvature of the isochrons and the curvature
of the invariant manifold as a surface is an intriguing one. One might expect that regions of
high curvature of isochrons naturally correspond to high curvature of the surface, but this is not
necessarily the case. As we have seen, a sharp fold of the surface may lead to large curvature of
the isochrons when their crossing of the fold is sufficiently transversely; on the other hand, when
isochrons effectively run in the direction of such a fold they need not be curved much themselves.
Moreover, we have seen that the surface may be rather flat while the isochrons are, nevertheless,
strongly curved; another example of this phenomenon are the regions of extreme phase sensitivity
of the (flat) basin of a periodic orbit in the plane that we encountered in chapter 2.
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Importantly, the isochron manifold algorithm allows one to investigate the synchronisation

and phase properties together with the geometric properties of the respective two-dimensional
invariant manifold as a surface in phase space. We also see it as representing an intermediate step
towards computing two-dimensional isochrons that foliate the basin of an attracting or repelling
periodic orbits in R3 , or of a three-dimensional stable or unstable manifold of a saddle periodic
orbit in a higher-dimensional space.

5
Conclusions
From our investigations into the computation and resulting geometry of isochrons, their foliations,
and their interactions, as presented in this thesis, we come to a number of conclusions and
suggestions for future work. These concern chiefly the case of one-dimensional isochrons, that
is, curves in two-dimensional basins of attraction or repulsion. As we have shown, the twodimensional global invariant manifolds of saddle periodic orbits can play the the role of such a
basin and are, hence, also foliated by one-dimensional isochrons.
Beginning with flows in the plane R2 , we clarified in chapter 2 how isochrons can accumulate
onto basin boundaries that include both finite and non-finite invariant objects. Our illustrations
showed how isochrons approach ‘all parts’ of a basin boundary in the process, making excursions
closer and closer to infinity when the basin is unbounded. In this way, we presented the topological
and geometrical properties of isochrons that accumulate onto different types of (finite and infinite
components of) basin boundaries. We further explored the interactions between the isochrons
of forward-time and backward-time isochron foliations — including the effects induced by the
existence of saddle equilibria and their manifolds on the boundaries of the basins of attraction
and repulsion, respectively. Considering how these objects change when passing through common
bifurcations, we discovered a new mechanism that induces tangential intersections between
foliations by forward-time and backward-time isochrons in the presence of saddle equilibria. These
are quadratic tangencies along a single tangency orbit in the relevant (part of the) basin, and we
illustrated how this is associated with phase sensitivity.
As the key tool for our investigations, we further improved the computational approach of
finding isochrons via a sequence of suitable two-point boundary-value problems. Specifically,
we performed a case study of a model system with our CoCo implementation 'iscrn'. This
improved implementation involves a different construction of a (linear) fundamental domain,
namely, one with only one point on the initial linear approximation of the isochron; provided each
segment is sufficiently small, the combined piecewise-linear curve forms a better approximation
of the isochron locally near the periodic orbit or focus equilibrium under consideration. An
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important advantage of this new construction is that the resulting solution family is continuous
across successive continuation runs that extend the isochron by considering integer multiples of
the period of the periodic orbit. We presented, in chapter 3, the general set-up, as well as an
implementation for planar systems within the continuation package CoCo [8] under MATLAB. The
computation proceeds in stages, which include periodic orbit computation and rotation, Floquet
vector computation and rotation, fundamental domain determination, and the continuation of
the isochron of a given phase.
Our implementation 'iscrn' was developed alongside the work presented in chapter 2. It is
publicly available together with an extensive tutorial that explains and illustrates its use; see [24]
for the relevant electronic files. The tutorial presented as part of this thesis takes the reader/user
through the different steps required to compute one-dimensional isochrons. It illustrates with
informative figures the process of using the isochron computation BVP set-up for two examples
of foliations from chapter 2, namely those for an attracting periodic orbit and a repelling focus.
The tutorial will allow the reader/user to reproduce some of the figures presented in this thesis,
as a first step to using/adapting our implementation 'iscrn' for the computation of isochrons
in other planar systems.
Our refined computational BVP approach has been generalised in chapter 4 to the computation
of foliations by one-dimensional isochrons of two-dimensional (un)stable global invariant manifolds
of saddle-type periodic orbits in phase spaces of dimension three or higher. This mainly concerned
adapting our definition of the linear (fundamental domain) approximation to the setting of
a higher-dimensional ambient space. This approach allowed us to compute and visualise such
invariant manifolds in a new way, which was demonstrated for orientable and nonorientable
stable and unstable manifolds of saddle-type periodic orbits in three example systems in R3 :
a model constructed from the Hopf normal form, and ODE models due to Sandstede [56] and
to Arneodo [3]. The accompanying figures showed that a computed isochron foliation provides
insight into both the geometry of the manifold itself as well as of the phase information (relative
velocities of trajectories) on it.
There are quite a few interesting planar systems whose isochron foliations can be studied in
the same spirit, including the FitzHugh–Nagumo system [38], the fast-subsytem of the Hindmarsh–
Rose model [43, 58], reduced Hodgkin–Huxley models [11, 48], the so-called reduced (𝐼𝑁 𝑎,𝑝 + 𝐼𝐾 )model [27], the Morris–Lecar model [27], the Rayleigh oscillator [27], the Van der Pol oscillator [4,
5, 63], the Wilson–Cowan system [4, 5], and continuous stirred tank reactor models [66] such as
that of the Zhabotinskii–Belousov reaction [49]. The study of isochrons in these and other planar
systems may be driven by specific questions regarding phase behaviour and phase sensitivity
within the respective application context. Moreover, we believe that such future studies may also
uncover additional ways in which foliations by forward-time and backward-time isochrons may
interact. Of particular interest in this context is how isochron foliations and their interactions
may change in different, yet unexplored global bifurcations of planar systems. We hope that the
availability of our implementation 'iscrn' will stimulate such further studies.
Another interesting direction for future research is the study of how the foliations of twodimensional stable and unstable manifolds by forward-time and backward time isochrons, respectively, interact and change at global bifurcations. A starting point here would be the case of a
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homoclinic orbit of a saddle periodic orbit in R3 : such a connection is structurally stable and
the question is what the respective foliations look like on the intersecting stable and unstable
manifolds. Indeed, any connecting orbit must lie in the intersection set of the two isochron
foliations. A next step would be to study fold bifurcations between (tangential intersection
of) stable and unstable manifolds, which generate such homoclinic orbits, in terms of how the
isochron foliations ‘detach’ from one another. The study of phase properties associated with other
global bifurcations, including those involving saddle focus equilibria, would also be an interesting
and challenging area of research.
Finally, an enticing next step in the computation and study of isochrons and their foliations is
considering isochrons of attracting and repelling periodic orbits or equilibria in R3 . An isochron
is now an invariant surface rather than a curve, and this introduces the considerable additional
difficulty of representing it accordingly. Two-dimensional isochrons in three-dimensional spaces
have been computed in some instances: Simpson and Jeffrey [60] compute intersection curves
of two-dimensional isochrons with a selected two-dimensional manifold of interest; Ben Amor,
Glade, et al. [5] compute and represent two-dimensional isochrons as a point cloud by means of
numerical integration; and Mauroy and Mezić [42] and Mauroy, Rhoads, et al. [43] compute the
Koopman operator, which allows them to find a two-dimensional isochron as a level set. Those
approaches have managed to produce images of two-dimensional isochrons with some measure
of complex geometry. However, we do not believe that they would capture fine enough detail
when it comes to investigating the geometric properties of (interacting) isochron foliations in
regions of phase sensitivity, especially near a basin boundary. To date, there is no algorithm that
computes two-dimensional isochrons directly as surfaces represented by a mesh of a specified
quality. Since they are global invariant manifolds of the time-𝑇 map, two-dimensional isochrons
could be grown from the local information near the periodic orbit (given by the stable Floquet
bundle) by adapting the method in [30]. However, refinements of this approach are required when
the isochrons are surfaces with complicated geometry, which can be expected away from the
periodic orbit, as was pointed out already by Guckenheimer [21]. The challenge is to compute
a suitable two-dimensional mesh on a two-dimensional isochron that avoids the occurrence of
artefacts, for example from large local curvature.
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