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Abstract 
The gastro-oesophageal junction (GOJ) connects the oesophagus and the stomach. 

The GOJ regulates the passage of food through a pressure barrier. Contraction of 

the surrounding circular and longitudinal muscle layers result in changes of 

intraluminal pressure gradient for allowing antegrade passage of food. Dysfunction of 

the GOJ lead to common upper gastrointestinal (GI) disorders such as achalasia and 

gastro-oesophageal reflux disease (GORD). The main aim of thesis was to develop 

a subject specific GOJ finite element model based on unique ultra-mill image data of 

the human GOJ. The geometry was constructed by taking nodes at the boundary of 

the segmented images at consistent angular intervals relative to the centroid. 

Elements were created using uniform tessellations patterns. The constructed 

anatomy was compared to an existing GOJ model constructed from the visible 

human dataset. The new ultra-mill model contained a decreased intraluminal cavity 

(1,324 vs. 5,400 mm3) and muscle volumes (1,540 vs. 15,700 mm3), and a reduced 

length (48.3 vs. 24.5 mm). The biomechanical analysis revealed that the ultra-mill 

model developed a lower pressure than the visible human model (0.419 vs. 4.360 

kPa). Changing material law parameters yielded indeterminant relationships with the 

pressure developed. However, the variables of wall thickness, length, width, and size 

had strong positive linear relationships with pressure, thought to be due increases in 

cavity volume. Further investigation revealed a difference in degree of influence 

between variables after adjusting for cavity volume. Aside from size, length was the 

most influential factor, followed by width, then muscle wall thickness. The results 

suggest that tissue preparation method and geometry length have a large influence 

on pressure developed. In conclusion, the work presented in this thesis provides 

insight into for the inter-individual variability in GOJ pressure. The model lays the 

groundwork for more sophisticated simulations predicting the dysfunctions 

associated with the GOJ.  
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1 INTRODUCTION 

1.1 BACKGROUND PHYSIOLOGY  

The oesophagus is an orally located organ in the gastrointestinal (GI) tract and 

consists of a muscular tube approximately 25-30 cm long [1], [2]. The organ acts as a 

continuation of the pharynx and a conduit to the stomach. Sphincters control the 

passage of food to and from the oesophagus at both ends. The lower oesophageal 

sphincter (LOS) showing the transition from the oesophagus to the fundus of the 

stomach can be seen in Figure 1A. 

 

Figure 1. Views of the lower oesophageal sphincter. (A) Diagrammatically [3]. (B) Through an 

endoscope, with constricted regions indicating the sphincter [4]. 

The function of the oesophagus is to transport masticated food as a bolus from the 

mouth to the stomach. This function is assisted by peristaltic waves, periodic waves 

of inhibition followed by contraction, that are initiated by swallowing. Once initiated, 

peristalsis begins orally and travels inferiorly towards the stomach, with the 

movement driving the passage of the bolus. The waves of peristalsis are caused by 

an electrochemical reaction driven by intracellular calcium ions, with the main 

neurotransmitter of influence being acetylcholine [5]. The waveform is initiated by a 

strong initial peristaltic motion delivered by the contraction of the pharynx from 

swallowing, and the resulting wave is referred to as the “primary waveform”. If the 

initial primary waveform is not enough to clear the bolus from the oesophagus, then 

a “secondary peristalsis” is initiated, prolonging peristalsis until the food is cleared 

[5]. In addition to initiating peristalsis, swallowing also causes the relaxation of the 
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gastro-oesophageal junction (GOJ), thus allowing the passage of food into the 

stomach.  

The GOJ has two main functions involving the passage of food. The first function is 

relaxation during swallowing to allow for the advancement of food into the stomach. 

The second function is to create a pressure barrier through a contraction to prevent 

the backflow of gastric contents. Therefore, the GOJ is said to mimic the functions of 

a sphincter, a “A muscle that encircles a duct, tube, or orifice in such a way that its 

contraction constricts the lumen or orifice” [6]. However, the GOJ lacks a muscular 

band that would indicate a true sphincter, hence the classification of a physiological 

sphincter. This ability of the GOJ to regulate its pressure makes it critical to the 

prevention of gastro-oesophageal reflux. This sphincter function has been 

speculated to be the result of compressive action from a positive intra-abdominal 

pressure in the lower oesophageal sphincter (LOS) region or a physiological high-

pressure zone. Others have proposed a valve-like effect originating from the 

oesophageal-gastric angle or a compressive effect from the diaphragm’s crural sling, 

dubbed the “pinchcock action”. Another explanation may be mucosal folds acting as 

a plug at the cardiac elevation [2]. The resultant sphincter action may be due to one 

or a combination of the above mechanisms.    

The oesophagus begins as a continuation of the pharynx at the neck’s midline before 

curving slightly to the left at the lower neck level. The organ straightens midline while 

entering the superior mediastinum (within the thoracic cavity). The organ, traveling 

inferiorly, begins a gradual leftward shift behind the left main bronchus, slightly 

above where the aortic arch causes a minor narrowing. Past this narrowing, the 

oesophagus travels to the right at the T6 vertebral elevation, then realigns towards 

the midline, anteriorly to the (descending) thoracic aorta, and enters the diaphragm 

at the T10 level [2]. The oesophagus travels through an opening in the diaphragm 

called the hiatus into the stomach located within the abdominal cavity [1].  

There are four main constrictions of the oesophagus [2] detailed in Table 1, of which 

the hiatus is in the GOJ region: 
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Table 1. List of the main constrictions of the oesophagus and their depth into the gastrointestinal tract 

relative to the incisor teeth. 

Segment Region of constriction 

(oesophagus) 

Average distance from 

front incisor (cm) 

Oesophageal sphincter Circular 15 

Contact with the aortic 

arch 

Left wall 23 

Contact with left main 

bronchus 

Left wall 27 

Hiatus Circular 39 

1.1.1 Location 

The trachea travels in front of the oesophagus. The level of the cervical oesophagus 

is at the 6th and 7th (cervical) vertebral bodies. Behind the organ and separated by 

two tissues (prevertebral fascia and muscles) are the vertebrae. At this level, 

thyroids are at the sides of the oesophagus, seen at the neck level in Figure 2. Just 

past the thyroid on the left side of the body is the ipsilateral carotid sheath containing 

the carotid artery, jugular vein, and vagus nerve [2].  

 

Figure 2. The anatomy of the oesophagus and surrounding structures [1]. 
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At the thoracic level, between the vertebrae and oesophagus are the hemiazygos 

and accessory veins, intercostal arteries, and the thoracic duct. Behind the 

oesophagus to the right side of Figure 2 is the azygos vein. The left of the 

oesophagus is occupied by the thoracic artery, and the right by the lung's pleura. 

This arrangement means that puncture of the mid-oesophagus may lead to 

pneumothorax [2]. To the front lies the left main bronchus and right pulmonary 

arteries, below these blood vessels in the heart, which are separated from the 

oesophagus by a fibrous pericardium. The proximity to the heart means that an 

enlarged atrium from stenosis may lead to compression of the oesophagus and 

dysphagia [2]. At the abdominal level, the organ passes through the hiatus, framed 

by the two crura (visible on Figure 3), into the oesophageal groove on the liver. At 

this level, the oesophagus is tethered to the diaphragm by the phreno-oesophageal 

ligament. 

 

Figure 3. The crura surrounding the GOJ region, which passes through the hiatus [7]. 

1.1.2 GOJ physiology 

The GOJ is a region of the gastrointestinal tract which connects the oesophagus to 

the stomach. Although the definition of the region varies depending on the medical 

profession (surgeons, anatomists, radiologists, etc.), there are two standing 

definitions, one each for the internal and external GOJ regions. Both regions are 

defined relative to the z-line, indicated by a change from squamous to columnar 

epithelium, with the internal region being at the z-line and the external 1.5 cm above 

it [8]. However, due to the difficulties in observing the z-line in vivo, the GOJ is 
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typically located using manometry and is indicated by a region of low pressure. Most 

of the region’s significance is attributed to this low-pressure zone. Other identification 

methods prove ineffective in defining the boundaries of the GOJ due to the lack of 

thickening of the walls, which would typically be present due to its sphincter action. 

Consequently, the GOJ is not an anatomical sphincter. However, the presence of a 

low-pressure zone and its mechanical behaviour classify it as a physiological 

sphincter under the definition:  

“A sphincter not recognizable in surgical specimens by dissection or histological          

techniques”  [6]. 

Additionally, the GOJ is surrounded by bundles of muscle fibres that go through the 

diaphragm and encircle the oesophagus. This formation is known as the “pinchcock” 

and creates a narrowed region within the GOJ known as the hiatus. The hiatus 

contributes to the unique mechanical behaviour and function of the GOJ, with a 

study by Shafik et al. attributing 44% of the GOJ’s pressure to crural action and the 

remaining 56% to the GOJ itself [9]. 

Another supporting structure is the phreno-oesophageal ligament, a thin fascia 

extending from the crura to the lower oesophagus. The structure is split into an 

upper and lower leaf, acting as an intermediatory between the oesophagus and 

crura. The lower leaf inserts into the oesophagus 2-3 cm above the hiatus, and the 

lower leaf joins the adventitia of the oesophagus [10]. Function-wise, the tissue is rich 

in elasticity and collagen, which may contribute to the elasticity of the GOJ.  

1.2 FACTORS TO CONSIDER FOR MECHANICAL BEHAVIOUR 

1.2.1 Surrounding structures of the oesophagus 

The mechanical properties and function of the oesophagus can also be influenced by 

its surrounding structures. In addition to the trachea, diaphragm, and heart, the 

organ also has a rich supply of arterial blood originating from the inferior thyroid, left 

gastric, and left phrenic arteries [2]. The arteries branch off into a dense capillary bed 

within the submucosa before eventually merging into the superior vena cava. The 

system of capillaries is accompanied by a lymphatic system consisting of lymph 

nodes and channels located on the endothelium before joining onto larger lymph 

channels spanning the length of the oesophagus [2]. 
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Furthermore, the peristaltic function of the oesophagus requires extensive 

innervation from the parasympathetic and sympathetic nervous systems. The nerves 

allow muscle relaxation and contraction while contributing to the mechanical 

properties due to their proximity. 

1.2.2 Body orientation  

Previous studies have shown that body position is known to affect the actions of the 

oesophagus [11], [12]. In the study, the impedance, measured through high-

resolution manometry (HRM), was used as a proxy for the cross-sectional area to 

track the peristaltic movements. The participants were made to swallow different 

foods of differing volumes and viscosities in different resting positions while under 

the observation of HRM. The supine position was compared with the Trendelenburg 

position, where the head was 15-20 degrees lower than the body when compared 

with the supine position. It was found that in the supine position, the bolus travelled 

more quickly, with the contraction wave passing the distal end much later than the 

bolus. Likewise, in the Trendelenburg position, the peak of distension travelled much 

more closely to the peak of contraction [12]. Furthermore, the supine position spread 

the bolus more evenly along the oesophagus, while in the Trendelenburg position, 

the bolus was more “football-like” in appearance [12]. Thus, the body orientation 

influences the contraction/distension spacing of peristalsis.  

1.2.3 Bolus composition 

Bolus composition and volume also influence peristalsis. Larger and more viscous 

boluses triggered a higher contraction amplitude. Costa et al. propose a 

“neuromechanical loop” as an explanation, in which the enteric reflux (neural) 

pathways are responsible for the peristaltic action in a dynamic, rather than reflexive, 

process. The pathway is triggered by distension and the activation of polarized 

enteric circuits that lead to orally driven contractions and proceeding relaxations in a 

distension magnitude dependant relationship [13]. Though the mechanism behind 

distension-initiated peristaltic contraction is still debated, it is thought that bolus fluid 

redistribution is the likely cause, with the Costa et al. finding that active contractions 

are preceded by smaller distensions that are larger than baseline contractions [13]. 

The findings were further supported by experiments involving the stimulation of colon 

tissue samples. The stimulus triggered ascending excitatory and inhibitory 

descending responses, which would be necessary to propagate the food movement 
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downwards. Alternative and supporting pathways, such as cyclic-neurally mediated 

motor activity or the presence of a polarized enteric circuit, have also been 

suggested as mechanisms of peristalsis initiation [13]. It has also been observed that 

increasing the viscosity of the bolus has a similar effect on swallowing to being in the 

Trendelenburg position. It was hypothesised that this is an artifact of a change in 

bolus composition due to air intake along with the (bolus) fluid [12]. 

1.3 PATHOPHYSIOLOGY 

The GOJ plays a critical role in swallowing and preventing regurgitation. Its function 

can be impaired through vectors such as viruses, bacteria, and at times, 

spontaneously triggered through normal function. This section details the diseases 

associated with GOJ dysfunction and their causes, symptoms, diagnosis, and 

treatments. 

1.3.1 Achalasia 

1.3.1.1 Causes 

A common disease that interferes with the swallowing function of the GOJ is 

achalasia. Achalasia is a motility disorder of the oesophagus which inhibits 

peristalsis, leading to symptoms of dysphagia (difficulty swallowing), regurgitation, 

and malnutrition. Achalasia has an incidence of 8.7 per 100,000 people per year, as 

found by a study performed in Iceland [14] and a figure of 10.8 per 100,000 per year 

in a Canadian study [15]. The risk of achalasia has been shown to increase with age, 

with an incidence of 17 per 100,000 people per year [16].  

Achalasia results from a decreased number of myenteric neurons and interstitial 

cells of cajal (ICC) controlling the lower oesophageal sphincter function [17]. It has 

been proposed to be caused by chronic ganglionitis [18], with viruses as a possible 

agent, due to the presence of cytotoxic lymphocyte activation markers and evidence 

of an immune response (complement activation) in the myenteric ganglia during the 

diseased state [17], [19]-[21].  Among viruses, herpes, human papillomavirus, and 

measles are thought to be the most likely culprits [18]. 

During the disease, the overexpression of HLA alleles and immune response 

characterise an abnormal immune response to viruses leading to the degradation of 

neurons. In a study by Facco et al. on the role of HSV-1 antigens on achalasia, it 
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was suggested that the antigens trigger a hyper response in T-cell action, which 

leads to neuronal degradation via cytotoxic T-cell activity [22], which was also 

supported by a study done in 2004 on the proliferation of T cells in achalasia 

oesophageal tissue in response to HSV-1 antigens [23]. The study reported a 3-4-

fold increase in T cell proliferation and suggested this as a possible mechanism for 

myenteric neuronal damage and the narrow-contracted region indicative of achalasia 

in Figure 4 [23]. Additionally, the presence of HSV-1 DNA found in normal functioning 

oesophageal tissue in another study suggests that genetics influences the 

individual’s susceptibility to achalasia (from HSV-1). However, other studies report 

an absence of HSV-1 DNA and the other mentioned viruses in oesophageal 

resection samples obtained from achalasia patients, although these studies had 

small sample sizes of 12-13 participants [17], [24], [25]. These findings suggest the 

presence of other unknown vectors, mechanisms, and risk factors. 

 

Figure 4. Comparison between a normal and achalasia oesophagus as observed radiologically.  (A) 

The oesophagus contracted during achalasia, the narrowed region connecting to the stomach visible 

in the lower half. (B) The typical appearance of the oesophagus [17]. 
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1.3.1.2 Symptoms 

People afflicted with achalasia experience symptoms of dysphagia (difficulty in 

swallowing, >90%) and regurgitation (71-91%). Additional symptoms may include 

respiratory symptoms such as nocturnal cough (30%) and aspiration (8%), chest 

pains (25-64%), and heartburn (18-52%) [26]-[30]. Furthermore, difficulties in eating 

result in weight loss in 35-91% of diagnosed patients. 

1.3.1.3 Diagnosis and treatment 

Achalasia is commonly diagnosed by manometry, HRM, pH monitoring of reflux 

gasses, radiography, endoscopy, and multichannel intraluminal impedance. The first 

diagnostic test is typically either radiology or endoscopy. Then, direct visualisation of 

the tissue allows the examiner to rule out lesions, neoplasia, adenocarcinoma, and 

pseudo-achalasia, which all share similar symptoms to achalasia, but have different 

root causes. This is especially important in cases such as pseudo-achalasia, where 

even the reason for primary denervation is similar, though caused by malignant 

tumours rather than viruses [31]. Therefore, distinguishing between the two diseases 

may also require computed tomography (CT) scans or intraluminal ultrasound [18]. 

Despite their similarities with achalasia, the treatments and prognoses of these 

diseases are different. Achalasia is characterised by a lack of peristalsis, increased 

intra-oesophageal pressure, and the incomplete relaxation of the LOS. Some 

methods allow for a higher specificity of diagnosis, with HRM, an advanced form of 

manometry, providing enough details to distinguish between different types (I, II, III) 

of achalasia [18].  

Achalasia can be treated through pharmacological drugs; nitrates and calcium 

blockers are often used. Drugs often act to relax the LOS. In the case of nitrates, this 

is achieved through inhibiting the myosin light chain. Another widely used drug is 

nifedipine, which blocks intracellular calcium uptake and lowers LOS pressure by 28-

64% [32] [33] [34]. However, the drug's side effects include tension, headache, 

dizziness, and tolerance build-up [18] [35]. An alternative with a higher remission rate 

but fewer side effects is botulinum toxin A, which blocks the release of acetylcholine 

at the neuromuscular junctions. 

Other mechanical and surgical methods also exist to treat achalasia. Pneumatic 

dilation is a relatively minorly invasive technique in which the inflation of an 

intraluminal balloon stretches the LOS. The balloon system is guided into place with 
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either fluoroscopy or endoscopy before sequential inflations that lead to a gradual 

overstretching of the region. The opening of the area leads to the relief of symptoms. 

A surgical alternative to pneumatic dilation is laparoscopic heller myotomy, in which 

the muscles of the LOS muscular layer are cut to prevent contraction. The surgery is 

minimally invasive; however, in rare cases, 2-5% of patients may develop the end-

stage disease in which the oesophagus dilates, leading to refluxes and requiring an 

oesophageal resection to fix [36]. 

1.3.2 Gastro-oesophageal reflux disease 

1.3.2.1 Causes 

In contrast to achalasia, which is due to an inability to relax, difficulty in GOJ 

contraction leads to gastro-oesophageal reflux disease (GORD). The disease has a 

relatively low incidence of 0.3-1.63 per 100,000 people [14], [16], [37], but is 

contrasted by a high prevalence of 10.8 per 100,000 people due to its chronicity [38]. 

The impairment of this function interferes with the anti-reflux mechanism of the GOJ. 

Under normal function, the stomach is maintained at a higher pressure than its 

connected oesophagus. The pressure difference would lead to the flow of contents 

from the stomach to the oesophagus if not for the actions of the GOJ and crura. The 

contraction of these structures leads to a pinching effect that increases the intra-

thoracic pressure leading to a regional high-pressure zone acting as a pseudo valve 

to prevent backflow. The weakening of either of these structures leads to symptoms 

of heartburn and regurgitation and, in 63-74% of cases, is triggered by routine gas 

venting relaxations [8]. Additionally, obesity may also be a risk factor, with 50-70% of 

bariatric surgery patients reporting GORD symptoms [39].  

1.3.2.2 Symptoms and complications 

The symptoms of GORD include heartburn and regurgitation; however, in severe 

and prolonged cases, “Barrett’s oesophagus” may develop, in which the damaged 

oesophagus epithelia irreversibly changes from squamous to columnar from acid 

damage. This condition increases the risk of developing oesophageal 

adenocarcinoma [40], with a study associating frequent refluxes with an increase in 

the odds ratio of cancer occurrence by 2.4 times [41]  and another finding 10-30 

times increase in the risk of oesophageal cancers. A lack of treatment may result in 

prolonged acid damage-causing erosive oesophagitis and inflammation of the 

oesophagus. 
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1.3.2.3 Diagnosis and treatment 

Patients with GORD symptoms can be diagnosed after a series of tests, including 

acid suppression, endoscopy, and pH monitoring. Additionally, the impedance of the 

oesophagus, as measured by HRM, can be used to detect refluxes independent of 

the pH of the regurgitated digesta. Additionally, erosive oesophagitis or Barrett’s 

oesophagus, visible through endoscopy, are a highly specific (97%) indicator for 

GORD [42]. Comparatively, the presence of heartburn and acid regurgitation, have a 

high specificity (89% and 95%), but low sensitivity (38% and 6%) [43]. Diagnosis of 

GORD can also be made through drugs such as proton pump inhibitors (PPI), in 

which the patient response is the continuation of GORD symptoms [30]. 

GORD is a chronic disease requiring long-term treatments, and lifestyle changes can 

help manage symptoms. Changes such as increasing the elevation of the head while 

sleeping, a left lateral decubitus sleeping position, and weight loss have been 

clinically proven to aid with GORD treatment [44]. Additionally, chocolate, alcohol, 

fatty foods, and citrus can worsen symptoms and should be avoided [44]. 

Other medical treatments include antacids and H2 receptor antagonists (H2RA) can 

be used to treat heartburn episodes. More recent developments in this field have 

also yielded proton-pump inhibitors (PPI), which inhibit the H+K+ATPase pumps 

required for acid secretion. This increases the oesophageal pH and reduces the 

occurrence of acid reflux with greater efficacy and longer duration than traditional 

H2RAs [45].  
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1.4 COMMON DIAGNOSTIC METHODS 

Many methods to observe the GOJ and associated regions exist in the present day 

for both diagnostic and research purposes. The tests vary in degrees of specificity, 

sensitivity, cost, invasiveness, and type of data obtained; these parameters influence 

their fields of use. Some common examples of diagnosis can be found on Figure 5 

and are detailed in this section.   

 

Figure 5. The common diagnostic methods for determining GORD detailed in later sections. 

Techniques range from less invasive monitoring of the GOJ visually (endoscopy), pressure (mucosal 

impedance) and pH (reflux monitoring) [46] 

1.4.1 Manometry 

Manometry is the most common technique to diagnose and observe issues with the 

oesophagus and lower oesophagus. Manometric diagnosis is based on pressure 

data obtained by inserting a catheter into the oesophagus through the mouth. 

Typically, the catheter is lined with 4-8 pressure or water-perfused channel sensors 

along its length [47]. Often, an additional sleeve sensor is included to measure 

maximum pressure. A pressure profile is obtained along the length of the 

oesophagus through the catheter, at rest and during swallowing. However, despite 

its widespread usage of manometry, there are doubts on the efficacy of this 

technique. In addition to the training required, the results are obtained as unintuitive 

data, open to interpretation by medical professionals, often leading to differing 

diagnoses for related conditions [48]. 

Additionally, solid-state pressure sensor catheters, preferred for convenience, cannot 

account for oesophageal movement, leading to errors in measurement. Therefore, 

among the ailments of the oesophagus, only achalasia and severe diffuse 
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oesophageal spasm have defining characteristics within manometric data. Other 

abnormalities detected by manometry often have poor specificity, with characteristics 

being present in both healthy and diseased patients. Thus, there is also a poor 

association between manometric data, symptom severity, and disease progression 

[47]. 

1.4.2 High-resolution manometry 

Given the problems associated with traditional manometry, newer advancements in 

the field have yielded HRM, which aims to reduce the subjectivity of the acquired 

data and reduce its uncertainty. As the name would imply, the technique offers a 

better resolution and is available in solid-state (with pressure sensors) and liquid-

perfused assemblies. The former is possible with advancements in solid-state 

construction that allow up to 36 pressure sensors to be implemented along the 

catheter length. The latter is due to the development of “micro manometric water 

perfused channels,” which allow for between 21-32 sensor channels [49], [50]. 

Additionally, advancements in computing allow for the real-time visualisation of the 

data in the form of topographic plots, an example of which can be seen on Figure 6 

[47]. Thus, the force and direction of the pressures can be obtained, reducing the 

subjectivity of the measurements. 

 

Figure 6. A plot of the pressures obtained through high-resolution manometry (B). (At) The same 

pressure data at different lengths along the oesophagus. Each colour represents a different region, 

with IPB being the intra-bolus pressure and LOS being the lower oesophagus [47]. 
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1.4.3 pH monitoring 

A method used to detect the presence of acid reflux is pH monitoring, in which a 

catheter is placed trans-nasally into the oesophagus and pH measurements are 

taken along its length through sensors, similar to manometry techniques. However, 

unlike manometry, the measurements are taken over an extended period of time, 

typically 24 hours [51]. The event of an acid reflux is defined as the presence of a pH 

less than 4. Useful measurements of this method include the frequency of reflux 

events and the “acid clearance time,” which is a ratio of the duration between acid 

reflux episodes to the reflux time. An incidence of 50 episodes, within a 24-hour 

period indicates a positive GORD diagnosis, given at least three episodes last for 

over 5 minutes. Like manometry, the technique suffers from problems with probe 

positions affecting the data acquisitions. 

Additionally, a study by Mitchell et al. (2001) on the effect of milk feeds on gastric 

and oesophageal pH in infants, observed on Figure 7, demonstrated a potentially 

critical flaw with the approach. The researchers found that in instances where the 

gastric pH was below 4 for prolonged intervals, the technique could not detect the 

presence of acid reflux [51]. Therefore, this method is vulnerable to interference by 

the patient’s eating habits. 

 

Figure 7. Example gastric pH monitoring data obtained over 24 hours, with feedings being given to 

the infants every two hours. Approximately six hours elapse between peaks/troughs. The y axis 

indicates pH, and time is indicated along the x axis [51]. 
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1.4.4 Multichannel intraluminal impedance  

Multichannel Intraluminal Impedance (MII) is a diagnosis method involving 

measuring the changes in resistance of the oesophagus to determine bolus position. 

The resistance of the oesophagus is measured through an alternating current 

traveling between pairs of electrodes on a specialised catheter in contact with the 

oesophageal lining [52]. At the onset of swallowing food, there is an air pocket 

preceding the passage of the bolus through the oesophagus. This is interpreted as a 

high impedance spike due to the air, followed by a sharp decrease in impedance to 

the conducting ions found within the bolus, which can both be observed on Figure 8 

[52]. After the exit of the bolus, there is another overshoot of impedance due to 

clearing oesophageal contractions. Thus, MII allows for the detection of bolus 

movement in both directions, irrespective of pH, making it capable of detecting both 

acid and non-acid refluxes. 

 

Figure 8. The change in impedance of the oesophagus throughout swallowing a bolus. The high initial 

spike in impedance is due to a preceding bubble of air, while low impedance is due to the passage of 

the bolus. 

1.4.5 Radiography 

A classical method for measuring and visualising internal body cavities is through the 

use of radiography, paired with a barium swallow. The liquid barium sulphate has a 

high absorbance of x-rays; this leads to an opaque colour as observed on Figure 9. 

The procedure entails swallowing barium sulphate followed by sequential imaging of 

the bolus as it travels; the images can be collated into a video form. However, some 
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side effects may result despite the non-toxicity of barium sulphate, with some 

patients can complaining of nausea and vomiting within 30 minutes of ingestion [53]. 

Other complications may also arise from barium sulphate leakage into the 

mediastinum within the thoracic cavity, which may lead to inflammation. Additionally, 

the potential of exposure to high radiation levels through CT scans or other x-ray 

methods limits the frequency of its usage. In cases of dysphagia, such as in 

achalasia, the patient may also have difficulty swallowing the substantial amount of 

barium required, further limiting its use cases in GOJ disorders [53]. 

 

Figure 9. Example of radioscopy performed with a barium swallow. (A) View of the oesophagus aided 

by the contrast given by the barium sulphate (B) The view of the lower oesophageal region and 

stomach after ingesting barium [53]. 

1.4.6 Endoscopy 

Endoscopy is a diagnostic method used to directly observe the affected tissue and 

was previously considered the gold standard for diagnosing GORD [54]. The patient 

is first sedated and given a mouth guard to prevent biting of the endoscope [55]. 

Then, an endoscope is inserted through the mouths to the region of interest. The 

endoscope consists of a flexible fibre optic cable, with a control head with a lens and 

light for viewing the afflicted tissue. The endoscope also contains a port through 

which thin surgical instruments can be fed for performing procedures such as 
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biopsies. The endoscope may also include surgical pliers and valves for air 

insufflation and suction. However, histological techniques have been found to 

possess a low sensitivity and specificity for diagnosing GORD, limiting the usage of 

endoscopy for the disease. Despite no longer being the gold standard in GORD 

diagnosis, it remains a useful tool in diagnosing oesophageal injuries, such as 

perforation. Endoscopy is also helpful for ruling out diseases such as oesophageal 

adenocarcinoma, hiatus hernia, and Barrett’s oesophagus, which have similar 

symptoms to GORD, but can be distinguished visually as observed on Figure 10. 

The method also allows for the ability to perform biopsies to identify diseased tissue 

[54]. 

 

Figure 10. Endoscopic view of the GOJ region. (A) The normal state of the GOJ. (B)(C) Different 

views of the GOJ in the presence of Barrett's oesophagus [56]. 

1.4.7 Intraluminal ultrasound 

Often, transducers used for ultrasound can fit through endoscopes, allowing for 

intraluminal ultrasound images. Ultrasound is a technique that relies on releasing 

ultrasonic waves of sound and processing their reflected intensities to obtain images. 

Due to this, it is possible to view multiple tissue types through the oesophageal walls, 

as observed on Figure 11. The changes in tissue wall thicknesses can be correlated 

to symptoms. Limitations of this method can include measurement errors that arise 

from movement artifacts, and tissue echoes can lead to distortions in the image. In 

addition, errors in image interpretation by the medical professional can also occur 

[57]. 
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Figure 11. Ultrasound images of the oesophagus. (A) The baseline oesophagus. (B) The oesophagus 

at the peak of contraction. T is the ultrasound transducer; MUC is the mucosal layer and LM, and CM 

are the longitudinal and circular muscle layers respectively. AO is the aorta, while A and P denote 

anterior and posterior. R and L are right and left [58] . 

1.5 RELEVANT MATHEMATICAL MODELS 

The Gi tract is a region featuring characteristics that would allow for a variety of 

different types of mathematical models to be developed. Due to such characteristics, 

models may vary greatly in complexity and purpose, despite sharing a common 

region of interest. Some models utilise 2D geometry over 3D and differ in their 

methods of data acquisition, with many making use of the diagnostic techniques 

listed in section 1.4. Additionally, FEM models can be developed to simulate the 

mechanical behaviour. Among such models, distinctions can be made between 

models which simulated LOS function and peristalsis. Other models use 

computational fluid dynamics to simulate the passage of food. A few examples of the 

models are detailed below. 

1.5.1 Nicosia & Brasseur Model 

A model of relevance would be the muscle tension model developed by Nicosia & 

Brasseur in 2000 [59]. The aim of the study was to model and separate the passive 

and active components of circular muscle tension within the upper oesophageal 

sphincter during bolus transport. This was achieved through imaging data from 

cinefluoroscopic and manometric data (“manofluoroscopic”). In the paper, a human 

subject was given fluid to swallow to create a bolus, and the distension response of 
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the oesophagus was measured through videofluoroscopy. The addition of a 

manometer catheter also allowed for pressure measurements in the area. From this 

data, the oesophagus was approximated to a 2D cylinder, from which the tension at 

various distensions were determined. The researchers then developed equations to 

determine the circular muscle (CM) and longitudinal muscle (LM) tension from the 

transmural pressure. Additionally, the model allows for passive tensions to be 

calculated from incorporated constitutive equations. Thus, the model can be used 

predict the degree of diameter change and tension with regard to an intraluminal 

pressure measured with manometry. 

1.5.2 Multiphysics gastric peristalsis model 

A recent stomach model was developed in 2021, which was extension of an existing 

model [60]. The model used a 3D geometry of the stomach, which featured CM and 

LM layers. Utilising a finite element model, the geometry was able to undergo a 

computational fluid dynamic simulation, with movement driven by the contractions of 

the muscle layers. The researchers undertook a unique approach to modelling 

muscle contraction, in which the geometry was divided into “planes”. The planes 

were activated sequentially, starting from the oesophageal to the duodenal region, 

leading to peristaltic muscle contractions. 

Additionally, the muscle contraction model is uniquely dependent on the muscle fibre 

length, eliminating the ion dependency of the model of most muscle models. The 

model also includes a functional pyloric sphincter located at the duodenal interface. 

Due to these features, the resultant model could reproduce various physiological 

observations, such as a backward flowing fluid “jet” present when contracting against 

a partially closed pylorus. Furthermore, reversing the peristaltic movement allows for 

the modelling of gastric reflux, which is of particular interest to the field of disease 

prevention.  

1.5.3 Gastric smooth muscle model 

Another gastric smooth muscle model was created in 2020 by Klemm et al. [61]. In 

this paper, the researchers conducted experiments on porcine stomachs to acquire 

the parameters of interest and used them in a coupled mechanical–electrical model 

to model slow waves. The model features a 3D porcine stomach geometry with two 

muscular layers that was also acquired experimentally and was later solved with the 
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FEM [61]. Furthermore, there is an inclusion of elements such as muscle fibre 

direction and ICC that make it more physiologically accurate. The muscle fibres were 

given an assumed direction. At the same time, the ICC and SM were made to have 

membrane potentials that were dependent on calcium ion concentration. 

Additionally, the ICC were given a stretch response, granting the model an additional 

mechano-electro feedback system. Similarly, the muscle’s calcium dependence and 

the elastin and collagen fibre response were described through the governing 

equations. Meanwhile, the presence of ICC and calcium dependant contraction 

aided the simulation of slow waves through the geometry. Consequently, the final 

model could generate slow waves, dependent on the stomach fill, due to the stretch 

response. Additionally, the researchers could demonstrate entrainment of the gastric 

slow waves from ICC response alone.  

1.5.4 Yassi model 

The most relevant model to this project would be the Yassi model (2008)  [62], a finite 

element method (FEM) model of the GOJ aimed at determining the changes in 

luminal pressure during muscle contraction of the region. The model geometry was 

constructed in 3D, utilising data from the visible human project and incorporated 

assumed LM and CM layers. Additionally, a second incompressible mesh with 

limited deformability in the gastric direction was used to model regional pressures 

resultant from muscle contraction. To model the passive constitutive properties of the 

tissue, the Yassi model uses a strain energy equation obtained by Guccione et al. 

through the mathematical modelling of canine myocardium [63]. Yassi et al. 

emphasised the importance of the inclusion of “shear resistance” in Guccione model, 

where the tissue is capable of limited zero stress deformations. This feature was 

aimed to mimic the sliding between muscle layers present physiologically. Active 

tension was developed through a calcium dependant muscle contraction model, 

resultant from the efforts of Nash et al. in the modelling of canine myocardium [64]. 

Additionally, crural effects were also considered and modelled through pressure 

applied to certain elements of the mesh. The model found that the GOJ caused a 

basal pressure of 13.43 mmHg and peak pressure of 33.30 mmHg. The inclusion of 

crural contribution, said to be 56% of the pressure contribution in literature, led to 

higher pressures of 25.8 mmHg and 61.24 mmHg, closely matching the 53% 

pressure contribution from literature. 
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1.5.5 Thesis objectives 

The main aim of this thesis is to implement physiologically accurate geometry into an 

existing mathematical model created by Yassi et al., by establishing a pipeline to 

convert the raw data into finite element meshes of varying degrees of complexity. A 

secondary objective is to test the model's performance relative to the established 

Yassi et al. model. This entails quantifying the development of pressure in the ultra-

mill model and related factors. These efforts will streamline the data processing for 

potential future models and add reliability to the results obtained.  

2 GOJ IMAGE ACQUISITION & GEOMETRY CONSTRUCTION 

To visualise the anatomy and validate methods used to construct the mesh format 

used in the solver later, new anatomies needed to be created to provide points of 

comparison. Both 3D solid (volume) and 3D shell (surface) meshes were created to 

provide an accurate and thorough comparison. Starting in MATLAB R2021a 

(Mathworks, Natick, MA, USA), two different methods were utilised to create these 

meshes. A solid mesh would provide a good overall indicator of the expected shape 

of the geometry, while the shell mesh could be smoothed and refined to show a 

more realistic surface. Additionally, the shell mesh could incorporate multiple tissue 

layer types into one mesh, so all tissue layers could be visualised in context.   

2.1 DATA ACQUISITION 

The purpose of this study was to obtain intraluminal pressures using a mathematical 

model created by Yassi et al. [62]. Alongside the mathematical model, Yassi et al. 

also created a mesh from data obtained from the visible human project, hence 

referred to as the “visible human” geometry. This mesh was later used in this study 

as a point of comparison but was not made within the thesis. In addition to this, Yassi 

et al. also acquired data of their own using an ultra-mill set up. Both the ultra-mill 

data, visible human geometry and by extension the visible human project data were 

used in, but not within the scope of, this study. The methods of data acquisition used 

by Yassi et al. and within the visible human project are detailed in the following. 
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2.1.1 Visible human dataset 

Yassi et al. obtained the data required for constructing the visible human mesh from 

the visible human database, where the donor was a 38-year-old male with no history 

of gastrointestinal disease. The cadaver was frozen and cut into 1871 cross-

sectional images, which were cut perpendicularly to the coronal plane at 1mm per 

slice in the z-direction (from the feet to the head) [65]. The tissue block was imaged 

at a resolution of 2048 x 1216 pixels, then milled at a depth of 1 mm, and the 

process was repeated for its length. The imaging was performed six months 

posthumous in over three months, being refrozen with dry ice over this duration. 

 

2.1.2 Ultra-mill dataset 

This study uses data that was acquired by Yassi et al. and further details can be 

found in their previous study [66]. Yassi et al. (2008) acquired their own data on the 

GOJ, consisting of a stack of 650 PNG images. These images were manually 

obtained by Yassi et al. from the GOJ of a cadaver, surgically removed from a donor, 

and then imbedded into a wax block. The uppermost layer of the block was stained 

with May Grunwald solution, then imaged at 8.2 µm/pixel resolution by an 8 mega-

pixel camera, which results in the image on Figure 12A. The block was then milled to 

a depth of 50 micro-meters via a custom set up. Then, the staining and imaging 

process was completed for the full 32.25 cm tissue block. The resulting images were 

of 7000 x 5816 pixels and covered a field of view of 28 cm x 18 cm.  

 

Figure 12. (A) The raw image data obtained by Yassi from manual imaging with a custom setup. (B) 

The image after being segmented by USCD into its various tissues. 
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The resultant images were segmented and published by Zifan et al. (2017) from the 

University of California, San Diego [67]. The images stack was imported into AMIRA 

analysis software (Visage, Carlsbad, CA, USA), where they were manually 

segmented. The images were segmented into 13 different types of tissue, and it was 

determined that a resolution of 3500 x 2908 pixels and a depth step of 250 µm was a 

sufficient resolution to retain the (muscle) fibre orientation [68]. Among the 

segmented tissue types were the longitudinal and circular muscle layers, the central 

regions of interest. Zifan et al. noted that it was difficult to determine the position of 

the phreno-oesophageal ligament. Additionally, it was also noted that although an 

attempt was made to mimic the shape and orientation of the GOJ in situ, this may 

not be entirely accurate. The resultant segmentations were used by Yassi et al. to 

construct the visible human model. 

2.2 ANATOMICAL MODEL DEVELOPMENT METHODS 

Most of the geometry creation process was performed in MATLAB 2021a, with 

further processing occurring in AutoCAD and MeshLab. The input data was in the 

form of matrix (mat) files containing the segmentations to convert them to 3D shell 

standard tessellation language (STL) files to later use in CMISS; the overall workflow 

is detailed in Figure 13.

 

Figure 13. A flow chart of the process used to convert the raw data into a 3D STL mesh, detailed 

below. 

The initial phase of converting the matrix files to the STL was done in MATLAB. First, 

the segmentations of multiple tissue types were merged into one. After observing the 
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13 types of tissue, it was decided all the tissue layers should be combined to acquire 

a geometry compatible with the visible human model developed by Yassi et al. 

(2008). Omitting tissue types would leave physiologically inaccurate “holes” in the 

created geometry. For each merged image, the outline of the geometry was then 

traced using a MATLAB function and filled in to create a 2D solid silhouette of the 

GOJ, represented by a 2D logical matrix. This removed discontinuities in the 

boundary due to minor breakages in the tissue from minor segmentation errors. The 

matrix is in the form where ones denote biological tissue and zeros are the 

background. The resulting matrices are assembled to a 3D logical matrix of the 

geometry.  

This matrix was passed through the function CONVERT_voxels_to_stl created by 

Aitkenhead [69] to create an appropriately scaled 3D solid STL geometry. However, 

due to the large size of the matrix, points from every 10th row and column were taken 

before conversion, with the appropriate changes to the scaling made. The down-

sampling was only done in the x and y directions on the boundaries of the desired 

tissue, while all 650 image slices were retained. At the prescribed down-sampling 

rate, the distance between the points on each slice was closer in magnitude to the 

distance between slices, facilitating mesh creation and resulting in a more uniform 

mesh. The conversion took 50 minutes at these sampling settings.  

The conversion function generated constant volume voxels to best fill in the input 3D 

matrix, creating the nodes and writing the tessellations required for an STL before 

exporting. This results in the mesh observed in Figure 14. However, the usage of 

voxels led to a “blocky” solid 3D mesh, which would need to be smoothed in later 

post-processing. From this mesh, the overall shape of the GOJ can be observed. 

Although, the voxels and faces observed may lead to the loss of shape information 

and guide to distortions if this workflow was further pursued. Additionally, there was 

a loss of tissue boundary information. Therefore, more post-processing work would 

need to be done to convert the 3D mesh into shell meshes to capture the edges of 

the muscle layers. With these factors in mind, another workflow was considered. 
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Figure 14. 3D solid STL created in the method described. Blocky voxels are visible on the surface of 

the geometry. Red outlines are non-manifold issues from using Autodesk mesh mixer to view the 

geometry. This only applies to 3D printing and is not relevant to the project. 

2.2.1 Alternative workflow 

In this alternative method for mesh creation, there was a focus on acquiring a shell 

mesh without the need for post-processing. The overall processes used are detailed 

in a flow chart in Figure 15. Like the previous workflow, the boundary of the desired 

tissue was obtained after filling in the silhouette. Then the x, y, and slice (z) 

coordinates of every 10th point of the points comprising the tissue boundary were 

obtained. The points were then exported into a comma-separated value (CSV) point 

cloud and into MeshLab. This was done for the outer boundaries of the LM and CM 

layers, in addition to the outer perimeter of the mucosa, which was used to form the 

inner layer of nodes. 
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Figure 15. The workflow for creating a three-layered 3D shell mesh of the different tissue layers. 

In MeshLab, the desired normals of the surface were first computed for all points 

within a boundary layer. In this case, the desired normals all point outwards relative 

to the centreline. Then, a mesh was automatically generated using the ball pivoting 

method available in MeshLab [70]. Ball-pivoting is performed by fitting a sphere of a 

defined radius to each point, such that the sphere's edge is touching the point. The 

sphere is rotated while still in contact with the data point until it encompasses two 

other data points; then, a triangular mesh element is drawn between the three points 

[71]. The surface of the element is defined pointing towards the previously defined 

normal. This process was repeated for larger sphere radii for uneven sampling 

densities up to a user-defined limit. This method of mesh creation is typically used 

for surface reconstructions from data clouds obtained from 3D scanning. Due to the 

usage of ball pivoting, the sampling density in the x-y plane needed to be like that in 

the z-direction (between layers). The nature of this data cloud would cause an 

ordered uneven distribution of points otherwise, making mesh generation difficult. 
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Figure 16. The mesh generated in MeshLab; holes are still visible in the geometry and are highlighted 

in red circles. (A) The geometry down sampled by a factor of 50 in the x-y direction. (B) A more 

complex geometry down sampled by a factor of 10. 

 

Figure 17. (A) The geometry post-processing in MeshLab to smooth the surfaces and remove holes. 

(B) Unsmoothed portion of geometry with holes, without pre-processing. This section showcases 3 

layers of shell mesh that represent the outlines of the LM, CM, and mucosa layers (in order from outer 

to inner). 
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Utilising this method, the three data clouds representing the tissue boundaries were 

automatically made into three shell meshes. Each shell mesh consisted of triangular 

2D elements of similar size, with the data cloud serving as the nodes. The 3 shell 

meshes were then flattened into single STL shell mesh which retained the shape 

information of each of the individual mesh. However, despite this processing, the 

resultant mesh, observed on Figures 16 & 17B, still contained holes and rough 

edges. Smoothing was accomplished automatically in MeshLab with a tool that 

closes gaps past a certain width, which completed most of the remaining holes 

(Figure 17A). The rough edges at the ends of the geometry were removed by plotting 

a centreline through the geometry and cutting perpendicularly to this centreline, 

which can be accomplished through the vascular modelling tool kit (VMTK) [70].  

2.3 ULTRA-MILL MESH CREATION 

2.3.1 Image processing 

Creation of the mesh begins after 2D logical matrices of the tissues were found, as 

described previously. First, straight lines originating from the centroid were drawn at 

various, equidistant angles from the horizontal, as observed on Figure 18B. The 

intercepts of these lines with the shape boundary were taken as data points. By 

changing the angle at which the lines are drawn, the number of data points and 

complexity of the mesh can be changed. Additionally, the data point resolution could 

also be varied in the z direction by changing the number of image slices sampled 

from the original 652 segmentation image stack. For the current mesh, 9 slices were 

taken from the 652 stack, within each of these 9 slices, a total of 72 data points were 

taken. However, only 24 points were used in the completed mesh of the 72 obtained, 

while the remainder were used for mesh fitting purposes. Therefore, 8 points were 

used to represent each tissue boundary within each image slice, with a total of 9 

image slices used to represent the full 3D geometry. The resultant data cloud was 

exported for mesh construction.   
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Figure 18. (A) The existing segmented geometry, with the different types of tissues present in the 

geometry, with each tissue type being denoted by a different shade of grey. (B) The extracted 

silhouette of the same image used to determine the points representing the LM layer of the mesh. The 

points (red dots) are taken from the intersection between the lines drawn at 45 degrees and the 

boundary. 

2.3.2 Cubic hermite mesh construction 

The data cloud was exported into MATLAB to construct two meshes, a two-layer 

cubic hermite mesh of the GOJ, and an accompanying cavity mesh, from which the 

pressure measurements were taken. For the creation of the main GOJ mesh, the 

mesh generation was approached layer by layer. First, an initial mesh was 

constructed by taking the points from the image data. A node number was assigned 

to each of the 24 points taken from the mucosa, circular muscle, and longitudinal 

muscle layers (a total of 8 points per tissue) to create a node file.  

With ordered nodal definitions and arrangements, an accompanying element file for 

writing the tessellations required for an element definition was written. The elements 

used in the CMISS simulations were defined by eight nodes to match the element 

orientations used by Yassi et al. for the generation of the muscle fibre files later [68]. 

At this stage, the mesh was exported as a linear mesh which was used later in the 

project. 

The next step was to add derivatives to the nodes in the mesh. The mesh had to be 

smoothed to better match the true geometry of the image data. The prior outputs of 

node, element and data files were required to achieve this. After reading in the linear 

mesh obtained through the node and element files, the smoothing was approached 
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element by element manner, with an end goal of matching the excess points 

obtained in the data file. Currently, only the points in the (image slice) x-y plane was 

smoothed. Fitting the mesh required the usage of cubic hermite interpolation, given 

in shorthand by the following,  

 
𝑢(𝜉1, 𝜉2, 𝜉3) = 𝑓(𝜑, 𝑢,

∂u

∂ξ
,
∂2u

∂ξ2
,
∂3u

∂ξ3
) 

2.1 

In 2D, Hermite interpolation is a more generalised form of the more commonly used 

Lagrange interpolation, a method in which a curve is fitted to given data while 

minimising the polynomial order. The distinguishing characteristic of hermite 

interpolation is a continuous first derivatives between adjacent elements, which 

results in a smoother fit, useful for modelling biological tissues. 

When applied in 3D, cubic hermite interpolation creates a domain for each element, 

defined 8 nodes per element and 7 derivatives for each node. The method also 

ensures that no discontinuities are present between adjacent elements, by matching 

derivatives. The described domain is visible on Figure 19B and the local coordinate 

system (𝜉) terms denote the directions in the hermite material coordinate system. 

The u terms the coordinates of the nth node, n being one of the eight nodes that 

form an element and being given by the superscript.   

The ∂𝑢 terms, are derivatives defined by the change in values in Euclidian space 

with respect to changes in ξ within the element as defined by the cubic hermite 

equation. In the full equation (see Appendix A, Equation A7.1), 
∂𝑢1

∂𝜉1
 is the derivative of 

the (u1) Euclidian (x, y, or z) with respect to the 𝜉1 Lagrange coordinate systems for 

the first node of the eight comprising an element. The four 𝜑  terms are the cubic 

hermite basis functions and are distinguishable by their subscripts and superscripts 

(see Appendix A, Equations A7.2 to A7.5). The functions take the local material 

coordinates as an input.  

Ultimately, the function was used to calculate Euclidian coordinates from desired 

local material coordinates, while the derivatives determine the shape of the element. 

The coordinates and derivatives of a set of 8 points could be constructed into a 3D 

subspace. The edges of the subspace could then be fitted to the reference data 

through least squares fitting to shape the element. Fitting was approached 

sequentially, element by element and layer by layer, as opposed to all at once. For 
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each element, there were four relevant lines that needed to be smoothed, each of 

which were defined by two nodes. These lines are visible on Figure 19B as the 4 

lines in the ξ1 direction. 

 

Figure 19. Visualisation of the concept of "subspace" material coordinates (A) defined by the cubic 

hermite equations in comparison to Lagrange coordinate system. Reference points used to fit the data 

are given as filled red circles. (B) The material coordinates applied to a singular element. 

The fitting was undertaken by varying the derivatives of the pairs of nodes, aiming at 

defining a line to match the reference data. Each line was fitted to 4 data points, with 

two within the fitted element and one within the two adjacent elements of the same 

tissue class each. The points were obtained from the prior oversampling of the 

boundary points. In the example of a mesh with 8 points taken to represent a tissue 

every image slice, a total of 24 points would be taken every image slice to represent 

the 3 tissue types. Of these 24 points, 8 would serve as the nodes and the rest 

would be used for fitting. Including reference points from adjacent elements was 

necessary to ensure the continuity of boundaries defined by the cubic hermite 

equation. Neglecting the points of adjacent boundaries would lead to disfigured 

elements, as single node is used to define at least two elements. Therefore, the 

cubic hermite equation was solved at 33% and 66% along the length of the element 

being fitted, in addition to 66% and 33% of the preceding and succeeding elements 

respectively. The reference points are observed as the filled red circles on Figure 

19A. 
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This results in 4 fitting points, which are influenced by derivatives and 4 reference 

points obtained from data. These fitting points were compared with their nearest 

reference points using the method of least squares on the average distance in x and 

y values. Limiting the reference and error points to 4 reduces the fitting of extreme 

derivative changes by increasing the consistency of the points being compared. 

After observation of the mesh response to derivative changes, it was determined that 

only the first derivative of the x and y coordinates needed to be changed to enact the 

desired curvature. Therefore, the first step of fitting was to test a series of derivatives 

of the same magnitude but different signs, to determine the signs of the derivatives. 

This helped to reduce processing times and ensure a more regular mesh. Then 

derivatives with signs matching those found were iteratively tested. This was 

achieved by increasing derivative magnitudes by a step size and calculating the 

error, this was repeated until an optimal set of derivatives were found. Overfitting 

was limited by reducing the range of derivative magnitudes tested. These steps 

would be repeated for all four lines of the element and all elements of a layer of a 

mesh with the comparison error points changed to match. Once a set “model 

derivatives” of a layer of elements was found, the derivatives were applied and 

scaled for the remaining layers. 

The result is observed on Figure 20C, showing a smoothed 2-layer 3D mesh with 

derivatives and nodes arranged at 45-degree intervals from the in-plane geometric 

centroid, leaving ordered lines of nodes running down the geometry. 

 

Figure 20. (A) The linear geometry visualized in MATLAB, with green denoting the GOJ mesh and the 

red lines the cavity mesh used to measure the pressure. (B) The linear mesh visualized in CMISS. (C) 

View of the smoothed (cubic hermite) mesh.  
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2.4 Cavity mesh 

Similar to the visible human mesh, a cavity mesh was required to measure pressure 

changes in the ultra-mill model. In this thesis, the cavity mesh was formed from the 

same nodes as the inner layer of the GOJ mesh, with the addition of a centreline of 

nodes. The centreline was found using the GOJ mesh, lines were drawn from 

opposing inner GOJ nodes and their place of intersect was recorded as the centroid. 

The centroids were found for all but the first oesophageal layer and the last two 

fundus layers. The cavity mesh consisted of the inner layer of the GOJ elements 

representing the mucosal layer and the centreline. The resulted in triangular wedges 

for elements. The elements were then generated sequentially and written into output 

files.  

2.4.1 Fibre files 

The Yassi model utilised in this project requires the input of muscle fibre directions to 

simulate the contraction of muscles. As the GOJ model consisted of 3 tissue 

boundaries resulting from the CM and LM layers, the fibre directions need to be 

defined separately for each boundary. In the model, the fibre directions were defined 

at each node, relative to the right-hand rotation about the ξ3 axis, as observed in 

Figure 19B. The muscle layers led to 3 different types of fibre node definitions. In an 

idealised geometry, the fibres of the muscle layers would be perfectly parallel and 

circular relative to a centreline for the LM and CM layers respectively. Due to the 

limited complexity of the model and the overwhelming number of muscle fibres, the 

assumption of idealised fibres was used. Given the two muscle layers, the fibre 

directions can be grouped into 3 different types. In the case of the inner CM layer, 

the fibres angles are set to 0o relative to the local coordinate. Similarly, for the LM 

fibres the angle is set to 90o relative to the coordinate. For the boundary between the 

two, the nodes were defined by two versions and each version was given the 

appropriate angle, thus both angles of 0 and 90 o were present. 

2.5 YASSI GEOMETRY CONSTRUCTION  

This project also uses a geometry constructed by Yassi et al. which uses data 

obtained from the visible human project. The methods used by Yassi et al. to 

construct her mesh are detailed in the following section. The mesh was constructed 

from every second slice (2mm per slice in the z-direction) at the region of interest, 
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determined visually by Yassi et al. to be sufficient for retaining sufficient physiological 

accuracy [62]. Next, eight equidistant data points were manually placed at the GOJ 

boundary per image slice used to give a data cloud of the region of interest. The data 

cloud was inputted into the CMISS computational software, which implemented a 3D 

variant of the cubic hermite equation to smooth and define elements. 

 

 

Figure 21. The visible human geometry before and after the application of cubic hermite smoothing 

(derivatives). (A) After smoothing. (B) Before smoothing. 

Utilising cubic hermite interpolation, an initial rough mesh was constructed from the 

data cloud with elements approximately the same size and shape. The derivatives 

were then iteratively adjusted using the Newton-Raphson method on an error 

function based on the distance between the data points and the surface of the 

elements, a penalty being applied to regions of uneven spread. The resultant 

geometry is in 3D with 1 layer of elements representing the longitudinal muscles; a 

second layer was created by creating elements at an assumed distance from the 

original mesh due to limitations in the resolution of the imaging data. This results in 

the two-layer mesh seen in Figure 21A&B. 

Additionally, the remaining space within the cavity was converted into an 

incompressible mesh with a free node to allow deformation during contraction to 
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measure the pressure changes. To perform peristaltic contractions, the directions of 

muscle fibres also had to be defined. As these were not discernible within the 

resolution of the visible human project, these had to be assumed. The fibres were 

defined as angles relative to the right-hand rotation in the ξ3 direction for the CM and 

LM layers, respectively. 

2.6 GEOMETRY COMPARISON 

After image processing and geometry construction, the resultant “ultra-mill” geometry 

had numerous differences to the visible human geometry used by Yassi et al. There 

were observable differences in size, shape, and curvature. These differences were 

validated by the STL model and through MATLAB visualisation. Differences were 

expected due to the variations in tissue and tissue preparation methods, some of 

which are summarised in Table 2. 

Table 2. Table of the different aspects of tissue preparation used to acquire the data sets. Key 

aspects and timeframes are listed. 

Stats Visible Human Ultra-mill 

Donor age 38 19  

Sex  Male Male 

Preservation 

method 

Freezing -70 degrees Dehydrated Alcohol 70% 

Time spent 

post-mortem  

~ 10 Hours post-mortem 

+ 1 week preserved in formalin 

Preparation 

time 

Time taken to freeze 36 Hours 

Time spent 

in storage 

6 months N/A 

Time spent 

imaging 

3 months 100 Hours 

 

Table 2 summarises the different preparation methods used to obtain the data 

showing the key components and time scales. As the methods vary greatly, some 

components cannot be compared or are not applicable. It should be noted that 
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though both samples are from males, one is double the age of the other. In addition, 

they also vary in the time spent before preservation is both started and completed. 

Furthermore, the two samples have vastly different methods of tissue preservation. 

 

Figure 22. Comparison of the two geometries. (A) The Ultra-milled geometry. (B) The visible human 

geometry. 

2.7 ANATOMICAL DIFFERENCES 

From Figure 22, it is evident that the two models had different anatomies. While the 

ultra-mill geometry is roughly cylindrical, the visible human geometry has a greater 

curvature giving it a C-shaped bend. Additionally, there is a noticeable narrowing in 

the midsection of the visible human geometry, which is not present in the ultra-mill 

model. The distal end of both models was dilated, indicative of the presence of the 

fundus of the stomach. The ultra-mill model was also much smaller than the visible 

human model, with the latter having a greater average width and length. The visible 

human geometry has noticeably thicker LM and CM walls, resulting from the differing 

creation methods detailed in Sections 2.3 and 2.4. The visible human model uses 

assumed wall thicknesses, while that of the ultra-mill dataset has distinct wall 

thicknesses acquired from the data. It is now apparent that the assumed walls of the 

visible human model may have been too thick. 
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Table 3. The differences in physical characteristics between the visible human and ultra-mill 

geometry. Average outer radius is measured from the centreline to the innermost boundary of the 

mesh (inner CM layer). 

 

The tabulated results on Table 3 re-enforce the results observed visually. The 

centreline length measured through the cumulative distance between the centroid 

nodes of the cavity mesh and as such accounts for the curvature. There are 

significant differences in geometry length with the length of the visible human being 

twice that of the ultra-mill geometry (48.3 vs. 24.5 mm). The average luminal radius 

of the visible human geometry is also greater than the ultra-mill variant (8.0 vs. 6.4 

mm), showing that the visible human geometry is wider, despite the much thicker 

muscle walls reducing the intraluminal distance. 

Both geometries contained the same number of nodes and elements. There were 

216 nodes used to make the geometries and 54 nodes for their associated cavity 

nodes, which amounted to 128 body elements and 40 cavity elements for both 

models. Though both models had the same number of nodes and elements, the 

spacing between the nodes varied. Both models had 8 points associated with each 

centreline node, but the meshes differed in their nodal arrangement. The visible 

human model was automatically smoothed; this led to the nodes being slightly more 

random in appearance. The nodes of the visible human model did not align 

completely on a plane. Conversely, the ultra-mill model was procedurally generated, 

which led to the nodes being on the same (x-y) plane and elevation. In addition, the 

nodes were more evenly spaced due to being acquired relative to the centreline and 

pixel coordinates. 

 

Model Muscle 
Volume 
(mm3) 

Cavity 
Volume 
(mm3) 

Centreline 
Length (mm)  

Average inner 
radius (mm) 

Visible Human 
(Cubic hermite) 

15,700 5,400 48.3 8.0 

Visible Human 
(Linear) 

14,000 4,900 48.3 8.0 

Ultramill Model  
(Linear)  

1,410 1,640 24.5 6.4 

Ultramill Model 
(Cubic hermite) 

1,540 1,324 24.5 6.4 
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3 BIOMECHANICAL MODEL BACKGROUND 

3.1 FINITE ELASTICITY THEORY 

Finite elasticity theory is a method of predicting deformations resulting from loading. 

The method is typically employed when larger deformations are expected. The 

method is reliant on the deformation gradient tensor, which relates the deformation 

of the coordinates to its resting, undeformed state. The governing equations of finite 

elasticity theory were incorporated into the Yassi model used in this project. The 

following summarises the relevant finite elasticity theory as described by Yassi et al. 

and from “Hyperelasticity Primer” written by Robert M. Hackett  [72][62]. 

3.1.1 Kinematic relationships 

The deformation of a material can be quantified through different coordinate 

systems. The most common system is the Euclidian or spatial coordinate system, 

which has a fixed origin from which the coordinates of data points of a mesh are 

referenced. Another coordinate system more often used for observing deformations 

is the material or Lagrangian coordinate system. In a material coordinate system, the 

origin is defined by a point on the mesh. Therefore, a Lagrangian system is a moving 

coordinate system relative to the Euclidian system and is useful for measuring 

changes. These coordinate systems are used to find the deformations. 

A deformation tensor (F) is used to map the undeformed to the deformed 

coordinates with the relationship, 

 
𝐅 =
∂𝐱

∂𝐗
 

3.1 

where the undeformed configuration is represented by X and the deformed by x, the 

tensor can be further divided into two terms, F = RU. These terms are the rotation 

(R) and stretch (U) tensors obtained through polar decomposition. The deformation 

tensor can be further derived into the right Cauchy green tensor (C), which provides 

a measure of the pure stretch that the material undergoes, 

 𝐂 = 𝐔𝑇𝐑𝑇𝐑𝐔 = 𝐔𝑇𝐔 = 𝐔2 3.2 

where matrix C is positive definite, symmetric, and expressed in material 

coordinates. In 3D space, the matrix is formed of combinations of the three principal 

invariants, defined as follows [62], 
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 𝐼1 = tr 𝐂

𝐼2 =
1

2
[(tr 𝐂)2 − tr 𝐂2]

𝐼3 = det 𝐂  

   

 

3.3 

where tr C is the sum of the diagonals of matrix C i.e., trace operation and det(C) is 

the determinant of C. Alternatively, the invariants can be expressed in terms of the 

pure stretches in the three directions [72], 

 𝐼1 = (𝜆1)
2 + (𝜆2)

2 + (𝜆3)
2

𝐼2 = (𝜆1)
2(𝜆2)

2 + (𝜆2)
2(𝜆3)

2 + (𝜆3)
2(𝜆1)

2

𝐼3 = (𝜆1)
2(𝜆2)

2(𝜆3)
2

 

3.4 

where the λ terms are the principle stretch ratios of the material, which are the 

deformation of the materials without any changes to their orientation. The subscripts 

are indicate the direction of stretch. E, the Lagrange strain tensor can be derived 

from C and I (identity matrix) and provides information on the change of the squared 

length of the elements as follows. 

 
E =
1

2
(𝐂 − 𝐈) 

3.5 

 

3.1.2 Constitutive relations 

Constitutive relations are the relations between two different physical quantities, in 

this case, the responses of materials to external loads. Specifically, they relate the 

stress and strain tensors of experimentally derived data and are therefore obtained 

experimentally. Constitutive relations are expressed as the strain energy function 

(W), a scalar quantity which is dependent on the right Cauchy-Green deformation 

tensor. In the example of a Mooney Rivlin solid (incompressible and isotropic) [73], 

the strain energy function is as follows, 

 𝑊(𝐼1, 𝐼2) = 𝑐1(𝐼1 − 3) + 𝑐2(𝐼2 − 3) 3.6 

where the c1 and c2 are parameters determined experimentally, while I1 and I2 are 

the principal invariants of the left Cauchy-Green deformation tensor. The derivatives 

of W with respect to C and E are used to calculate the second Piola-Kirchoff stress 

tensor TMN as follows [62]: 
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 ∂𝑊

∂𝐸𝑀𝑁
=
∂𝑊

∂𝐼1

∂𝐼1
∂𝐸𝑀𝑁

+
∂𝑊

∂𝐼2

∂𝐼2
∂𝐸𝑀𝑁

𝑇𝑀𝑁 =
1

2
(
∂𝑊

∂𝐸𝑀𝑁
+
∂𝑊

∂𝐸𝑁𝑀
)

 

3.7 

where M is the normal of the surface and N is the direction of the force acting on the 

undeformed material.  

The assumption of incompressibility was adopted for the GOJ model due to the high 

water composition of biological tissues. To model incompressibility, I3 = 1 and an 

additional Lagrange multiplier (γ) is introduced. This helps to limit the cases where 

some derivatives approach infinity in the case of incompressibility and simplifies the 

unspecified strain energy term 𝑊 to being constrained to two variables (I1 & I2). 

 𝑊 = �̅�(𝐼1, 𝐼2) + 𝛾(𝐼3 − 1) 3.8 

The incompressibility assumption leads to the inclusion of hydrostatic pressure p, 

which affects stress but not strain energy. Thus, the constitutive equations can be 

expressed as [62], 

 ∂�̅�

∂𝐸𝑀𝑁
=
∂�̅�

∂𝐼1

∂𝐼1
∂𝐸𝑀𝑁

+
∂�̅�

∂𝐼2

∂𝐼2
∂𝐸𝑀𝑁

+
∂�̅�

∂𝐼3

∂𝐼3
∂𝐸𝑀𝑁

 
3.9 

 

𝑇𝑀𝑁 =
1

2
(
∂�̅�

∂𝐸𝑀𝑁
+
∂�̅�

∂𝐸𝑁𝑀
) − 𝑝𝐂−1

 where 𝑝 = −2𝛾

 and 
∂𝐼1
∂𝐸𝑀𝑁

= 2𝐈


∂𝐼2
∂𝐸𝑀𝑁

= 2(𝐼1𝐈 − 𝐂)


∂𝐼3
∂𝐸𝑀𝑁

= 2𝐶−1

 

 

3.10 

3.1.3 Equations of motion 

Stress is defined as the force acting per unit area on a surface, and its definition can 

vary depending on the reference state of the surface, leading to three types of 

stresses. The first stress is the Cauchy stress tensor oij, also called the true stress, 

defined as the force acting per unit area of the deformed geometry. The superscript i 

refers to the direction of the normal to the surface of the deformed configuration, 

while j is the direction of the stress component. The second type of stress is the first 
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Piola-Kirchoff stress tensor sMJ, which is the force acting on an element in the 

deformed configuration per unit of undeformed area, where M is the normal of the 

surface in the undeformed state, j is the direction of the forces acting on the 

deformed material. The third stress the second Piola-Kirchoff stress tensor TMN is the 

equivalent of “engineering stress” in which the material is assumed to be 

undeformed, with force also acting on the undeformed surface, where M is normal to 

the undeformed surface and N is the direction in which the force is acting, also 

undeformed. The tensor is used for determining rotation-independent material 

behaviour but needs to be transformed into the first Piola-Kirchoff stress tensor for 

equilibrium calculations, which can be done with the following relations. 

𝑠𝑀𝑗 = J
∂𝑋𝑀
∂𝑥𝑖
𝜎𝑖𝑗 

Cauchy → 1st  Piola-Kirchhoff 3.11 

𝑇𝑀𝑁 = 𝑠𝑀𝑗
∂𝑋𝑁
∂𝑥𝑗

 
1st  Piola-Kirchhoff → 2nd  Piola-Kirchhoff 

                  substituting for 1st  Piola Kirchhoff 

3.12 

 

𝑇𝑀𝑁 = J
∂𝑋𝑀
∂𝑥𝑖
𝜎𝑖𝑗
∂𝑋𝑁
∂𝑥𝑗

 
Cauchy → 2nd Piola-Kirchhoff 3.13 

 

where J denotes the Jacobian matrix of the transformation from undeformed to 

deformed, 

 J = det 𝐅 = √𝐼3 = 𝜆1𝜆2𝜆3 3.14 

From the conservation of momentum, for a given set of particles (nodes), the sum of 

forces acting on them is equal to the sum of the external forces acting on the body 

as a whole, 

 
∫ 
𝑆

𝐭𝑑𝑆 + ∫ 
𝑉

𝜌𝐛𝑑𝑉 =
𝑑

𝑑𝑡
∫  
𝑉

𝜌𝐯𝑑𝑉 
3.15 

where t is the traction vector of external surface forces acting on the deformed 

surface S, b is the forces acting per unit mass, p is the mass density and V is the 

volume. Thus, the second term “ρbdV” denotes the total body forces acting over the 

entirety of the volume. The third term, v is the velocity vector integrated over the 

mesh's volume to give the sum of momentum. This is further derived with respect to 
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time to give the total forces of the particles. If the effects of inertia are negligible, the 

sum of the particulate forces should be zero,  

 
∫ 
𝑆

𝐭𝑑𝑆 + ∫ 
𝑉

𝜌𝐛𝑑𝑉 = 0 
3.16 

The traction vector t can be obtained from the Cauchy stress tensor through the 

equation, 

 𝐭𝑑𝑆 = 𝜎𝑖𝑗�̂�𝑖𝐢𝑗𝑑𝑆 3.17 

where σij is the Cauchy stress tensor and �̂� =  �̂�𝑗𝑖𝑗 is the unit normal of the traction 

vector projected onto the orthogonal base vectors of the Cartesian coordinate 

system ii. The term b in Equation 3.16 can also be written in terms of the base 

coordinate system as b = bj ij, 

 
∫ 
𝑆

𝜎𝑖𝑗�̂�𝑖𝑑𝑆 + ∫ 
𝑉

𝜌𝑏𝑗𝑑𝑉 = 0 
3.18 

Using the divergence theorem, this equation can be rewritten as, 

 
∫ 
𝑉

[
∂𝜎𝑖𝑗

∂𝑥𝑖
+ 𝜌𝑏𝑗] 𝑑𝑉 = 0 

3.19 

Assuming a continuous integrand for an arbitrary volume gives Cauchy’s first law of 

motion in rectangular Cartesian coordinates, 

 ∂𝜎𝑖𝑗

∂𝑥𝑖
+ 𝜌𝑏𝑗 = 0 

3.20 

Using the relationship between the second Piola-Kirchoff and Cauchy stress tensors 

allows the law to be rewritten as, 

 ∂

∂𝑋𝑀
(𝑇𝑀𝑁 ⋅

∂𝑥𝑗

𝑑𝑋𝑁
) + 𝜌0𝑏

𝑗 = 0 
3.21 

 
𝑇𝑀𝑁
∂𝑥𝑗

𝑑𝑋𝑁
= 𝑠𝑀𝑗 

3.22 

To solve this equation, the density of the undeformed body p0 in the undeformed 

volume can be related to the density of the deformed body using the conservation of 

mass. 

 
∫  
𝑉0

𝜌0𝑑𝑉0 = ∫ 
𝑉

𝜌𝑑𝑉 = ∫  
𝑉0

𝜌J𝑑𝑉0 
3.23 
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𝑤ℎ𝑒𝑟𝑒𝜌0 = J𝜌 = √𝐼3𝜌 

This can be used in conjunction with the principle of virtual work. At equilibrium, a 

body of volume V and surface S loaded by a surface traction (s) will experience an 

internal traction vector (t). The momentum equation can be used to derive the 

following when subject to a small deformation, [62] 

 
∫ 𝐬
𝑆2

⋅ 𝛿𝐯𝑑𝑆 = ∫𝐭
𝑆

⋅ 𝛿𝐯𝑑𝑆 
3.24 

where S2 is the deformable portion of the boundary unaffected by the displacement 

boundary conditions. By resolving the virtual displacements into their components 

𝛿𝐯 = 𝛿𝑣𝑗𝐢𝑗, the following equation can be obtained. 

 
∫ 𝐬
𝑆2

⋅ 𝛿𝐯𝑑𝑆 = ∫𝜎𝑖𝑗𝑛
^

𝑖𝛿𝑣𝑗𝑑𝑆
𝑆
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Using Gauss’s theorem, the integral can be expressed in terms of volume, 

 
∫ 𝐬
𝑆2

⋅ 𝛿𝐯𝑑𝑆 = ∫[
∂𝜎𝑖𝑗

∂𝑥𝑖
𝛿𝑣𝑗 + 𝜎

𝑖𝑗
∂𝛿𝑣𝑗

∂𝑥𝑖
]

𝑉

𝑑𝑉 
3.26 

3.1.4 Boundary conditions 

An incompressible cavity mesh is required to measure the pressures obtained by 

muscle contraction. The cavity mesh was formed from the innermost nodes of the 

mesh and the centreline of nodes, leading to triangular prism elements, observed in 

Figures 23A&C. The cavity mesh spanned the majority of the length of the GOJ 

mesh and was excluded for the first oesophageal bound layer of nodes and the last 

two fundus bound layers. As the cavity did not include the full length of the GOJ 

mesh, the centreline of nodes can be fixed in space without preventing the GOJ 

mesh from shortening in the z-direction. These are denoted by the black circle 

outlines in the cavity meshes depicted below in Figure 23. The fixation of the 

centreline allows the geometry to better retain its shape after contraction and 

resultant displacements.  
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Figure 23. The boundary conditions applied to the mesh, visualised with the developed code. (A) The 

cavity mesh of the visible human geometry. (B) The GOJ mesh of the visible human geometry. (C) 

The cavity mesh of the ultra-mill geometry. (D) The GOJ mesh of the ultra-mill geometry. Black circle 

nodes present in the cavity meshes are the fixed centreline nodes.  Blue circle nodes are fixed in all 

directions, while the red circle nodes are fixed in x-z or y-z directions. 

To prevent the translation of the geometry as a whole, the bottom nodes (blue circles 

in Figure 23B&D) were fixed in all directions. This step ensured that the contraction 

of the oesophagus would cause the region to travel orally as reported in literature 

[74]. Furthermore, to prevent significant torsional effects from occurring, the nodes 



45 
 

highlighted in red were fixed in either the x-z or y-z directions. Consequently, any 

stresses induced y contractions would work to deform the mesh. 

Overall, the cavity mesh was made incompressible using a very high stiffness, such 

that any stresses applied to its surface would directly translate to a change in 

pressure. An incompressible mesh would mean that the pressures applied to the 

cavity elements would not cause deformation of the elements themselves and 

therefore would directly translate to an increase in pressure. Ordinarily, an 

incompressible inner mesh would prevent the model from contracting altogether. To 

counteract this, one of the centreline nodes was designated the “valve node” and 

was given free movement in the z-direction. This setup allows for limited deformation 

of the GOJ mesh while allowing the monitoring of pressures.  All mentioned 

boundary conditions were required for usage with the by the Yassi GOJ model used 

and adapted to fit the ultra-mill geometry [62]. 

3.2 THE FINITE ELEMENT METHOD FOR FINITE ELASTICITY 

The initial geometry, through written in orthogonal space as a 3D mesh still requires 

to be transformed into a normalised orthogonal (material) coordinate system for use 

in the model. This was achieved using basis functions (cubic hermite) as follows [62], 

 

 

∫

 
 
 
∫ ∫ 𝑇𝑀𝑁𝐹𝑀

𝑗 ∂𝛿𝑣𝑗

∂𝑋𝑁
√𝐆(𝜉)𝑑𝜉3𝑑𝜉2𝑑𝜉1

1

0

1

0

1

0

= ∫ ∫ ∫ 𝜌0𝑏
𝑗𝛿𝑣𝑗√𝐆(𝜉)𝑑𝜉3𝑑𝜉2𝑑𝜉1

1

0

1

0

1

0

+∫ ∫ 𝑠𝑗𝛿𝑣𝑗√𝐠(𝜉)𝑑𝜉2𝑑𝜉1

1

0

1

0

 

3.2

7 

where F is the deformation gradient tensor defined previously and the matrices G 

and g are the Jacobians to map the undeformed configuration to the deformed 

configuration as per finite elasticity theory, 

 
𝐺𝑀𝑁(𝜉) =

∂𝐗(𝜉)

∂𝜉𝑀
⋅
∂𝐗(𝜉)

∂𝜉𝑁
, 𝑀, 𝑁 = 1, . . ,3

𝑔𝑖𝑗(𝜉) =
∂𝐱(𝜉)

∂𝜉𝑖
⋅
∂𝐱(𝜉)

∂𝜉𝑗
, 𝑖, 𝑗 = 1, . . ,3

 

3.28 

 

3.29 
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Likewise, the virtual displacements were interpolated with basis functions to get the 

geometry of the GOJ model, 

 𝛿𝑣𝑗 = 𝜑𝑛(𝜉)𝛿𝑣𝑗
𝑛 3.30 

where n is the node number. Rearranging the equations for the virtual displacement 

gives, 

 

∫ ∫ ∫ 𝜌0𝑏
𝑗𝜑𝑛𝛿𝑣𝑗

𝑛√𝐆(𝜉)𝑑𝜉3𝑑𝜉2𝑑𝜉1

1

0

1

0

1

0

+∫ ∫ 𝑠𝑗𝜑𝑛𝛿𝑣𝑗
𝑛√𝐠(𝜉)𝑑𝜉2𝑑𝜉1

1

0

1

0

 

−

∫

 
 
 
∫ ∫ 𝑇𝑀𝑁𝐹𝑀

𝑗 ∂𝜑𝑛𝛿𝑣𝑗
𝑛

∂𝑋𝑁
√𝐆(𝜉)𝑑𝜉3𝑑𝜉2𝑑𝜉1 = 0

1

0

1

0

1

0
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where the stress in the term TMN, including the active stress induced by the Nash active 

cardiac contraction model, was solved in the global cartesian coordinate system in the 

direction of the muscle fibre within the relevant element, to align the contractions with 

the direction of the muscle fibre. This was repeated for all elements, then the resultant 

tensions were back transformed to the normalised cartesian coordinate system to 

solve for displacements [62]. 

As mentioned previously, to maintain the condition of incompressibility of biological 

tissues, the third principal invariant of the strain energy equation I3 must equal 1. This 

can be achieved on average by interpolating the volumes of elements. This method 

is significantly more straightforward to implement than maintaining the condition of   

I3  = 1 for each element. 

 

∫ ∫ ∫ (√𝐼3 − 1)
1

0

Φ𝑛
𝑝√𝐆(𝜉)𝑑𝜉3𝑑𝜉2𝑑𝜉1 = 0

1

0

1

0

 

3.32 

Tri-linear basis functions were used to interpolate the hydrostatic pressures over the 

volumes of the elements. Thus, the hydrostatic pressures at each node can be found 

using the basis functions (Φ) in Equation 3.32. Using linear interpolation, in the form 

of linear basis functions, over the cubic hermite variant favoured for describing the 

geometry prevents volumetric locking [75], [76]. 
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The virtual displacements of Equation 3.24 can be re-expressed in the form of 

residuals R. As an example, the equation in the jth coordinate is given as [62], 

𝑛 = 1, . . , number of nodes 

𝑗 = 1, . . ,3
 

 

∫ ∫ ∫ 𝜌0𝑏
𝑗𝜑1√𝐆(𝜉)𝑑𝜉3𝑑𝜉2𝑑𝜉1

1

0

1

0

1

0

+∫ ∫ 𝑠𝑗𝜑1√𝐠(𝜉)𝑑𝜉2𝑑𝜉1

1

0

1

0

−∫ ∫ ∫ 𝑇𝑀𝑁𝐹𝑀
𝑗 ∂𝜑1
∂𝑋𝑁
√𝐆(𝜉)𝑑𝜉3𝑑𝜉2𝑑𝜉1

𝑀𝑁

0

1

0

1

0
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which in turn can be expressed in the form, 

 𝛿𝐯 ⋅ 𝐑(𝐱) = 0 3.34 

where δv is an arbitrary vector of virtual displacements, while the elements of R 

contain the nodal basis functions. Given the displacements can be any value, to 

satisfy the incompressibility assumption, the equation can be reduced to, 

 

 𝐑(𝐱) = 𝟎 3.35 

where for an element of xe degrees of freedom.  

 

𝐑𝑒(𝐱𝑒) =

[
 
 
 
 
𝐑1
𝐑2
⋮
𝐑8
Rp]
 
 
 
 

 

3.36 

Rp is the elemental based residual containing the basis function, which is used to 

approximate the hydrostatic pressure and incompressibility constraint. 

The residual vector is non-linear and, therefore, must be solved analytically; in this 

case, the roots of the equation are desired. In the Yassi model, this was achieved 

through the Newton Raphson method, an iterative process requiring an initial guess 

of the root, taken from the undeformed geometry in this case [62]. Further guesses 

were calculated iteratively until the convergence was reached and the root was 
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found. This was accomplished using the function and its first derivative, then iterating 

until this derivative is equal to zero. In this case, this equates to finding the x 

expressed in Equation 3.35 given the undeformed configuration X, expressed as the 

following, 

 
𝐑 +
∂𝐑

∂𝐱
𝛿 = 𝟎 

 

3.37 

with δ as increments, which can be rearranged as, 

 ℑ(𝑥)𝛿 = −𝐑(𝐱) 3.38 

where the Jacobian J is formed of the residual derivatives, 

 

𝔍𝑒 =
∂𝐑𝑒

∂𝐱𝑒
=

[
 
 
 
 
 
 
 
 
 
∂𝐑1
∂𝐱1

∂𝐑1
∂𝐱2

⋯
∂𝐑1
∂𝐱8

∂𝐑1
∂𝑝𝑒

∂𝐑2
∂𝐱1

∂𝐑2
∂𝐱2

⋯
∂𝐑2
∂𝐱8

∂𝐑2
∂𝑝𝑒

⋮ ⋮ ⋱ ⋮ ⋮
∂𝐑8
∂𝐱1

∂𝐑8
∂𝐱2

⋯
∂𝐑8
∂𝐱8

∂𝐑8
∂𝑝𝑒

∂𝑅𝑝

∂𝐱1

∂𝑅𝑝

∂𝐱2
⋯
∂𝑅𝑝

∂𝐱8

∂𝑅𝑝

∂𝑝𝑒 ]
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where pe is the elementally interpolated hydrostatic pressure. The elemental 

Jacobian matrices are combined to form the global Jacobian matrix. The matrix has 

columns equal to the length of the residual vector. The values of J can be calculated 

with finite difference approximations, while the elements of 𝔍 are found using an 

iterative LU decomposition. The termination condition is when the norm of the 

residual is less than a tolerance [76]-[78].  

The GOJ model was solved through high-performance computing (HPC) at the 

Auckland Bioengineering Institute, University of Auckland, with 4 Intel Xeon E7-8891 

2.8GHz 10C/20T processors with 1TB of memory. 

3.2.1 Strain energy selection 

A constitutive law is required to model the passive mechanical properties of the GOJ 

and relate the stresses and strains of the tissue. In the Yassi model, this takes the 

form of a strain energy equation [62]. The data for this needs to be experimentally 

derived by measuring the response of the tissue to stretches and inflations and is 
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typically performed on tissue samples taken from the tissue of interest. The model 

used would also need to be in 3D, as the oesophageal wall contains two different 

muscle layers with different responses, as opposed to data obtained from 2D stretch 

tests. Ultimately, taking these factors into account, the constitutive equations of the 

tissue were obtained from an experiment done by Guccione et al. (1991) on a 

mathematical model of canine myocardium [63]. 

In addition to being in 3D, the model notably includes “shear resistance”. This is 

when the tissue can undergo limited deformation without experiencing shear 

stresses and strains. Yassi et al. elaborated on this further, giving the analogy of a 

steel write cage with jointed rods [62]. When shearing forces are applied to the 

surfaces, the joints allow for the movement of the rods without changes in the length 

of the bar, as observed in Figure 24. 

 

Figure 24. The modelling analogy to the resistance to shear. (A) The undeformed state. (B) In the 

deformed state after the forces are applied, the joints allow for the deformation to occur without any 

changes to the bar length. Reproduced from Yassi et al. [62]. 

The inclusion of this law better modelled the sliding between the CM and LM layers 

in vivo. The strain energy equation obtained by Guccione et al. was used to model 

the passive properties of the model developed by Yassi et al. [63].  

 𝑊 =
𝑐

2
(𝑒𝑄 − 1) 

3.40 

 𝑄 = 2𝐶1(Err + Eff + Ecc) + C2Eff
2 + C3(Ecc

2 + Err
2 + 2 Ecr

2) + 2c2(Erf
2 + Efc

2) 3.41 

where W is the strain energy equation and C is a constant that scales the stresses. 

While c1-4 defines the exponential term Q as material parameters obtained 

experimentally. Additionally, all the E terms are green strains referring to the zero-

stress state, while the subscripts r, f, and c refer to the radial, fibre, and cross-fibre 
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axis, where c2 and c3 affect the fibre and transverse stiffness and c3 and c4 affect the 

stiffness of the materials in the shear planes. 

3.2.2 Active contraction 

In addition to the passive pressures exerted on the bolus by the oesophageal walls, 

the active contractions of the LM and CM layers provide an active tension 

component. To model the active forces generated during contraction, an active-

tension model developed by Nash (1998) to model cardiac cells was used [64]. The 

usage of this model comes with the assumption that perfectly aligned muscle fibres 

could operate independently of shear strains, which may disrupt the force-length 

relationship between muscles. A calcium dependant term was added to the 3D 

passive stress tensor (Equation 3.7) to model the active component of contraction. 

 
𝑇𝑀𝑁 =

1

2
(
𝜕𝑊

𝜕𝐸𝑀𝑁
+
𝜕𝑊

𝜕𝐸𝑁𝑀
) − 𝑝𝐶𝑀𝑁 + 𝑇𝛿𝑀𝛿𝑁 

3.42 

The tension term is calcium-dependent, with its multiplied delta terms δM and δN 

being terms that are equal to one if the superscripts are equal to one, or they are 

equal to 0 otherwise. The tensional term is further defined as follows. 

 
𝑇(𝜆, 𝐶𝑎acm ) =

(𝐶𝑎actn ⋅ [Ca
2+]𝑚𝑎𝑥)

ℎ

(𝐶𝑎actn ⋅ [𝐶𝑎2+]𝑚𝑎𝑥)ℎ + (𝑐50)ℎ
⋅ 𝑇𝑟𝑒𝑓 ⋅ [1 + 𝛽(𝜆 − 1)] 

3.43 

where Caactn is a dimensionless parameter in the range of 0-1 representing the 

activation level, while [Ca2+]max is the calcium concentration required for maximum 

activation. C50 is the intracellular concentration that gives 50% of the maximum 

activated tension. In addition to the calcium concentrations, the model depends on 

its muscle fibre extension ratio λ. The muscle fibre extension ratio is calculated by 

dividing the current length of the fibre by the resting length. 

Tref is the tension developed when λ is one and at maximum Caactn. Β is a constant 

with no units, and h is the coefficient of the hill equation, which forms the basis of the 

model. The values of the parameters used in the simulations are detailed in Table 4 

and are the same ones used in simulations run by Yassi et al. [62], so that a 1:1 

comparison between the geometries obtained from data sets (visible human and 

ultra-mill) can be completed. 
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Table 4. The values of the different parameters used to model the GOJ muscle tissue. 

Parameter Magnitude 

Tref 100 KPa 

B 1.45 

h 3 

Camax 1 mM 

3.2.3 Pressure measurements 

To measure the pressure, an incompressible cavity mesh was implemented into the 

lumen of the GOJ geometry. The inclusion of the cavity mesh mimicked the function 

of a manometer, in which the measured pressure is increased by contraction against 

the instrument. The mesh shared its nodes with the inner layer of the GOJ and its 

boundary conditions as mentioned prior. This method was also previously used in 

the Nash cardiac model (1998). The mesh elements are assumed incompressible 

with high stiffness, with a global hydrostatic pressure. Ordinarily, the contraction of 

the muscle layers would cause the elements to deform and their volumes to 

decrease. However, incompressibility prevents large deformations, leading to small 

changes in volume that can be equated to pressure. The root mean squared average 

of the pressures can be obtained to determine the cavity pressure. To allow some 

deformation in the circumferential direction, one node of the cavity mesh was 

allowed to move in the z-direction. This would enable the elements of cavity mesh to 

deform, allowing the contraction to change luminal width, despite the 

incompressibility condition. 

3.3 MATERIAL LAW CONSTANTS 

Material laws are equations used to model the strain response of the material to 

stress. Among material laws, the strain energy function is a convenient method for 

determining strain energy density in biomechanics due to its incorporation of the 

deformation gradient, which is found through the kinematic methods described in 

Section 3.1.1. 

The Guccione material law was one example previously used by Yassi et al. The law 

was based on cardiac tissue due to a lack of experimental data on the mechanical 

properties of oesophageal tissue. To obtain these constants, Yassi et al. 
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systematically evaluated the influence of each parameter, before making an arbitrary 

selection.  Then, a combination of these constants, which yielded the desired peak 

pressure obtained from literature, was acquired, and utilised in the Yassi model. The 

same constants are also within this thesis, so that the visible human and ultra-mill 

geometries can be compared. The constants for Equation 3.41, the Guccione strain 

function, are listed on Table 5 [63]. 

Table 5. Value of the Guccione material law parameters used in the visible human model. 

C C1 C2 C3 C5 

1 5 195 185 0.1 

 

Given a new geometry, the applicability of these constants to a different geometry 

can be tested. In effect, obtaining similar results for pressures across the two models 

under the same base loading conditions and parameter values would imply these 

parameters are valid enough for use in multiple geometries. Therefore, the following 

test cases described were performed using the constants originally obtained by 

Yassi et al. [62]. Then, a similar parameterisation process was performed where 

each parameter was increased and decreased to determine its effect on pressure 

development [62]. 

3.4 INFLUENCES ON PRESSURE DEVELOPMENT 

To investigate the parameters affecting pressure development, various 

transformations were applied to the ultra-mill model. The transformations varied in 

length, width, volume, and muscle thickness, with the purpose of determining the 

relationship between these variables and pressure developed.  

3.4.1 The effect of smoothing  

The initial ultra-mill mesh with linear basis functions was used to perform 

biomechanical analysis. This mesh used the same nodes and element definitions as 

the final cubic hermite mesh but lacked derivatives. The resultant mesh was made of 

cuboidal elements with straight edges, which can be observed in the Figure 25. 
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Figure 25. The linear mesh visualised in MATLAB. (A) The linear mesh created for initial testing. (B) a 

segment of the entire mesh with one element highlighted in red. 

Additionally, another linear mesh was created from the visible human model using a 

similar method to check the consistency of results on the effect of smoothing. Both 

meshes were then utilised in the biomechanical model to determine the effects of 

smoothing on pressure development. 

3.4.2 The influence of width 

As aforementioned in Section 2.6, the cavity and muscle volumes are much smaller 

in the ultra-mill model. Additionally, Yassi et al. reported a 15% decrease in the 

radius of the tissue, attributed to the dehydrating and embedding process. This 

difference can be accounted for by adjusting the geometry radially. By taking the 

centroid of each layer, a line between the centroid and tissue boundary point can be 

found using the expressions, 

 
⌈
𝐿𝑥
𝐿𝑦
⌉ = ⌈
𝑃𝑥
𝑃𝑦
⌉ − ⌈
𝐶𝑥
𝐶𝑦
⌉ 

3.44 

 
⌈
𝑁𝑥
𝑁𝑦
⌉ = 𝑒𝑥 ⌈

𝐿𝑥
𝐿𝑦
⌉ + ⌈
𝐶𝑥
𝐶𝑦
⌉ 

3.45 

where subscripts x and y refer to their respective cartesian coordinates, L refers to 

the line vector, P refers to the point coordinates, and C refers to the centroid. N 

refers to the coordinates of the new point. The variable “ex” is the expansion ratio, 

the fraction of the original radius that the new point is desired.  
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Through this method, an increase in the radius of the geometry for each of the points 

and an increase in volume can be obtained without sacrificing the radial shape of the 

geometry. However, some of the shape in the z-direction was sacrificed due to a lack 

of similar scaling in the z-direction. 

The radial scaling can be repeated for various radii to determine the effect of a radial 

volume increase on the development of pressure. Additionally, this method allows a 

better approximation of the original, surgically removed geometry, by restoring the 

radial length loss due to dehydration, achieved through using an expansion ratio of 

1.15. However, this restoration method changes the volume of the GOJ without 

influencing its length, which was pinned to the cage and assumed unchanged.  

3.4.3 The importance of distinguishable LM and CM layers 

One of the main differences between the visible human and ultra-mill models was 

the presence of anatomically realistic muscle layer boundaries in the ultra-mill model. 

The anatomy of the visible human model was created with a shell mesh representing 

the outer boundary of the oesophagus. The boundary points of the muscle layers 

were taken at an assumed distance from this outer boundary. To investigate this 

effect on pressure development, ultra-mill meshes with the same fixed wall 

thicknesses needed to be created for comparison. When a specified wall thickness is 

desired, the expansion ratio from Equation 3.45 can be modified for each of the 

muscle layers as follows, 

 𝑒𝑥𝑜𝑢𝑡𝑒𝑟 = 𝐸𝑋 3.46 

 
𝑒𝑥𝑚𝑖𝑑𝑑𝑙𝑒 =

𝐿𝑙𝑒𝑛𝑔𝑡ℎ − 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠𝑜𝑢𝑡𝑒𝑟

𝐿𝑙𝑒𝑛𝑔𝑡ℎ
 

3.47 

 
𝑒𝑥𝑖𝑛𝑛𝑒𝑟 =

𝐿𝑙𝑒𝑛𝑔𝑡ℎ − (𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠𝑜𝑢𝑡𝑒𝑟 + 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠𝑖𝑛𝑛𝑒𝑟)

𝐿𝑙𝑒𝑛𝑔𝑡ℎ
 

3.48 

 
𝐿𝑙𝑒𝑛𝑔𝑡ℎ = √∑𝐿𝑜𝑢𝑡𝑒𝑟

2  
3.49 

where variable Llength is the length of the line drawn from the centroid and the outer 

(i.e., LM) node. The variable EX represents a user-defined expansion factor of any 

magnitude, which stretches the outermost layer of points and is equal to one in this 

case. The thicknessinner is the desired thickness of the inner CM muscle layer, and 

the same is true of the LM and thicknessouter. The “ex” variables are the scaling 
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expansion factors applied to the nodes of different boundaries but the same drawn 

line angle.  

By applying these expansion factors to Equation 3.45, three vectors that describe the 

location of the new desired nodes relative to the centroid were found. Modifying the 

expansion factors allows for scaling the construction line length, resulting in three 

vectors of the same direction, but different length. The scaled vector was then 

applied to the outer LM layer of nodes to generate three nodes, at one per vector, of 

varying distances from the centreline. Then, by adding the coordinates of the 

centroid, the positions of the new points were obtained. Therefore, new points of a 

fixed distance from the LM layer can be created to replace the pre-existing CM and 

mucosal boundary nodes. The result was a mesh that resembles the visible human 

mesh in the approach of wall boundary generation, with a fixed wall thickness.  

 

Figure 26. (A) The constant thickness mesh made with the thickness encroaching into the lumen, 

which reduces cavity volume. The original outer-nodes of the ultra-mill mesh are denoted in red 

crosses. The green circles are the new nodes created. The blue circles are the centreline nodes of 

the geometry. (B) A constant thickness mesh with the nodes created on the outside of the sample 

points (red). This allows for a constant cavity volume. 

Additionally, if the isolated effect of changing a constant muscle wall thickness on 

pressure is desired, then the minuses (denoted in red) in Equations 3.47 and 3.48 

can be changed to additions. This results in the muscle walls being generated 

outside the original set of outer nodes. Consequently, the muscle walls were 

generated without intruding on the luminal space, leading to a constant cavity 
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volume. The differences between the two approaches can be observed in Figure 26. 

The geometry on the left (Figure 26A) has inward-generated wall nodes, while the 

right geometry (Figure 26B) has the walls generated outwards. 

3.4.4 The influence of length  

Independent of cavity and muscle volume, the length of the geometry itself may 

influence the development of pressure. Therefore, changing the nodal spacing may 

influence active and passive force development in the model. By stretching the 

geometry in the z-direction, a mesh of longer centreline length, but same radius 

could be obtained. This is achieved by scaling the inter-image slice spacing by the 

desired amounts, such that the distance between each plane of 24 nodes is 

increased. Although this does not constitute an exact stretching of the centreline in 

the case of the ultra-mill geometry, due to the centreline not being perfectly parallel 

to the y-axis, it is a good enough approximation due to the overall linear, unbending 

shape of the ultra-mill model. Physically, this may be analogous to obtaining a longer 

length of GOJ tissue in the oesophageal direction. As discussed later in Section 4.1 

the radii of the ultra-mill geometry follow an exponential path. Therefore, the 

geometry radius at the oesophageal end changes the least per unit in the z-direction. 

Therefore, this could be approximated to adding sections of similar diameter at the 

oesophageal end. 

3.4.5 The influence of size  

Additionally, the effect of overall size on pressure can be determined by increasing 

the length and the radii by proportional amounts. This is achieved through applying 

both the widening and lengthening transformations, mentioned in section 3.4.2 and 

3.4.4 respectively. The resultant ultra-mill meshes are simply larger than the base 

model ultra-mill mesh. Therefore, the meshes fully retain the shape of the original 

mesh, unlike in the cases of lengthening and widening. 
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3.4.6 Summary 

Overall, several transformations to the ultra-milled geometry were made to 

investigate the effect of changing variables on the development of pressure. The 

transformations are detailed in the following. 

1. Smoothing – The effect of using smoothed elements in the geometry instead 

of linear elements. 

2. Width – The effect of changing geometry width, measured from the centreline, 

on the pressure developed. 

3. LM and CM Boundaries – The effect of having boundaries acquired from data 

points forming the muscle layers as opposed to muscle layers of constant 

uniform thickness. 

4. Length – The influence of the overall length of the GOJ. 

5. Size – The effect of scaling up the overall size of the geometry both radially 

and lengthwise. 
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4 BIOMECHANICAL ANALYSIS RESULTS 

4.1 POST CONTRACTION GEOMETRY 

After contraction, the ultra-mill and visible human models shared a more similar 

shape. The post contraction ultra-mill model had a curved appearance, with the 

upper face bending inwards and the lower outwards. This shape was reminiscent of 

the resting state of the visible human model. On the other hand, the visible human 

model retained its general shape after contraction. Although, the overall visible 

human anatomy was smaller, contracting in the radial and longitudinal directions. 

Overall, the visible human model demonstrated noticeable shortening post-

contraction (Figure 28B), whereas the ultra-mill model shortened less, with a more 

significant shape change (Figure 27B). The nodes at the fundal end are fixed in 

space for both models, but the contraction causes their associated elements to 

change shape. 

 

Figure 27. The ultra-mill geometry before (A) and after (B) contraction through increasing the calcium 

parameter used in the solver. The upper end is the oesophageal connection, while the bottom part 

connects to the fundus of the stomach. 
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Figure 28. The visible human geometry before (A) and after a (B) contraction is in the same 

orientation as in Figure 27. The red wire mesh lines represent the undeformed geometry to illustrate 

the shortening of the geometry 

 

Figure 29. Variation of inner luminal diameter along normalised of the total length of the geometry. 0 

on the graph begins at the oesophageal end of the geometry, while 1 is the stomach bound end. The 

ultra-mill geometry is much thinner at the beginning. 
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A graph comparing the radius variation along the lengths was used to compare the 

two models by normalising the length and curvature. The average radius of the inner 

lumen was calculated by averaging the distance between its centroid and its 

associated rings of nodes. Starting from the oesophageal end, the lengths between 

each centre node were calculated and then summed to obtain a cumulative matrix in 

MATLAB. Then, the cumulative distances along the centreline of the geometry were 

divided by the overall length to obtain a normalised percentage length along the 

centreline at which the centroids were located. This method of comparison also 

disregarded the bending of the geometry due to the plane of points surrounding the 

centroid being approximately perpendicular plane to the centreline at the region. 

From Figure 29, the relationships between the radius and length of the geometry 

were vastly different when comparing the visible human and ultra-mill models. The 

radius of the ultra-mill model had a consistent parabolic relationship with the length 

along the centreline. Meanwhile, the geometry of the visible human model has a 

shallow parabolic relationship, with the stationary point visible at around 60% of the 

length. It can be observed that the visible human model is much wider at the 

beginning of the oesophageal end near 0% length, being more than twice the width 

of the ultra-mill geometry. However, the geometries would appear to reach a similar 

width by at the (100%) fundal end and appear to share a similar increasing quadratic 

relationship between 60%- 100% along their lengths. Surprisingly the two geometries 

seem to share similar radii when measured from their innermost nodes. This would 

suggest that a large part of the differences in cavity volume is due to the differences 

in length between the two geometries. 

However, it should be noted the normalizing of the length, assumes that the two 

geometries represent a similar section of the GOJ. Additionally, the method of radius 

acquisition relies on the innermost nodes of the geometry. While this may be valid for 

the ultra-mill model, where the positions of these nodes were obtained from data, 

there may be an issue when considering the nodal positions of the visible human 

model due to the assumed thickness of the muscular walls. The assumed wall 

thicknesses were much larger than what the ultra-mill data would indicate. This leads 

to the inner lumen being much smaller when considering the size difference between 

the visible human and Ultra-mill models. This could be an explanation for the similar 

radii of the two geometries. 
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4.2 SUMMARY OF VARIABLE INFLUENCES 

Table 6. Summary of the results obtained from the various test cases described in Section 3.4. 

 

Table 6 shows the resting pressures of various iterations of ultra-mill model. The 

resting pressure is defined as the pressure obtained when the calcium activation 

parameter was set to 0.04, corresponding to the lowest muscle contraction tone 

tested within the model. The resting pressure was determined to be the most reliable 

value of comparison, as the peak pressures of the geometry fluctuated depending on 

geometry. The centreline length values were obtained by summing the distances 

between the centroid nodes used in the cavity mesh. Additionally, a vastly different 

pressure relationship was obtained between the visible human and ultra-mill 

geometry. Consequently, a significant difference in peak pressures was obtained, 

thus making it a less reliable comparison method. Aside from this, the pressures 

MODEL Variation Resting 

pressure 

(KPa) 

Muscle 

Volume 

(mm3) 

Cavity 

Volume 

(mm3) 

Centreline 

Length 

(mm) 

Visible 

Human  

Linear 4.360 14,000 4,900 48.3 

Ultra-mill 

Model  

Linear 0.240 1410 1,640 24.5 

Visible 

Human  

Cubic hermite 4.361 15,700 5,400 48.3 

Ultra-mill 

Model  

Cubic hermite 0.419 1,540 1,324 24.5 

Ultra-mill 

Model 

 

Cubic hermite & 

1.5 times larger 

in all directions  

0.543 5,070 5,940 36.8 

Ultra-mill Cubic hermite & 

2mm constant 

wall thickness  

0.416 4,160 442 24.5 

Ultra-mill Cubic hermite & 

15% increased 

width 

0.424 1,870 2,170 24.5 
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obtained for each geometry were similar in magnitude between variations, as 

expected. From the various test cases described in the previous section, the 

geometries were run through the model using the material parameters mentioned in 

Table 5, and their pressures were recorded.  

The pressures obtained from the ultra-mill geometry are an order of magnitude 

smaller than that of the visible human, this result is consistent when comparing 

between the two linear geometries. For the visible human model, the results of the 

linear and cubic hermite variants have very little difference between them. However, 

the same does not apply to ultra-mill geometry. The linear geometry has 57% of the 

pressure developed in the cubic hermite variant, although, the cavity of the linear 

geometry is 24% larger, and the muscle volume is 8% smaller.  

 

Figure 30. Graphs of the pressures obtained from each loading step for the cubic hermite visible 

human geometry. 
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Figure 31. Graph of the pressures obtained from calcium loading for the cubic hermite ultra-mill model 

Figures 30 and 31 display two graphs plotting the pressures obtained within the 

cavity mesh of the 2 models over the 25 loading steps. Each “calcium activation 

level” represents a level of muscle activation and tension development, described in 

the Nash cardiac model (Equation 3.43). While the results of the visible human 

model were solved to 25 iterations of the newton Raphson method, the ultra-mill 

model could only be solved to a maximum of 3 iterations. There was a different 

relationship in pressure development between the models. The visible human model 

follows a sigmoidal curve, whereas the ultra-mill model, resembles a step function. 

4.3 PARAMETER SENSITIVITY  

Table 7. Table of the parameter changes tested and their associated pressures. The resting pressure 

from the base ultra-mill geometry is 419.9 Pa; this was used to calculate the percentage changes. 

Percentage 
change 

C1 C2 C3 C4 

25.00 0.98 0.16 0.08 0.52 

50.00 0.29 0.12 0.57 0.04 

100.00 0.00 0.00 0.00 0.00 

150.00 0.00 0.01 0.09 0.49 

200.00 0.01 0.05 0.02 0.01 
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The effect of changing the parameters of the Guccione strain energy equation was 

investigated. Table 7 shows that changing the parameters by the percentages used 

generally yields very little percentage change in the resting pressures obtained. 

There also does not appear to be any definite relationship between the parameter 

and pressure for C2 and C3.  

4.4 THE EFFECT OF SIZE 

 

Figure 32. Pressures obtained after using ultra-mill meshes scaled in all directions, i.e., two times the 

original means, the x, y, and z coordinates are doubled relative to the centreline. This should result in 

23 the volume 

Figure 32 was obtained by increasing the size of the mesh in all (x, y, z) directions 

and then applying a stress by increasing the Guccione calcium parameter. The 

resting pressures were obtained and plotted on the graph. There is a positive and 

linear relationship between the size scaling factor and the resting pressure obtained. 
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4.5 THE EFFECT OF CHANGING WALL THICKNESS 

 

Figure 33. The cavity volumes and muscle volumes of the meshes obtained by using a uniform 

muscle wall thickness generated inwardly 

 

Figure 34. Pressures obtained from the geometries of constant wall thickness. 
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The graphs in Figures 33 and 34 were obtained from the geometries of constant wall 

thickness created from the ultra-mill model. For each geometry, the LM and CM 

layers were given the same thickness, which is listed on the x-axis. The geometrical 

volumes were compared, and it can be observed that as muscle volume increases, 

the cavity volume decreases. This was expected due to the thicker muscle layers 

taking up more of the intra-luminal space and reducing the cavity volume. 

Additionally, though there was some variation in the pressures obtained, the 

differences were small in magnitude. Any effect of the increased thicknesses could 

be offset by the decrease in cavity volume. This warranted further investigation; thus, 

additional meshes of different wall thicknesses but a constant lumen size and cavity 

volume were simulated.  

 

 

 

 

Figure 35. The variation of muscle wall volume with muscle wall thickness with the second method of 

creation, where the walls are created outwardly from the outermost surface. Note that the cavity 

volume remains constant; thus, only the wall thickness and its uniformity have been changed from the 

base ultra-mill mesh. 
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Figure 36. Pressures obtained when using geometries of a constant thickness (x-axis) but a constant 

cavity volume. 

 

Figure 37. Graph of the pressure developed to the changes in muscle volume from the thickening of 

muscle walls (outwards). The cavity volume is constant. 
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As seen in Figure 35, though the muscle volume increased because of the increase 

in muscle wall thickness, the cavity volume remained constant. Therefore, the only 

difference between the geometries and the base ultra-mill model was the uniformity 

and thickness of their muscle layers. When compared to Figure 33, Figure 35 also 

shows higher muscle volumes due to the muscle walls being generated outwards of 

the data points with regard to the centreline.  

With the cavity volume held constant, there is a much more noticeable positive 

correlation between the pressure developed and the muscle wall thickness. The 

relationship on Figure 36 appears almost logarithmic, with a steep increase of 

pressure between 0.5 and 1.5 mm, before levelling near 2 mm of wall thickness. As 

the cavity volume is constant, pressure data can also be plotted against changes in 

muscle volume, as observed on Figure 37. The relationship between the two 

variables is also similarly lograrithmic.  

Coincidentally, the first data point using a wall thickness of 0.5 mm has a muscle 

volume of to the base ultra-mill model (1,529 vs. 1,540 mm3). The pressure obtained 

are also similar in magnitude, with the constant thickness mesh being slightly higher 

(420 vs. 424 Pa). Overall, these values of the gradients of graph are small in 

magnitude when compared to some of the other variables tested, suggesting that 

muscle volume has a limtied effect on pressure development. 
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4.6 THE EFFECT OF CHANGING LENGTH  

 

Figure 38. The variation of muscle volume and cavity volume with increasing the length of the 

geometry by stretching it out in the z-direction. The x-axis describes the length of the original 

geometry when compared with the geometry being tested. i.e., 1.5 would mean 1.5 times longer 

 

Figure 39. The influence of increasing the length on the development of pressure. 
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The next set of graphs was obtained by increasing the length of the geometry by 

stretching it out in the z-direction. It can be observed in Figure 38 that there was a 

proportional increase in both cavity and muscle volume when the geometry was 

stretched in the z-direction, an expected stretch in a singular direction. These new 

geometries were distinct from the previous ones in that a gradual increase in cavity 

volume can be observed, thus allowing insight into its effect on pressure 

development. On Figure 39 it can be observed that there is a strong positive 

correlation between pressure and the length of the geometry. There appears to be 

an approximately linear relationship over the range of lengths tested. The observed 

relationships could be due to the increase in length or resultant from the 

accompanying increase in cavity volume. Additionally, the gradient of the graph is 

very steep, with the pressure more than doubling after increasing the length of the 

geometry by three times. When plotting the pressure development against the cavity 

pressure increases resultant from the lengthening, the positive relationship remains. 

Additionally, the steep gradient is also present in Figure 40, which suggests that 

length was a prominent factor in determining the pressure developed, even among 

the other factors investigated. 

 

Figure 40. The effect of the increase in cavity volume from the lengthening of the geometry on the 

pressure development. 
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4.7 THE EFFECT OF CHANGING WIDTH 

 

Figure 41. The variation of the cavity and muscle volumes with changing the radius of the ultra-mill 

geometry.

Figure 42. The variation of resting pressure with an increase in radial width. The x-axis is the fraction 

of the width of the tested geometry relative to the original geometry. For example, two times means 

the geometry is twice the width of the original. 
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Figure 43. Graph of the effect of increasing the cavity volume on resting pressure development. 

The effect of radial expansion of the geometry was investigated by increasing the 

distance between the geometric nodes and centreline by multiples of the original. 

From Figure 41, increasing the width of the geometry radially led to proportional 

increases in the cavity and muscle volumes. This was to be expected as both 

structures were scaled by the same amount. Figure 41 shows the effect of these 

changes on pressure can be observed; there is a positive linear relationship between 

the scaling factor (x) and the pressure developed. The previous alterations and ultra-

mill model variants tested in this chapter all influenced the cavity volume.  

To further investigate the effect of cavity volume on pressure development and to 

allow a one-to-one comparison between ultra-mill model variants, the development in 

resting pressure with respect to cavity pressure was obtained, as shown in Figure 

42. A positive and linear relationship is shown, similar to the relationships observed 

when increasing the size or length of the geometry.  
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4.8 COMPARISON OF THE EFFECTS OF CHANGING VARIABLES 

  

Figure 44. The plot of the change of pressure with respect to the change in the width, length, and 

volume, showcasing the relative influences of each factor. 

To compare the effect of each modification to the model, the cavity volumes of the 

meshes and the pressures obtained were plotted against their obtained pressures, 

as shown in Figure 44. From the graph, there is a clear linear relationship between 

the cavity volume and the pressure obtained for the length and width expansion 

datasets. There is also a positive linear relationship observed in the volume dataset, 

within the given range, however the relation plateaus at higher volumes (not visible 

with the range on Figure 44). It should be noted that changing both the length and 

width of the geometry changes not only those factors but also the overall shape of 

the geometry. Nevertheless, they should also give a good indication of what to 

expect when the factors are modified. While all methods have an influence on the 

cavity volume of the resultant mesh, the differences in the obtained trend lines 

suggest that factors such as length and width could have an influence on pressure 

beyond just increasing the cavity volume. 
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Figure 45. The relative effects of increasing width, length and volume on pressure developed 

Figure 45 shows the fraction of the original parameter against the pressure 

developed, which demonstrates the relative effects of changing the parameters of 

the mesh. A linear relationship between the variables and pressure developed is 

observed. This is especially true in the case of the volume dataset, which showcases 

a more obviously linear relationship when compared with Figure 44. Volume is a 

variable that comprises both lengthwise and width-wise expansion; therefore, it is of 

no surprise that it is the largest influence on pressure development. The results also 

revealed that length and width did not have mutually exclusive effects on the 

pressure. If the two variables were independent of one another, then the sum of the 

two gradients would equate to the gradient of the volume line since a transformation 

comprising of a lengthening and widening of a multiplier would be equivalent to a 

volume expansion of the same multiplier. Instead, the sum of the gradients to 292 

instead of the expected 274, a difference of 18. This suggests that the relationship 

between the three variables is not categorical and that the variables of length and 

width are not independent. Instead, adding the pressure changes resultant from an 

increase in length and width result in greater effect than what is expected from a 

proportional effect of size. Therefore, making the sum of the parts lesser than the 

whole. 
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Using these graphs, an attempt to explain the pressure differences between the 

visible human and ultra-mill anatomies can be made. Trying to account for the 

differences in pressure using the length, width and volume differences can be 

achieved through calculations. In the best-case scenario for bridging the massive 

disparity in pressures, a categorical model can be assumed, this leads the following 

calculation when taking into account length and width differences, 

 𝑃𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 = 𝐺𝑙𝑒𝑛𝑔𝑡ℎ ×𝐹𝑙𝑒𝑛𝑔𝑡ℎ + 𝐺𝑤𝑖𝑑𝑡ℎ × 𝐹𝑤𝑖𝑑𝑡ℎ + 𝑃𝑢𝑙𝑡𝑟𝑎𝑚𝑖𝑙𝑙 4.1 

Where G are the gradients of Figure 45, F is the ratio of visible human length/width 

to ultra-mill length and P is the pressure. Given that the visible human geometry is 

1.97 times longer (48.3 vs. 24.5 mm) and 1.25 times wider (8 vs. 6.4 mm), the 

expected pressure would be, 

 𝑃𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 = 240.41 × 1.97 + 51.95 × 1.25 + 419 = 957.5𝑃𝑎 4.2 

As the value of 958 Pa falls short of the visible human pressure (4361 kPa), there 

must be other factors influencing pressure development.  

The same conclusion can be reached after trying to predict pressure through cavity 

volume, by observing the pressures described on Figure 44. It is immediately, 

obvious that none of the trendlines at a cavity volume of (5,400 mm3) reach the 

required pressure. By applying a similar technique to Equation 4.1 to the pressure-

cavity volume graph the following equation can be obtained and used to check the 

observations, 

 𝑃𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 =𝑔𝑣 ∗ 𝑉𝑐𝑎𝑣𝑖𝑡𝑦 + 𝑐𝑣 4.3 

where, gv is a gradient of the pressure-volume graph, and can be from either the 

volume, length or width trendlines. Vcavity is the cavity volume of the mesh in question 

and cv is the intercept of the trendline being used. By applying the cavity volume of 

5400 mm3 (the cavity volume of the visible human geometry), the predicted 

pressures are 867, 512 and 449 Pa for the length, volume and width trendlines 

respectively. None of these predicted values reach the pressure obtained by the 

visible human geometry, suggesting that other factors may be responsible. 
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5 DISCUSSION  

The aim of this thesis was to implement a new anatomy into an existing 

mathematical model created by Yassi et al. To achieve this, a new “ultra-mill” 

geometry was created from imaging data obtained previously by Yasi et al. and 

segmented by Zifan et al, then compared to an existing geometry. Differences in 

volume, length and shape were observed. Then to investigate the pressure 

development from contraction, the ultra-mill geometry was implemented into the 

Yassi GOJ mathematical model, which applied a calcium dependant tensional term 

to invoke a pressure. The pressure developed within the ultra-mill model was 

compared to the visible human model, and differences were observed in the resting 

pressures obtained. Additionally, to investigate the factors responsible for the 

differences in resting pressure, variations of the ultra-mill geometry were created. 

These variations had differences in length, width, muscle wall thickness and size to 

the original ultra-mill model. 

5.1 RESULTS SUMMARY 

After comparing the two geometries, it is visually evident that the two are vastly 

different from one another; therefore, differences in pressure were expected. There 

were significant differences in the volumes of both the cavity and the muscles, with 

the visible human anatomy being the larger of the two. Additionally, there was a 

curvature on the visible human geometry that was not present in the straighter ultra-

mill variant. The missing curvature is visible on the later geometry post contraction. 

When comparing the inner luminal diameters of the two, it was found that both had 

comparable widths towards the distal end. Although, the visible human geometry 

was noticeably thicker at the proximal end.  

One of the aims of the thesis was to investigate the effect of geometric 

characteristics on the development of pressure. To this end, the effects of length, 

width, and wall thickness on pressure and cavity volume were evaluated. It was 

found that length, followed by width, caused the greatest changes in pressure. Both 

variables had a positive linear relationship with the pressure developed, while the 

wall thickness had a much smaller effect which plateaued at higher thicknesses. 

Furthermore, though all noted that all changes had affected the cavity volume, which 
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was hypothesised to be the main determinant of pressure, changing each 

characteristic affected the pressure developed differently, even after normalising for 

cavity volume. Another observation was made, where the sum of the effects of 

increasing length and width did not equate to that of increasing volume. This 

suggests that the variables were not independent from one another. 

5.2 ANATOMICAL DIFFERENCES 

5.2.1 Differences in curvature 

There were several prominent differences between the shapes of the ultra-mill and 

visible human anatomies in terms of bending curve, length, muscle volume, and 

radius. These differences could be attributed to a difference in tissue preparation 

method, inter-individual variability, and time of death, among other factors. Although 

it is most likely that there was a combination of contributing factors affecting the 

shape differences. The ultra-mill model’s curvature, present post contraction, 

resembled the distinctive curve present in the visible human anatomy, which may 

indicate that the two-region represented by the two anatomies overlap.  

The lack of a curve in the resting ultra-mill geometry may be because of the 

difference in tissue preparation methods. The two anatomies were preserved using 

different methods, the ultra-mill being fixed in wax and the visible human being 

frozen. The two methods require different timeframes to complete and can have 

different effects on the tissue samples. On the other hand, the ultra-mill data was 

obtained from an ex-vivo sample and the visible human data was observed in-vivo. 

The presence of surrounding structures in the visible human sample may cause a 

natural curvature to be present. While observed in-vivo, the GOJ remains connected 

to the stomach and surrounded by the crura, among other supporting structures 

mentioned in section 1.1.1 and 1.2.1. The stomach connection may result curving 

such that the entry and exit of the GOJ are at an angle from one another, as 

observed in Figure 22B. Additionally, the prominent narrowing of the visible is likely 

due to crural action in-vivo. In contrast to this, the excised tissue of the ultra-mill 

model lacks these features. Instead, the ultra-mill issue was pinned in a cage, which 

may have forcibly stretched the geometry, resulting in a straighter anatomy without 

narrowing. 
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Alternatively, the presence of a curvature may be the result of muscle contraction or 

a similar mechanism. The contracted state of the ultra-mill geometry supports this, 

suggesting that the curve of the GOJ was only present during the contracted state of 

the region. Thus, it can be theorized that the ultra-mill tissue sample, lacking a 

curvature, is near its true relaxed state. Meanwhile, the curvature present in the 

visible human may suggest that its initial state is a contracted form of the GOJ. Thus, 

there may be a difference in contractile state or sarcomere (muscle) length between 

the geometries. 

A difference in muscle length may result due to the pinning of the ultra-mill geometry 

in a cage prior to tissue dehydration. The pins could have limited the dehydration-

based shortening of the geometry in the z-direction. Shortening of the geometry in 

this direction could have had an effect analogous to contraction. Therefore, without 

the pins, the shortening effect may have caused a bend. The pins may have stopped 

muscle shortening and lead to the observed straight geometry. 

On the other hand, the lack of curvature of the post-contracted visible human 

geometry may suggest that it was already contracted in the obtained (resting) state. 

This could be due to rigor mortis, a stage of death where the muscle cells contract. 

Rigor mortis begins approximately 1-6 hours after death, completing 6-8 hours post-

mortem [79] [80], before wearing off after 2-4 days at room temperature. Though 

typically associated with skeletal muscle, studies have concluded that this 

phenomenon also occurs in smooth muscle cells [81]. Additionally relevant to the 

tissue sample, it has been found that the onset, progression, and completion of rigor 

mortis is delayed by colder temperatures [79], [82]. A study on cadavers done by 

Varetto and Curto (2004) showed that storage at +4°C, delayed the resolution of 

rigor by at least 28 days [82]. Given these time scales, it is possible that visible 

human cadaver was frozen during a state of rigor mortis before its resolution could 

occur. The window of opportunity is further extended when considering much lower 

temperature of -70°C used. The freezing itself is also a gradual process, therefore, 

rigor mortis may have set in within the centre bound, potentially most insulated 

region before being frozen over. Additionally, once fully frozen, typically rigor mortis 

does not progress, allowing the tissue to remain in a contracted state. The 

development of rigor mortis depends on the glycogen concentration within the 

muscles, which is required for cross bridge cycling in muscle contraction [83]. This 
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does not occur in tissue samples frozen pre-rigor. The suspension of rigor mortis can 

be observed in a process called “thaw rigor” in the meat processing industry. In meat 

frozen pre-rigor, rigor mortis only occurs during thawing due to the leftover unused 

glycogen stores in muscles [83] [84]. Additionally, rigor mortis cannot resolve while 

frozen. The resolution of rigor is thought to be due to the decomposition of the 

myofilaments [85], which does not occur in a fully frozen sample. Therefore, a tissue 

sample frozen in rigor mortis would remain so, until defrosting. Though rigor mortis 

may play a role in the contractile state of the geometries, a lack of data on cadaver 

cooling at sub-zero temperatures prevents a definitive conclusion from being 

reached.  

Conversely, the GOJ may not be as insulated as thought due to direct exposure to 

the freezer from the GI tract. In this case rapid freezing could lead to a phenomenon 

called cold shortening, where the glycogen stores are frozen before conversion to 

lactic acid, and cold temperatures induce irreversible muscle contractions [86]. Any of 

the mentioned mechanisms may have caused the muscle shortening leading to the 

observed bending of the visible human model.  

5.2.2 Differences in size 

One of the most obvious differences is in the length of the visible human and ultra-

mill models (48.3 vs. 24.5 mm). The visible human geometry being almost twice the 

length of the ultra-mill would suggest that the two may not represent the same 

section of the organ. The length of extracted visible human geometry is longer but 

likely encompasses the region represented by the ultra-mill model. Misidentification 

may also be likely as it is difficult to identify the GOJ region, and the definition of the 

region itself is also contentious, as described in Section 1.1.2. This may have led to 

different lengths of slightly different regions being extracted when acquiring the data 

used to construct the anatomies. A difference in length may also be attributed to the 

different tissue preparation methods. However, shrinkage of the geometry due to 

dehydration is unlikely to affect the overall length of the geometry due to it being 

pinned in a cage. Thus, the ultra-mill geometry, being mainly aligned with the z-

direction, was unlikely to experience much centreline shortening through this 

mechanism. In contrast to this, the visible human geometry, being frozen, would 

expand, leading to a longer geometry and centreline. Overall, the difference in 

lengths between the two models was most likely due to different sections being 
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acquired during tissue sampling, with a smaller effect being due to tissue preparation 

methods. 

There was also a disproportionate difference in the cavity and muscle volumes. The 

two volumes of the visible human model are much greater than that of the ultra-mill, 

with the cavity volume being 4.1 times larger (1,324 vs. 5,400 mm3) and the muscle 

volume being 10.2 times larger (15,700 vs. 1,540 mm3). These differences remain 

even after accounting for the lengthwise differences. For the muscle volumes, this 

was mainly due to the assumed wall boundaries of the visible human geometry 

compared with the realistic ones obtained through the ultra-mill. The assumed 

thickness was much greater than those seen by the ultra-mill, leading to a much 

greater muscle volume. Consequently, the ultra-mill model had a more 

physiologically accurate and lower muscle volume. On the other hand, the cavity 

volumes of the mesh were also much greater than the difference in length would 

suggest. At almost twice the length of the ultra-mill cavity, the visible human would 

also be expected to be around twice the volume. However, the larger radius of the 

visible human model led to a volume more than three times greater. This larger 

radius could be due to inter-individual differences in GOJ, a different state of death at 

tissue preparation, or expansion of the geometry due to freezing. Another significant 

factor in the volume differences could be the method of tissue preparation. The ultra-

mill geometry was extracted (ex-vivo), while the visible human geometry was 

observed in-vivo. The presence of structures surrounding and attached to the visible 

human geometry, mentioned in section 1.1.1 and 1.2.1, may have also contributed to 

the observed differences in width and volume. Additionally, it should be noted that 

since the wall thicknesses were assumed, if not, then it was likely, that the cavity 

volume of the visible human model should have been larger. 

5.2.3 Differences in radii 

From Figure 29, there was also an observable difference in variation of radius along 

the length, as well as length, between the two models’ anatomies. At the cardia end 

(1% on the graph), the similarity of the gradient of (radius) curvature and radii 

between the two models suggests that, at the very least, the two geometry segments 

“began” at the same starting point, near the z-line connecting the oesophagus and 

stomach. However, differences in the length and radii would also suggest that the 

visible human model also encapsulated a more proximal region of the oesophagus, 
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in addition to the region represented by the ultra-mill model. Given that the visible 

human model was approximately twice the length of its ultra-mill model, if only 50% 

to 100% of its segment were taken and stretched across the length, a similar radius-

length relationship to the ultra-mill geometry would be obtained. Alternatively, the 

difference in the radius curvature could also be due to the tissue preparation 

methods mentioned earlier. The difference in preservation methods could be 

responsible for some of the observed differences in radius, as one method leads to 

shrinking and the other expansion. Furthermore, the pinning of the ultra-mill 

geometry in a cage may have resulted in shape differences by preventing shortening 

and otherwise disrupting the radius-length relationship. 

5.3 PRESSURE DIFFERENCES 

5.3.1 Importance of LM and CM layers 

The distance between muscle layers has relevance in determining the maximum 

possible displacement of the CM layer during contraction. This phenomenon could 

be used to explain the increases in pressure developed in relation to an increase in 

cavity wall thickness. Although, another factor to consider was the contraction of CM 

might be constrained by the adjacent LM layer. In the context of a model, the radial 

displacement is influenced by the thickness of the tissue layers. This is due to two 

reasons, the muscle’s force-length relationship and the passive response of tissues. 

In a typical muscle, the force it is capable of exerting is dependent on the 

overlapping of its myofibrils. The degree of overlap between the actin and myosin 

fibrils influences the force of contraction, which is by extension dependant on the 

muscle fibre extension ratio. This was relevant to the present study through its usage 

of the cardiac model proposed by Nash et al. [64], which incorporates muscle fibre 

extension ratio.  

The importance of the LM and CM thicknesses were investigated in Section 4.5. 

When looking at the first wall thickness test case in Figures 33 & 34, there appears 

to be a weakly negative trend between the wall thickness and pressure developed. 

This was hypothesized to be due to an accompanying decrease in cavity mesh 

volume when the muscle layers are generated inwardly towards the centreline. 

Cavity mesh volume was thought to have a positive effect on pressure developed 

and may have confounded the results. To remove it as an influence, more 
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geometries were created with walls generated outwardly. With this change, a 

common cavity volume was obtained. It was revealed that a positive logarithmic 

relationship exists between pressure and muscle thickness, observed on Figure 36. 

The positive relationship exists because of difference in nodal spacing, discussed 

later in section 5.3.4. Meanwhile, it was likely that the pressure plateau was caused 

by passive-resistive forces becoming significant due to larger strains being 

produced. The passive response of visco-elastic materials, such as those in 

biological muscle, dictates that a higher restoring stress would be applied at greater 

strains, thus limiting the degree of compression at higher wall-tested wall 

thicknesses. This may have resulted in the decrease in the gradient of pressure to 

the wall thickness and the observed trend. 

The newfound positive logarithmic relationship (from outward walls) also indicated 

that the previous weakly negative relationship (from inward walls) was likely due to 

the decrease in cavity volume, the only other significant factor that changed. This is 

further supported when considering the results of changing the overall volume and 

length of the mesh, which demonstrated a positive relationship between cavity 

volume and pressure. Given the linear relationship with cavity volume and a 

logarithmic relationship with muscle wall thickness, the earlier negative relationship 

with (inward) muscle wall thickness on Figure 34 can be seen as a superposition of 

the two relationships.  

5.3.2 Length, volume, and radial expansions on pressure. 

The effects of changing the length, radius and volumes were performed in Sections 

4.6, 4.7 and 4.4 respectively. An initial test showed that increasing the volume 

seems to increase the pressure developed (Table 6). Increasing the size of the 

region by a scalar amount in each direction and keeping the geometry shape 

constant, results in a pressure increase. This would indicate a positive trend exists 

between pressure and volume of the mesh and could be an explanation of the high 

pressures from the larger visible human geometry. Further investigation confirmed 

this and revealed a strong positive linear relationship between the pressure 

developed and the scalar value used to scale the mesh in 3D. Similar positive 

relationships existed between pressure and increasing the length of the geometry, as 

well as the radial expansion of the geometry.  
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An artefact common to the variables tested is an increase in cavity volume. Given 

that all graphs exhibit a positive relationship and earlier analysis of the wall 

thickness, it can be said that cavity volume was a contributing factor to the pressure 

developed. Figure 44 shows the relative effects of increasing these variables. The 

similarity between the trendlines plotted for the volume and length data sets showed 

that length was the most significant factor to pressure development. Additionally, the 

difference between the gradients of the length and radial datasets in Figure 45 

demonstrated a different relationship between the two variables and pressure, 

despite equivalent increases in cavity pressure. This suggests the method of 

increasing cavity volume itself is important to the pressure development. 

Furthermore, significant differences in relationship gradients indicate that they are a 

more reliable method of pressure prediction than prediction from cavity volume 

alone. Attempting to use a categorical model, in the best-case scenario for closing 

the gap in pressures, to explain the pressure differences observed between the 

visible human and ultra-mill models yielded a pressure of 957.5 Pa. This value was 

obtained by scaling for the length and width differences between the two models. 

Despite this, the predicted value of 957.5 Pa falls short of the 4,361 Pa observed in 

the visible human. Furthermore, scaling using cavity volume yielded similar results, 

with the highest obtained being 867 Pa (Equation 4.3). The large disparity between 

predicted and obtained pressures indicate another variable influencing pressure or a 

compounding effect on pressure when more than one variable is increased. 

However, testing showed that the summed influences (gradients) of increasing 

length and width were greater than that of a proportional increase in volume 

(gradient of 292 vs. 274 Pa). While this would indicate that the variables are not 

independent and have influence on each other, a diminishing, not compounding, 

effect was observed in the tested variables. Therefore, the latter explanation of a 

compounding effect is unlikely. In terms of other variables, given that length, width, 

volume, and muscle volume have been investigated, the only other present factor is 

shape. The ultra-mill geometry lacks the curvature or narrowing of the visible human, 

these are likely the reasons for the difference in pressure.  

The width increased case of the shrinkage-adjusted model was used to acquire a 

more accurate representation of the ultra-mill model pressure. However, it should be 

noted that, though the loss of radial length was reported, the proportion of wall 
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thickness loss between the CM, LM, and mucosal layers was unknown and assumed 

to be equal. For instance, the arrangement of the CM fibres may mean that 

shrinkage from dehydration would cause a more significant decrease in GOJ radii 

than that of LM fibres. 

In the case of linear geometries, the ultra-mill geometry had a large difference in 

pressure between linear and cubic hermite models (0.240 vs. 0.419 kPa). This was 

not the case for the visible human model (4.360 vs. 4.361 kPa). This was 

unexpected and likely because of solver limitations causing inaccurate deformations 

in the more uniform and axis aligned ultra-mill model. The visible human model may 

have given more similar initial results due to being solved to higher iterations of the 

Newton Raphson method, but instabilities occurred at higher calcium concentrations. 

Therefore, linear models may not be a good input to the Yassi GOJ model. However, 

this is unlikely to affect the pressure relationships found, since all ultra-mill meshes 

were cubic hermite and solved with the same conditions. 

Another smaller contribution to the pressure in the tested geometries would be due 

to an increase in muscle volume from the radial transformations. From the 

magnitude of results observed of the effect of muscle volume, it was unlikely to have 

a large influence on the pressures developed in the volume and length results. 

Additionally, the muscle volumes of the anatomic models used in these tests fell 

within the range of the muscle volumes tested in the constant thickness tests, which 

demonstrated comparatively smaller changes in pressure, which further suggests a 

minor involvement. Although the possibility of a compounding effect exists between 

muscle volume and other variables, it is likely to be minor compared with the other 

observed trends. With all factors in mind, the differences in geometry length and 

shape were likely the dominant influences on the development of pressure.  

 

5.3.3 Biomechanics explanation 

The pressure change observed between the geometric variations tested were likely 

caused by higher tension being developed at lower resting states due to the 

dependence of the tension term on the muscle fibre extension ratio. The tensional 

term of Equation 3.43, being dependent on the muscle fibre extension ratio λ. In the 

case of a larger model, a larger starting length means that greater magnitude 
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shortenings can occur before the λ penalty term to the tension becomes significant, 

thus resulting in higher tension contractions at lower muscle activations. This was 

applicable to both lengthwise and radial stretching of the geometry, which increased 

the internodal distances which influence λ. The observed steeper gradient/effect of 

lengthwise stretching could be due to the curvature. Unlike the CM layer, where 

contraction caused the constriction of the geometry, the LM layer contraction also 

naturally produced a curvature.  

In addition, a bend in the model anatomy would cause the muscle fibres along the 

lesser curvature to bunch up and shorten, while the fibres of the greater curvature 

space out and lengthen. During contraction, the bunching and shortening of the 

fibres would cause the forces induced by them to decrease. By the same token, the 

fibres on the major curvature should experience a higher contractile force, depending 

on the muscle length ratio. In the model, the nodes (from which the fibres are 

described) were placed closer together on the lesser curvature and further apart on 

the greater causing a difference in original lengths. Furthermore, as referenced in 

Equation 3.43, the contractile force is also dependent on the current length of the 

muscle. These two factors combined help to replicate the in vivo effects of the 

difference in muscle length to an extent.  

5.3.4 Effect of changing parameters 

The pressure changes resultant from changing the Guccione parameters were 

minimal. This was to be expected due to the resting pressure being used, where 

there were relatively smaller contractions when compared to peak pressures. The 

Guccione material laws would experience less loading; thus, their effects on 

pressure development would be less apparent. Despite this, some effects are still 

visible. The first parameter, c1, has a positive correlation with pressure developed. 

This is within expectations, as c1 affects the stiffness of the material in all directions. 

Therefore, a decrease in stiffness would reduce the effect of strain on the strain 

energy developed, resulting in less deformation and reducing the cavity pressure 

developed. There was no definitive relationship between the parameters and the 

pressure developed, although both caused a decrease in the pressure developed 

when halved; this could be due to the reasons listed for c1. The fourth constant 

relates to the shear resistance of the material discussed in Section 3.2.1 and affects 

the shear strains developed.  
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5.4 LIMITATIONS AND FUTURE WORK 

At the conclusion of this project, a GOJ model was created from ultra-milled data and 

implemented into an existing mathematical model. However, improvements can still 

be made to increase the physiological accuracy and simulation precision. A major 

limiting factor to the model’s validity would be its usage of tissue specific material 

laws and contraction models. Although a constitutive oesophageal law specifically 

inclusive of shear resistance has yet to be described, experiments could be 

conducted to try and obtain the Guccione material constants for oesophageal tissue. 

Alternatively, a new strain energy function or material law could be developed, with 

the careful inclusion of shear resistance, through experiments on oesophageal tissue 

to improve the model’s accuracy. Recently in 2020, a suitable electro-mechanical 

smooth muscle model for gastric muscle was developed [61]. While the tissue 

described by the model is not an exact match, due to the GOJ being located above 

the z-line, it is much closer in origin to the tissue of the GOJ than the cardiac muscle 

model currently used. The complete model could be utilised in future studies 

involving the development of gastro-intestinal-based contraction models.  

Another limitation of the current approach is the indeterminacy of the GOJ region 

between the data sets used. Both geometric models were of differing lengths, and 

the location of the GOJ in the visible human geometry was determined using an 

assumed depth from experimental data, while that of the ultra-mill model was 

determined empirically. Therefore, it is difficult to determine whether a one-to-one 

comparison between the geometric model was truly possible. This was most 

significant when considering the effects of length and cavity volume on the pressure 

developed. 

Length and volume of the meshes were also influenced by the difference in the 

tissue preparation methods between the data sets. Given these observations, it is 

recommended that a standardised method for preparation and demarcation be used 

when imaging the tissues. Other imaging techniques such as radiography, MRI, and 

ultrasound could be employed on living subjects so the shape of the GOJ can be 

extracted in vivo. Observation of the region in living subjects would eliminate 

uncertainty regarding the state of contraction of each of the anatomies and could be 

compared to the anatomies used in this project to validate or grade their 

effectiveness in shape preservation. Additionally, in live subjects, manometric 
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techniques could be performed to definitively pinpoint the region of the GOJ prior to 

geometry extraction, which would provide a solid basis for validation. Although given 

the dependence of pressure on length, it is recommended that a set or height (of the 

person) adjusted length of the oesophagus be extracted for biomechanical analysis. 

A larger data set of similar tissue acquisition methods would allow for the validation 

of the model. A principal component analysis could be performed on the anatomies 

to determine the defining characteristics of GOJ anatomies and their relation to 

pressure. The anatomies could then be grouped by their characteristics, potentially 

allowing the pressure response of each model to be determined without performing 

individual biomechanical analysis. Such an approach would significantly improve the 

clinical applications of the biomechanical model by expediting the process of getting 

patient-specific analysis. 

The completion of the thesis also resulted in two STL geometries that could be used 

in future work. Specifically, 3D shell geometries are commonly used in CFD 

simulations and 3D solid geometries in the STL format may be incorporated into 

other mechanical models.  

5.5 CONCLUSION 

In conclusion, the main aims of the thesis were to create a geometry from ultra-mill 

data for usage in a mathematical model and to investigate the factors affecting 

pressure development. The final ultra-mill geometry was significantly different from a 

previously developed visible human geometry. The two geometries had prominent 

differences in length, volume, width, and curvature, with the ultra-mill geometry being 

straighter and smaller than its counterpart. Initially, these differences cast doubt that 

the regions encompassed were equivalent to one another. However, observations 

were made to the similarity of width relationship near the fundal end and the 

presence of a curvature forming on the ultra-mill geometry post contraction. These 

two observations suggest that the two anatomies overlap and represent different 

lengths of the same region. 

Further investigations revealed that increasing the overall size of the geometries 

caused increases in the pressure developed. It was also noted that although the 

factors had positive relationships with pressure, their degrees of influence varied, 
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even after adjusting for the common artifact of increased cavity volume. The 

variables of length and width caused the most significant changes in pressure and 

do not appear to be independent, seemly interfering with one another and preventing 

a pressure change equal to the summation of the two constituents. The pressure 

increases are likely due to a combination of differences in nodal spacing and the 

dependence of tension on the muscle fibre extension ratio, in which tensional forces 

resulting from contraction become more significant at sparser nodal spacing. 

Completing this thesis has added a new geometry for usage in the mathematical 

model and associated workflows for the visualisation and implementation of raw data 

into the mathematical model. Investigating factors influencing pressure development 

in the model also highlighted several important factors for future endeavours in mesh 

creation for use with the model. 
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7 APPENDIX A 

The full cubic hermite equation when applied in 3D is given below, 𝜉 are coordinates 

in the material coordinate system. 

 𝑢(𝜉1, 𝜉2, 𝜉3) = 𝜑1
0(𝜉1)𝜑1

0(𝜉2)𝜑1
0(𝜉3)𝑢1 + 𝜑2

0(𝜉1)𝜑1
0(𝜉2)𝜑1

0(𝜉3)𝑢2 A7.1 

+𝜑1
0(𝜉1)𝜑2

0(𝜉2)𝜑1
0(𝜉3)𝑢3 + 𝜑2

0(𝜉1)𝜑2
0(𝜉2)𝜑1

0(𝜉3)𝑢4 

+𝜑1
0(𝜉1)𝜑1

0(𝜉2)𝜑2
0(𝜉3)𝑢5 + 𝜑2

0(𝜉1)𝜑1
0(𝜉2)𝜑2

0(𝜉3)𝑢6 

+𝜑1
0(𝜉1)𝜑2

0(𝜉2)𝜑2
0(𝜉3)𝑢7 + 𝜑2

0(𝜉1)𝜑2
0(𝜉2)𝜑2

0(𝜉3)𝑢8 

+𝜑1
1(𝜉1)𝜑1

0(𝜉2)𝜑1
0(𝜉3)
∂𝑢1
∂𝜉1
+ 𝜑2
1(𝜉1)𝜑1

0(𝜉2)𝜑1
0(𝜉3)
∂𝑢2
∂𝜉1

+𝜑1
1(𝜉1)𝜑2

0(𝜉2)𝜑1
0(𝜉3)
∂𝑢3
∂𝜉1
+ 𝜑2
1(𝜉1)𝜑2

0(𝜉2)𝜑1
0(𝜉3)
∂𝑢4
∂𝜉1

+𝜑1
1(𝜉1)𝜑1

0(𝜉2)𝜑2
0(𝜉3)
∂𝑢5
∂𝜉1
+ 𝜑2
1(𝜉1)𝜑1

0(𝜉2)𝜑2
0(𝜉3)
∂𝑢6
∂𝜉1

+𝜑1
1(𝜉1)𝜑2

0(𝜉2)𝜑2
0(𝜉3)
∂𝑢7
∂𝜉1
+ 𝜑2
1(𝜉1)𝜑2

0(𝜉2)𝜑2
0(𝜉3)
∂𝑢8
∂𝜉1

+𝜑1
0(𝜉1)𝜑1

1(𝜉2)𝜑1
0(𝜉3)
∂𝑢1
∂𝜉2
+ 𝜑2
0(𝜉1)𝜑1

1(𝜉2)𝜑1
0(𝜉3)
∂𝑢2
∂𝜉2

+𝜑1
0(𝜉1)𝜑2

1(𝜉2)𝜑1
0(𝜉3)
∂𝑢3
∂𝜉2
+ 𝜑2
0(𝜉1)𝜑2

1(𝜉2)𝜑1
0(𝜉3)
∂𝑢4
∂𝜉2

 

+𝜑1
0(𝜉1)𝜑1

1(𝜉2)𝜑2
0(𝜉3)
∂𝑢5
∂𝜉2
+ 𝜑2
0(𝜉1)𝜑1

1(𝜉2)𝜑2
0(𝜉3)
∂𝑢6
∂𝜉2

+𝜑1
0(𝜉1)𝜑2

1(𝜉2)𝜑2
0(𝜉3)
∂𝑢7
∂𝜉2
+ 𝜑2
0(𝜉1)𝜑2

1(𝜉2)𝜑2
0(𝜉3)
∂𝑢8
∂𝜉2

+𝜑1
0(𝜉1)𝜑1

0(𝜉2)𝜑1
1(𝜉3)
∂𝑢1
∂𝜉3
+ 𝜑2
0(𝜉1)𝜑1

0(𝜉2)𝜑1
1(𝜉3)
∂𝑢2
∂𝜉3

+𝜑1
0(𝜉1)𝜑2

0(𝜉2)𝜑1
1(𝜉3)
∂𝑢3
∂𝜉3
+ 𝜑2
0(𝜉1)𝜑2

0(𝜉2)𝜑1
1(𝜉3)
∂𝑢4
∂𝜉3

+𝜑1
0(𝜉1)𝜑1

0(𝜉2)𝜑2
1(𝜉3)
∂𝑢5
∂𝜉3
+ 𝜑2
0(𝜉1)𝜑1

0(𝜉2)𝜑2
1(𝜉3)
∂𝑢6
∂𝜉3

+𝜑1
0(𝜉1)𝜑2

0(𝜉2)𝜑2
1(𝜉3)
∂𝑢7
∂𝜉3
+ 𝜑2
0(𝜉1)𝜑2

0(𝜉2)𝜑2
1(𝜉3)
∂𝑢8
∂𝜉3
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+𝜑1
1(𝜉1)𝜑1

1(𝜉2)𝜑1
0(𝜉3)

∂2𝑢1
∂𝜉1 ∂𝜉2

+ 𝜑2
1(𝜉1)𝜑1

1(𝜉2)𝜑1
0(𝜉3)

∂2𝑢2
∂𝜉1 ∂𝜉2

+𝜑1
1(𝜉1)𝜑2

1(𝜉2)𝜑1
0(𝜉3)

∂2𝑢3
∂𝜉1 ∂𝜉2

+ 𝜑2
1(𝜉1)𝜑2

1(𝜉2)𝜑1
0(𝜉3)

∂2𝑢4
∂𝜉1 ∂𝜉2

+𝜑1
1(𝜉1)𝜑1

1(𝜉2)𝜑2
0(𝜉3)

∂2𝑢5
∂𝜉1 ∂𝜉2

+ 𝜑2
1(𝜉1)𝜑1

1(𝜉2)𝜑2
0(𝜉3)

∂2𝑢6
∂𝜉1 ∂𝜉2

+𝜑1
1(𝜉1)𝜑2

1(𝜉2)𝜑2
0(𝜉3)

∂2𝑢7
∂𝜉1 ∂𝜉2

+ 𝜑2
1(𝜉1)𝜑2

1(𝜉2)𝜑2
0(𝜉3)

∂2𝑢8
∂𝜉1 ∂𝜉2

 

+𝜑1
1(𝜉1)𝜑1

0(𝜉2)𝜑1
1(𝜉3)

∂2𝑢1
∂𝜉1 ∂𝜉3

+ 𝜑2
1(𝜉1)𝜑1

0(𝜉2)𝜑1
1(𝜉3)

∂2𝑢2
∂𝜉1 ∂𝜉3

+𝜑1
1(𝜉1)𝜑2

0(𝜉2)𝜑1
1(𝜉3)

∂2𝑢3
∂𝜉1 ∂𝜉3

+ 𝜑2
1(𝜉1)𝜑2

0(𝜉2)𝜑1
1(𝜉3)

∂2𝑢4
∂𝜉1 ∂𝜉3

+𝜑1
1(𝜉1)𝜑1

0(𝜉2)𝜑2
1(𝜉3)

∂2𝑢5
∂𝜉1 ∂𝜉3

+ 𝜑2
1(𝜉1)𝜑1

0(𝜉2)𝜑2
1(𝜉3)

∂2𝑢6
∂𝜉1 ∂𝜉3

+𝜑1
1(𝜉1)𝜑2

0(𝜉2)𝜑2
1(𝜉3)

∂2𝑢7
∂𝜉1 ∂𝜉3

+ 𝜑2
1(𝜉1)𝜑2

0(𝜉2)𝜑2
1(𝜉3)

∂2𝑢8
∂𝜉1 ∂𝜉3

+𝜑1
0(𝜉1)𝜑1

1(𝜉2)𝜑1
1(𝜉3)

∂2𝑢1
∂𝜉2 ∂𝜉3

+ 𝜑2
0(𝜉1)𝜑1

1(𝜉2)𝜑1
1(𝜉3)

∂2𝑢2
∂𝜉2 ∂𝜉3

+𝜑1
0(𝜉1)𝜑2

1(𝜉2)𝜑1
1(𝜉3)

∂2𝑢3
∂𝜉2 ∂𝜉3

+ 𝜑2
0(𝜉1)𝜑2

1(𝜉2)𝜑1
1(𝜉3)

∂2𝑢4
∂𝜉2 ∂𝜉3

+𝜑1
0(𝜉1)𝜑1

1(𝜉2)𝜑2
1(𝜉3)

∂2𝑢5
∂𝜉2 ∂𝜉3

+ 𝜑2
0(𝜉1)𝜑1

1(𝜉2)𝜑2
1(𝜉3)

∂2𝑢6
∂𝜉2 ∂𝜉3

+𝜑1
0(𝜉1)𝜑2

1(𝜉2)𝜑2
1(𝜉3)

∂2𝑢7
∂𝜉2 ∂𝜉3

+ 𝜑2
0(𝜉1)𝜑2

1(𝜉2)𝜑2
1(𝜉3)

∂2𝑢8
∂𝜉2 ∂𝜉3

 

+𝜑1
1(𝜉1)𝜑1

1(𝜉2)𝜑1
1(𝜉3)

∂3𝑢1
∂𝜉1 ∂𝜉2 ∂𝜉3

+ 𝜑2
1(𝜉1)𝜑1

1(𝜉2)𝜑1
1(𝜉3)

∂3𝑢2
∂𝜉1 ∂𝜉2 ∂𝜉3

+𝜑1
1(𝜉1)𝜑2

1(𝜉2)𝜑1
1(𝜉3)

∂3𝑢3
∂𝜉1 ∂𝜉2 ∂𝜉3

+ 𝜑2
1(𝜉1)𝜑2

1(𝜉2)𝜑1
1(𝜉3)

∂3𝑢4
∂𝜉1 ∂𝜉2 ∂𝜉3

+𝜑1
1(𝜉1)𝜑1

1(𝜉2)𝜑2
1(𝜉3)

∂3𝑢5
∂𝜉1 ∂𝜉2 ∂𝜉3

+ 𝜑2
1(𝜉1)𝜑1

1(𝜉2)𝜑2
1(𝜉3)

∂3𝑢6
∂𝜉1 ∂𝜉2 ∂𝜉3

+𝜑1
1(𝜉1)𝜑2

1(𝜉2)𝜑2
1(𝜉3)

∂3𝑢7
∂𝜉1 ∂𝜉2 ∂𝜉3

+ 𝜑2
1(𝜉1)𝜑2

1(𝜉2)𝜑2
1(𝜉3)

∂3𝑢8
∂𝜉1 ∂𝜉2 ∂𝜉3
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The Cubic hermite basis functions that are used in equation A7.1, 𝜉 are coordinates 

in the material coordinate system. 

 𝜑1
0(𝜉) = 1 − 3𝜉2 + 2𝜉3 A7.2 

 𝜑1
1(𝜉) = 𝜉(𝜉 − 1)2 A7.3 

 𝜑2
0(𝜉) = 𝜉2(3 − 2𝜉) A7.4 

 𝜑2
1(𝜉) = 𝜉2(𝜉 − 1) A7.5 

 




