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Abstract

The Wagner Conjecture has been proven and is now called the Graph

Minor Theorem: we know that the set of forbidden minors obstructing a

minor closed graph property is finite. We define operations that reverse the

standard minor operations: given a graph G the operations create sets of

graphs that have G as a minor, adjacent in the partial order. In particular,

we add graphs from the obstruction set to the property set and find the

obstruction set for the new property set. We also perform the operations

of union and intersection on obstruction sets and property sets and using

a series of examples, the obstruction set for the union of two properties is

investigated. While it is not trivial to identify a general method for finding

such obstruction sets, some structure is observed.
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Chapter 1

Introduction

Robertson and Seymour’s graph minor theorem can be regarded as the fun-

damental theorem of topological graph theory: it establishes a result that

lays foundations for a great deal of future work. Rather than look for ob-

struction sets for particular properties, we thought it was time to tinker with

these sets of forbidden minors and the properties they induce. Time to look

at the basic elements of the theorem as interesting objects in their own right.

We were initially inspired by a metaphor of landscape, which helped us

visualise the relationships between the graphs and guided us as to what

action we could take. Accordingly we have kept that metaphor in this work,

motivating but standing aside from the mechanics of our arguments.

In looking to combine property sets in particular, we found the concepts

difficult to generalise. We embarked on a course that we believe many math-

ematicians take when trying to understand a big problem, and reduced it to

simpler examples. The generalisations remained elusive but we do feel the

examples provide the beginnings of some insight into the larger structure of

the objects of the graph minor theorem.
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Chapter 2

Preliminaries

This thesis investigates graphs, graph minors and how graph minors can

obstruct certain graph properties. We start by defining some essential termi-

nology and notation. The primary resources for this work have been [Gou88],

[Die05] and [MT01] and it is from these works that the definitions have been

taken, with some reference to [GR01] and [Big74].

Definition 2.0.1. A graph G is an ordered pair (V,E) where graph

E ⊆ {e : |e| = 2, e ⊆ V }.

Where necessary V may be written as V (G) and E as E(G). These are the

sets of vertices and edges respectively, where an edge e ∈ E is an unordered vertex

edgepair of vertices. An edge e = {x, y} is usually written xy or yx.

Consider the graph G = (V,E). The order of G, denoted |G|, is equal order

to |V |, the number of vertices; the size of G is equal to |E|, the number of size

edges, and is denoted ‖G‖. If e = xy ∈ E then the vertices x and y are the

end vertices, end points or just ends of e. Vertices x and y of G are adjacent

if there is an edge e in G with x and y as its end points; we also say that x

and y are neighbours. The neighbourhood of vertex v is the set of all vertices neighbourhood
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adjacent to v: we use the notation N(v) = {x ∈ V : vx ∈ E} for this set.

The edge e = xy joins or connects its endpoints x and y and we say that

x is incident with e (or e is incident with x). The degree of a vertex is the degree

number of edges incident with the vertex. If the degree of a vertex is zero, we

say the vertex is isolated. If every vertex in G has the same degree k, then G

is k-regular or just regular. The complement G of G has V (G) = V (G) and regular

complementan edge e ∈ E(G) if and only if e is not in E(G).

Two graphs G = (V (G), E(G)) and H = (V (H), E(H)) are isomorphic isomorphic

if there exists a bijection ψ : V (G) → V (H) where for all x, y in V (G),

xy ∈ E(G) ⇔ ψ(x)ψ(y) ∈ E(H); that is, ψ is a bijection that preserves

adjacency. The map ψ is called an isomorphism. If G is isomorphic to H we

write G ≃ H or even G = H for unlabelled graphs.

An automorphism or symmetry is an isomorphism from graphG = (V,E) automorphism

symmetryto itself. An automorphism is therefore a permutation π of V that preserves

adjacency: that is, {x, y} ∈ E if and only if {π(x), π(y)} ∈ E. The set of all

symmetries on a graph G forms a group called the automorphism group of

G which is denoted by Aut(G). Aut(G)

The graph G = (V,E) is said to be vertex transitive or just transitive if vertex

transitiveAut(G) acts transitively on V : if for any x, y in V , there exists a symmetry

π ∈ Aut(G) with π(x) = y. Thus any vertex x in a vertex transitive graph

can be mapped to any other vertex y by the appropriate symmetry. The

automorphism group also acts on the edge set of G, in that if π is a symmetry

of G then π({x, y}) = {π(x), π(y)}. The graph G = (V,E) is called edge edge

transitivetransitive if the automorphism group acts transitively on E.

The set of all possible vertices that a given vertex x (or edge e) can be

mapped to under the action of Aut(G) is called the orbit of x (or e). Thus orbit

a transitive graph has just one orbit of vertices.

The disjoint union or simply the union of two graphs G = (V,E) and union

G′ = (V ′, E ′) is the graph G ∪G′ = (V ∪ V ′, E ∪ E ′) and the intersection is
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the graph G ∩G′ = (V ∩ V ′, E ∩ E ′). If G ∩G′ = ∅ then we say that G and

G′ are disjoint. If G is a set of graphs then
⋃

G is union of all graphs in G

(so it is a graph) and
⋂

G is their intersection.

Definition 2.0.2. Let G = (V,E) be a graph. The graph H = (V ′, E ′) is a

subgraph of G if V ′ ⊆ V and E ′ ⊆ E. This is denoted H ⊆ G. subgraph

Thus H is a subgraph of G if H is formed from G by deleting some (may

be none) of the edges of G and deleting some (may be none) of the vertices

that are isolated by the removal of edges.

As terminology and notation in graph theory can vary, this is what we

mean when we refer to the following frequently used graphs. A graph with no

edges is a null graph, and is denoted Nn, where n is the order of the graph. Nn

A complete graph on n vertices has an edge connecting every pair of vertices complete

graphand is denoted Kn. A path is a graph on a sequence of distinct vertices, with
Knevery vertex adjacent to the next in the sequence. The length of a path is

the number of edges in the path. Paths are denoted Pk where k is the path Pk

length. A finite path has an initial vertex, called a start vertex, and a final

vertex, called an end vertex : both are referred to as the end points or ends

of the path. We say a non-empty graph is connected if every pair of vertices connected

is joined by a path. Otherwise it is disconnected. A maximal connected

subgraph of a graph G is a component of G. A cyclic graph, cycle graph or

simply a cycle, denoted Cn, is a path on n vertices with an additional edge cycle

connecting the end points. A tadpole, denoted Tm,n, is a graph formed by tadpole

joining a cycle on m vertices to a path of length n so that an end point of

the path is a vertex of the cycle: see Figure 2.1 for some examples.

A forest is a graph with no cyclic subgraph. A tree is a connected forest. forest

treeA graph G = (V,E) is bipartite if the vertex set V can be partitioned into

two sets V1 and V2 such that each edge in G joins a vertex in V1 to a vertex

in V2. In particular, a complete bipartite graph is bipartite with every vertex
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(a) T3,1 (b) T3,2

(c) T4,1 (d) T4,2

Figure 2.1: Examples of tadpole graphs.

in V1 connected to every vertex in V2 and is denoted by Km,n where m = |V1| Km,n

and n = |V2|. A star is a complete bipartite graph whose vertex partition star

has one set containing one vertex, and the other set containing all the others.

If a graph G has a path of length 3 or more as a subgraph then a vertex in

the path with degree 3 or more in G is called a branch (so stars are not branch

considered branches).

Let e = xy be an edge of graph G. The graph G/e is obtained from G

by replacing the edge e and the vertices x and y with a new vertex ve that

is adjacent to all the former neighbours of both x and y. This operation is

called edge contraction. Formally, G/e = (V ′, E ′) where edge

contraction

G/e
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V ′ :=(V \ {x, y}) ∪ {ve}

E ′ := {vw ∈ E : {v, w} ∩ {x, y} = ∅}

∪ {vew : xw ∈ E \ {e} or yw ∈ E \ {e}} .

The first set in the definition of E ′ are those edges of G that are not

incident with either x or y and the second set are the edges of G that are

incident with either x or y but not e.

We can now define a graph minor, the fundamental concept in this thesis.

Definition 2.0.3. A graph H is a minor of graph G if H is isomorphic to a minor

graph formed from a subgraph of G by a series of edge contractions.

Thus a graph H is a minor of graph G if H can be constructed by per-

forming a series of edge or vertex deletions (giving a subgraph) or edge con-

tractions on G. Note that for finite graphs, the series of operations is finite.

Note also that G is a minor of itself (the series of operations is empty). We

think of this concept of minor as a relation and if H is a minor of G we write

H ≤ G.

Proposition 2.0.1. The minor relation is a partial order over the set of all

finite graphs.

Proof. Let A, B and C be three graphs. As noted already, ≤ is reflexive; that

is A ≤ A. In order to obtain antisymmetry, suppose A is a minor of B. Then

V (A) ⊆ V (B) and E(A) ⊆ E(B). Now suppose B is also a minor of A. Then

V (B) ⊆ V (A) so V (A) = V (B). Similarly, E(A) = E(B). Thus A = B.

Transitivity also follows smoothly: let A ≤ B and B ≤ C. Then there exists

a finite series S1 of vertex deletions, edge deletions and edge contractions

that gives graph A from B and another finite series S2 that gives B from
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ba

x

y

Figure 2.2: Contracting edge ab of graph G produces graph H and contract-

ing edge xy of graph H gives graph G.

C. Form a new series that starts with the series S2 and continues with the

operations of S1. This series gives graph A from graph C and A ≤ C.

Because the minor relation defines a partial order, we say that two graphs

are comparable when one is a minor of the other. Two other notations need

to be mentioned. Let G and H be graphs. The statement H < G means

H ≤ G and H 6≃ G (in which case we say that H is a proper minor of G),

and H 6≤ G means that H and G are not comparable; that is, neither G ≤ H

nor H ≤ G.

As an aside we note that the restriction to finite graphs above is necessary,

as distinct infinite graphs can be minors of each other, as in Figure 2.2,

contradicting the reflexive property.
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Chapter 3

Graph Properties

3.1 Kuratowski’s Theorem

A graph is planar if it can be drawn in the Euclidean plane is such a way planar

that the edges only intersect at vertices of the graph. Kuratowski published

a theorem in 1930 that provided a characterisation of planar graphs [Kur30].

The theorem was originally framed in terms of a concept that turns out to

be similar to a graph minor. This definition is from [MT01].

Definition 3.1.1. Let G be a graph. A graph H is a subdivision of G if subdivision

H = G or if H can be obtained from G by inserting some vertices of degree

two on some edges. Equivalently, some edges of G are replaced by paths such

that each of these paths has only its endpoints in common with G.

For an example of a subdivision, see Figure 3.1. If a graph G has a

subgraph G′, and G′ is a subdivision of a graph H , then H is a topological topological

minorminor of G [Die05]. This relationship is illustrated in Figure 3.2.

Theorem 3.1.1 (Kuratowski). A graph is planar if and only if it does not

contain a subdivision of K5 or a subdivision of K3,3 as a subgraph.
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Figure 3.1: The graph K4 and a subdivision of K4.

G G′ H

Figure 3.2: The graph H is a topological minor of G.

The statement of the theorem is again from [MT01] which also contains

detailed bibliographical information about the theorem and its many proofs.

The form of the theorem that is most relevant to this work was proved by

Wagner [Wag37] (from [MT01]):
Kuratowski’s

TheoremTheorem 3.1.2 (Kuratowski). A graph G is planar if and only if neither

K3,3 nor K5 is a minor of G.

The graphs K5 and K3,3 are known as Kuratowski graphs and are illus-

trated in typical embeddings in Figure 3.3.

3.2 Graph Properties and Minor Free Sets

Kuratowski’s Theorem provides us with an example of a graph property :

planarity. The following definitions of properties follow [Die05].

Definition 3.2.1. A graph property is a set of graphs that is closed under graph

property

9



(a) K5 (b) K3,3

Figure 3.3: The Kuratowski graphs.

isomorphism.

The concepts of connectedness, k-regularity, transitivity or graphs being

forests are all graph properties. For our context, however, the more important

concept is the following.

Definition 3.2.2. A minor closed graph property is a set of graphs that is

closed under the minor operation.

The set of forests is a minor closed graph property. Graphs which can

be drawn in any fixed surface in such a way that the edges only intersect at

vertices of the graph also form a minor closed graph property. Some graph

properties are not minor closed graph properties. For example connectedness

is a graph property, but as the minor operation includes deletion of edges, a

connected graph can have a minor which is not connected. Disconnectedness

is similar: if a graph has two connected components and all the edges and

vertices of one component are deleted, it becomes a connected graph. The

focus of this work, however, is on minor closed graph properties, so henceforth

we will often drop the descriptives and refer to minor closed graph properties

simply as properties. With a slight abuse of notation, we will also refer to

a property in a broader sense as a description of a quality of some graphs.

Thus we will describe a graph G as exhibiting, showing or having a property
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P, by which we mean G ∈ P.

Definition 3.2.3. Let P be a minor closed graph property. A graph X is

an obstruction to P if any graph G such that X ≤ G is not an element of obstruction

P and, under the partial order of the minor relation, X itself is minimally

not in P, in the sense that every minor of X is in P. An obstruction set to obstruction

setP is a set of all obstructions to P.

The terms forbidden minors or excluded minors are also in common usage

for obstruction.

If X is the only obstruction to P, we will refer to the property as P(X)

and if X is the obstruction set to P then we will refer to P as P(X ). The

Kuratowski graphs are obstructions to planarity, but the graph K8, say, is

not. We do not refer to planarity as P(K5), but if K = {K5, K3,3} then P(K)

is the set of all planar graphs and K is the obstruction set to planarity. If F

is the set of all forests then F = P(C3) as C3 is the unique obstruction to F .

When looking at graph properties, one question that arises is how can we

characterise them. The obstruction set of a property is a good identifier of

minor closed graph properties. Our goal, then, will be to show that a set of

graphs that obstruct a property is unique. We will need a small caveat, that

the set contains no comparable graphs. Let us first introduce some notation.

Definition 3.2.4. Let G be a set of graphs. The set of all graphs with some

graph from G as a minor is called the minor set of G and is denoted by [G]. [G]

Definition 3.2.5. Let G be a set of graphs. The set of all graphs which have

no graph from G as a minor is called the property set of G and is denoted by

[G]. [G]

We note that when our set of graphs is a singleton, say G = {G}, we will

abbreviate the notation, dropping the set brackets. In this we are following

[Die05]. Thus we talk about the minor set or property set of G and refer to
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these objects as [G] and [G] rather than [{G}] and [{G}]. We will use this

abbreviation in other contexts throughout the work.

Hence if a graph property P is uniquely obstructed by a graph G then

P = P(G) = [G] and P may be referred to as the property set of G. The

statement H ∈ [G] is equivalent to saying H exhibits property P and if H

does not exhibit property P we say H ∈ [G]. Note that if X is the set of all

graphs, then [G] = X\[G], the set complement of [G]. These various notations

are useful as sometimes we wish to emphasise the property and other times

the obstruction set that characterises the property. We also found it useful

to emphasise the complementary relationship between [G] and [G].

Let us first propose a special case of our hypothesis as a lemma:

Lemma 3.2.1. Two different graphs cannot induce the same property.

Proof. Let G and H be graphs that induce the same property. That is,

[G] = [H ], so [G] = [H ]. The graph G has itself as a minor, so G ∈ [G] = [H ]

and H ≤ G. Similarly, G ≤ H and G ≃ H by reflexivity of ≤ and they are

the same graph.

We next consider an example that forces us to clarify what kind of sets

of graphs we are talking about when we say that two different sets cannot

obstruct the same property.

Example 3.2.1 (Paths).

Consider the graph property P1 obstructed by the set G1 containing the

graphs C3 and K1,3, so P1 = P(G1) = [G1]. The graph C3 obstructs cycles,

allowing forests, and K1,3 obstructs stars and branches in trees, allowing

disjoint unions of cycles and paths. Thus graphs showing P1 are disjoint

unions of paths.

Now consider the property P2 = [G2], where G2 = {C3, K1,3, T3,1} (the

graph T3,1 is a tadpole: see page 4 for the definition and Figure 3.4(c) for

12



(a) C3 (b) K1, 3

(c) T3,1

Figure 3.4: The set G1 = {C3, K1,3} and the set G2 = {C3, K1,3, T3,1}.

an illustration). Note that T3,1 has both C3 and K1,3 as minors: in fact it is

the graph of least order and size with these two graphs as minors. Note also

that G1 ⊆ G2.

These two properties obstructed by two different sets of graphs are in fact

the same, as we now show. Let G ∈ [G1]. As G1 ⊆ G2, G has some graph

from G2 as a minor, so G ∈ [G2] and [G1] ⊆ [G2]. Now let G ∈ [G2]. We

need to show that G ∈ [G1]; that is, G has either C3 or K1,3 as a minor. As

G ∈ [G2], G has C3, K1,3 or T3,1 as a minor: we only need to consider the

case G has T3,1 as a minor. In this case, because C3 ≤ T3,1 and K1,3 ≤ T3,1

and the minor relation ≤ is transitive, C3 ≤ G and K1,3 ≤ G. Thus G ∈ [G1]

and [G2] ⊆ [G1]. So [G1] = [G2] and P1 = P2.

This example shows that two different sets can obstruct the same prop-

erty, but there was a special relationship between the sets G1 and G2. If we

restrict our sets of obstructing graphs to sets of graphs that do not share

minors, we are able to use these sets to characterise a minor closed graph
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property.

Definition 3.2.6. A set of graphs G is a minor free set if for any G1, G2 ∈ G, minor

free setG1 � G2; that is, no graph in G is a minor of any other graph in G.

We can now state and prove our hypothesis that sets of graphs which

obstruct a property are unique if they are minor free.

Theorem 3.2.2. Two distinct minor free sets cannot obstruct the same

property.

Proof. Let G and H be minor free sets that obstruct the same property. We

will show that they are the same set. We have P(G) = P(H) so [G] = [H].

Under the partial order defined by the minor relation ≤, let M be the set of

minimal elements of [G] = [H]. The set M is not empty as the null graph is

a minor of every graph.

Now consider M ∈ M. The graph M ∈ M ⊆ [G] so M ∈ [G] and M has

some graph from G as a minor. Moreover, M ∈ G as if not there exists some

G ∈ G, M 6= G with G ≤ M which contradicts the minimality of M. Thus

M ⊆ G.

Next consider G ∈ G. The graph G ∈ [G] as G is a minor of itself, so it

has some graph from G as a minor, namely G ≤ G ∈ G. As G is a minor free

set, any minor of G is not in [G], making G minimal in [G] under the minor

relation ≤ and G ∈ M. Thus G ⊆ M and G = M. Similarly, H = M so

G = H.

3.3 The Graph Minor Theorem

Another reason that obstructions make good characterisations of graph prop-

erties is the graph minor theorem. This theorem was built up to in twenty

papers issued over twenty years by Robertson and Seymour and was finally

published in [RS04].

14



Theorem 3.3.1 (Graph Minor Theorem). For every infinite set of finite

graphs, one of its members is isomorphic to a minor of another.

The first thing to say about this result is it is not our intention to provide

a proof of the theorem here. Rather, this result has been a springboard for

this work, propelling us into new territory. A sketch of the proof can be

found in [Die05].

A property P can trivially be characterised by obstructions if every graph

not exhibiting the property is listed [Lov05]. The graph minor theorem tells

us that a minimal set (with regard to the minor operation) will be finite. We

restate the theorem in these terms (following [Lov05]).
graph

minor

theorem

Theorem 3.3.2 (Graph Minor Theorem). Every minor closed property of

finite graphs can be characterised by a finite set of obstructions.

It is the finiteness of the obstruction set that is novel and remarkable

in this theorem. The other remarkable characteristic of the theorem that

deserves mention is the fact that it is, to our delight and dismay, non-

constructive. We know the obstructions sets for a given property are finite,

but the proof does not provide a guide as to how to find them.
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Chapter 4

Reversing the Minor Drift

Picture this: the set of all graphs is a landscape, and a graph property marks

a cliff in the land. All graphs that exhibit the property are at the bottom of

the cliff and graphs that do not exhibit it are at the top. We can move around

in this landscape, hopping from graph to graph: we take steps by performing

the operations of vertex deletion, edge deletion and edge contraction that we

use to create graph minors. This means that we can only take steps in one

direction, in a sense: towards the cliff when we are on the top, or away from

the cliff if we are below the cliff. Steps towards the Null Graph Sea. We would

like to be able to move away from the sea. This requires defining operations

that reverse our minor operations. We would also like to terraform the land:

can we move the cliff? Can we add the graphs of our original obstruction

set to the set of graphs exhibiting the property to form a new property and

a new obstruction set? Can we find this new obstruction set?

This landscape is superimposed on a metagraph, or graph of graphs: ver-

tices in the metagraph represent graphs and edges connecting the vertices if

their graphs are comparable. For illustrative purposes, most vertices (except

those representing obstructions or sometimes obstruction sets) and all edges

are suppressed, with the cliff face represented by a line. We are using a con-

16



Figure 4.1: A metagraph representing planarity. The two vertices represent

the obstructions to planarity, K5 and K3,3. The area in white contains non-

planar graphs, the area in grey contains planar graphs.

tinuous object (a line) to represent a discrete object (a set of graphs) so it

is only illustrative. In particular, the intersection of two lines should not be

thought of a single graph. See Figure 3.1 for an example.

4.1 Reversing Minor Operations

Here we define three new graph operations that reverse the three operations

used to form minors. Using these, we wish to identify all graphs that are

one “step” away from a given graph G or set of graphs G: the graphs that

produce G (or an element of G) under a single application of a graph minor

operation. Informally, the vertex addition operation adds an isolated vertex

to a graph and the edge addition operation adds a new edge to a graph. The

vertex splitting operation replaces a vertex v with two connected vertices v′

and v′′ while preserving adjacency, so that an edge e = vu incident to v is

replaced by either edge v′u or edge v′′u [MT01] (See Figure 4.2).

It is worth first establishing a term for graphs produced by these reverse

minor operations.

Definition 4.1.1. Let G,H be graphs such that G ≤ H . The graph H is a

major of G. major
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Figure 4.2: The graph K1,4 and two graphs formed by vertex splitting on the

hub vertex.

We could now perhaps redefine minor free sets to be major free sets.

However, the concept of a graph minor is of significance in the literature, and

the term major is simply a useful expression for this work. As it is introducing

no new ideas, it does not warrant the relabeling of central concepts.

For each of these reverse minor operations, we define an additional oper-

ation that acts on a graph or set of graphs to produce the set of all possible

graphs under the reverse minor operation, which we then combine into a

single operation. Our goal is to produce minor free sets that can serve as

obstruction sets to a property, so we define a fourth operation that discards

isomorphisms and majors. Finally we combine these four operations into a

fifth operation which produces a set containing all graphs one “step” removed

from our starting point (a graph or set of graphs): that is, all graphs which

produce the starting point under a single application of any of the graph

minor operations. We note that the following operations are defined on sets

of graphs, but we abbreviate the notation for a singleton.

Definition 4.1.2. Let G be a graph and G be a set of graphs. The dot dot (G)

operation on {G} produces the set

dot (G) = {G ∪N1}

which is a singleton formed from G by the vertex addition operation. The
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Figure 4.3: Two non-isomorphic graphs formed by adding an edge to C6.

dot operation on G produces dot (G)

dot (G) =
⋃

G∈G

dot (G)

which is the set of graphs formed from G by the vertex addition operation

acting on each element of G.

Definition 4.1.3. Consider the graph G = (V,E) and the set of graphs G.

Let E be a family of new edge sets E ′, if they exist, over the same vertices V

such that E ⊂ E ′ and |E ′| = |E|+ 1; that is, each E ′ has exactly one extra

edge. The set dash (G)

dash (G) = {(V,E ′) : E ′ ∈ E}

is the set of graphs produced by the edge addition operation on {G} and the

set dash (G)

dash (G) =
⋃

G∈G

dash (G)

is the set of graphs produced from G by the edge addition operation.

We call this the dash operation. The size of dash (G) depends on the

structure of G. For example, if G = C4 then there is only one graph in the

set, but if G = C6 then dash (G) contains two non-isomorphic graphs (see

Figure 4.3). Note that for Kn no new edge sets exist and dash (Kn) = ∅.
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Definition 4.1.4. Consider the graph G = (V,E) and the set of graphs G.

For each v ∈ V , we define a new vertex set V ′ and for each v ∈ V and each

partition {X, Y } of N(v), the neighbourhood of v, we define a new edge set

E ′:

V ′(v) = V \ v ∪ {v1, v2}

E ′(v,X) = {xy ∈ E : x 6= v and y 6= v}

∪ {v1v2} ∪ {xv1 : x ∈ X} ∪ {yv2 : y ∈ Y }.

The set draw(G)

draw (G) = {(V ′(v), E ′(v,X)) : v ∈ V,X ⊂ N(v), X 6= ∅, X 6= N(v)}

is the set of graphs produced by the vertex splitting operation on {G} and

the set draw(G)

draw (G) =
⋃

G∈G

draw (G)

is the set of graphs produced from G by the vertex splitting operation.

We call this the draw operation (not as in draw a picture, but rather in

sense of draw a bow). The partition of the neighbours of a vertex to be split

cannot contain the empty set, so the operation does not create new pendant

vertices. The vertex splitting operation is thus only defined on vertices of

degree 2 or more. New pendant vertices can instead be created by the vertex

addition and edge addition operations. So for example, consider the graph

C5. The graph C6 may be thought of as being constructed from C5 by vertex

splitting, but adding a pendant vertex to C5 to form T5,1 is not: rather, T5,1

is constructed from C5 by vertex addition and edge addition: see Figure 4.4.

Note also that for a graph G = (V,E) and a vertex v ∈ V , because

the neighbourhood of v is partitioned, for every H = (V ′, E ′) ∈ draw (G)
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Figure 4.4: Two majors of C5, constructed by different methods.

Figure 4.5: Two non-isomorphic graphs formed by extending a vertex in K5,

members of the set draw (K5). The new vertices are indicated by the dashed

ellipse.

we have N(v1) ∩ N(v2) = ∅, where v1, v2 ∈ V ′ are the new vertices as in

the definition. The graph K5 produces two non-isomorphic graphs under

the vertex splitting operation as it is transitive and there are two distinct

partitions (up to isomorphism of the resulting graphs) of the four neighbours

of each vertex (see Figure 4.5).

The next operation determines the set of graphs one “step” from our

starting point.

Definition 4.1.5. Consider the set of graphs G. The set step (G)

step (G) = dot (G) ∪ dash (G) ∪ draw (G)

is the set of graphs which produce G under one application per graph of

either the vertex deletion operation, the edge deletion operation or the edge

contraction operation.
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(a) G (b) H (c) G′

Figure 4.6: If G,H ∈ G then G′ ∈ dash (G) ⊆ step (G) and is one step away

from G but many steps away from H .

We note again that if G is a singleton containing the graph G then we

abbreviate the notation, omitting the set brackets. We refer to the graphs

in step (G) as being one step away from G; the graphs in step (G) are each

one step away from one of the graphs in G. It is worth noting, however, that

for a given G, a graph in step (G) may be one step away from one graph in

G but several steps from another; see Figure 4.6.

Returning to our motivating metaphor, with the step set we have identi-

fied where the new cliff face will be when we add the graphs of our obstruction

set to the new property, expanding the beach before the Null Graph Sea and

completing our terraforming.

The sets produced by the dash and draw operations may be very large.

For the dash operation, the number depends on the number of vertex pairs

that are not edges of the graph: the orbits of the edges of the complement.

For the draw operation, this depends on the number of vertices and the degree

of the vertices. Graphs with a large amount of symmetry will produce many

isomorphic copies of the same graph: the number of vertex orbits affects

how many copies the draw operation will produce. In order to avoid clutter,

we define an operation on sets of graphs that pares the set down so that

it contains no graphs which are pair-wise isomorphic, nor graphs which are

minors of each other.
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Definition 4.1.6. Consider a set of graphs G. The set scrub (G) is a maximal scrub (G)

subset of G with the following conditions applied in order:

1. ∀G ∈ G, |{H ∈ G : H ≃ G} ∩ scrub (G) | = 1

2. ∀G,H ∈ G, if G < H then H 6∈ scrub (G)

Combining the scrub operation with the step operation gives us the set

we want: a set of graphs one step away from our starting point, without

redundant isomorphic copies or majors.

Definition 4.1.7. Consider a graph G and a set of graphs G. Acting on G,

the scrubbed step operation produces the set ss (G)

ss (G) = scrub (step (G)) = scrub (dot (G) ∪ dash (G) ∪ draw (G))

which is the set of graphs exactly one step away from G. Acting on G, the

scrubbed step operation produces the set ss (G)

ss (G) = scrub (step (G)) = scrub (dot (G) ∪ dash (G) ∪ draw (G))

which is the set of graphs exactly one step away from the graphs in G.

Example 4.1.1. We wish to determine the set S = ss ({K5, K3,3}). We

first find members of S that represent an isomorphism class then check for

comparability.

The sets dot (K5) and dot (K3,3) are singletons and the graphs S1 ∈

dot (K5) and S2 ∈ dot (K3,3) are in the step set. The set dash (K3,3) contains

six copies of the same graph (all isomorphic because K3,3 is transitive) which

we denote S3 ∈ dash (K3,3): this is in the step set. The set dash (K5) is

empty as K5 is a complete graph. There are two non isomorphic graphs in

draw (K5). The graph K3,3 is transitive, and each vertex has degree 3 so

there is only one partition of a vertex’s neighbours, up to isomorphism.
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When checking for comparability, it is useful to remember that if two

graphs are comparable then one must have smaller order or smaller size than

the other, or both. In particular, the vertex deletion operation lowers the

order by one, the edge deletion operation lowers the size by one and the edge

contraction operation lowers both by one. For two graphs G and H , if say

|G| < |H| but ‖H‖ < ‖G‖ then the two graphs are not comparable.

Elements from the sets formed by the dot, dash and draw operations

on a given graph are not comparable, as follows. Let G be a graph and

A ∈ dot (G), B ∈ dash (G) and C ∈ draw (G). The graphs A and B are not

comparable by the rule above. The dot operation adds an isolated vertex and

the draw operation gives the graph new vertices with order two or more, so

removing an edge from C does not produce A making A and C incomparable.

The size of B and C are the same and C has one more vertex than B. As

the draw operation does not add isolated vertices, the removal of a vertex

from C either induces the removal of edges, or it removes an isolated vertex

in the graph G, hence B and C are incomparable.

Applying these two rules, we find there are only two pairings left to check:

S3 could be a minor of S4 or S5 as it is on the same number of vertices, but it

has one less edge than either S4 or S5. Analysis of the degrees of the vertices

in each graph shows that S3 is a minor of neither. The graph S5 has a vertex

with degree 2, but all the vertices of S3 have degree more than 2. Removing

an edge from S5 can not increase degree, so S5 is not a major of S3. There

are three orbits for the edges of the graph S4. Removing an edge incident

to one of the degree 3 vertices gives a vertex of degree 2, which S3 does not

have. After removing an edge between two vertices of degree 4, each degree

3 vertex in the graph is incident to a vertex of degree 4, but this is not the

case with S3.

The set S = {S1, S2, S3, S4, S5, S6} is illustrated in Figure 4.7.

24



(a) S1 ∈ dot (K5) (b) S2 ∈ dot (K3,3) (c) S3 ∈ dash (K3,3)

(d) S4 ∈ draw (K5) (e) S5 ∈ draw (K5) (f) S6 ∈ draw (K3,3)

Figure 4.7: The scrubbed step set of the Kuratowski graphs.

4.2 Operations at Work

For a given set of graphs G, everything in ss (G) is constructed from something

in G; that is

∀H ∈ ss (G) ∃G ∈ G : G ≤ H

Let G be a graph. As every graph in ss (G) is constructed from G by

adding at least either a vertex or an edge, G 6∈ ss (G). Let G be a minor free

set of graphs and let G ∈ G. Then G 6∈ ss (G) as if G ∈ ss (G) then there

exists a graph H ∈ G such that H ≤ G but this contradicts the assumption

that G is minor free.

We leave the scrubbed step operation for our final discussion and focus

on the step operation.

For a given set of graphs G, every graph in step (G) is constructed from

some graph in G and every graph in G is a minor of some graph in step (G).
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That is to say,

∀H ∈ step (G) ∃G ∈ G : G ≤ H

and

∀G ∈ G ∃H ∈ step (G) : G ≤ H

In fact we can state a stronger result: if G is a graph in a set of graphs

G and X is a major of G then there exists a graph H in step (G) such that

H is a minor of X . We know there exists a finite series of graph minor

operations that transforms X into G as G ≤ X . Consider all such series and

in particular, consider the last operation in each series. These operations

are graph minor operations, so their reverse is either a dot, dash or draw

operation. Applying such a series to X but leaving out the last operation

gives a graph H that can also be produced by performing a dot dash or draw

operation on G; in other words, H is an element of step (G). This result is

useful enough to be stated as a Lemma:

Lemma 4.2.1. Let X be a graph, G be a minor free set and G ∈ G such

that G < X . Then there exists a graph H ∈ step (G) such that H ≤ X .

In terms of our metaphor, the only way to move between G and X is

through step (G). The lemma allows us to state the theorem we have been

working towards with the definitions of this section: let the terraforming

begin!

Theorem 4.2.2. If G is a minor free set then the property set of step (G) is

precisely the union of G and its property set:

[step (G)] = [G] ∪ G.

Proof. Let G ∈ G. For all G′ ∈ step (G) we have either G ≤ G′ or G 6≤ G′

so there exists no G′ ∈ step (G) such that G′ ≤ G. Hence G ∈ [step (G)] and
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G ⊆ [step (G)]. That is, step (G) contains no minors of graphs in G so G is

in the property set of step (G). Now let H be a graph in the minor set of

step (G). Then there exists a graph H ′ in step (G) which is a minor of H ; i.e.

if H ∈ [step (G)] then there exists H ′ ∈ step (G) such that H ′ ≤ H . Because

every graph in step (G) is a major of some graph in G, there exists H ′′ ∈ G

such that H ′′ ≤ H ′. Thus by transitivity there exists H ′′ ∈ G with H ′′ ≤ H

which implies that H is in the minor set of G. We have H ∈ step (G) implies

H ∈ [G] so [step (G)] ⊆ [G] and [G] ⊆ [step (G)]. Together with G ⊆ [step (G)],

this shows that [G] ∪ G ⊆ [step (G)].

In order to show that [step (G)] ⊆ [G] ∪ G, suppose that X ∈ [step (G)].

This means that there is no X ′ ∈ step (G) with X ′ ≤ X ; that is, we suppose

that X is in the property obstructed by step (G) and hence has no minor

from step (G). Assume X 6∈ G. We show that this implies X ∈ [G] by

contradiction. Assume X 6∈ [G], so X ∈ [G]. There exists X ′′ ∈ G such

that X ′′ ≤ X but as we also know there is no X ′ ∈ step (G) with X ′ ≤ X ,

this contradicts Lemma 4.2.1 and X ∈ [G]. Hence X ∈ [G] or X ∈ G so

X ∈ [G] ∪ G. Thus [step (G)] ⊆ [G] ∪ G as required.

Consider again the graphs in set S, the scrubbed step set of the Kura-

towski graphs in example 4.1.1. In this case the scrub operation only removed

isomorphic copies of graphs and no graphs were discarded as majors. This

means that any graph with K5 or K3,3 as a proper minor must have one or

more of the graphs in S as a minor. If we now wish to define a new property

P, the graphs in which are either planar or a Kuratowski graph, then S is

the obstruction set and P = P(S).

Going back to our metaphor, we see a beach of planar graphs, with the

Null Graph Sea stretching away before us and a cliff behind. The top of the

cliff is the jumble of non-planar graphs. This cliff is nearest to the sea at the

two rocks of the Kuratowski graphs, but falls back from the sea on either side
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of these. An earthquake rumbles, shaking the land and deafening us with

the sounds of our twin bastions sliding to the beach below: the Kuratowski

graphs have gone, and as the dust settles we see the six boulders of S now

mark our new divide. The beach is a new, spacious place of calm planarity

with the curiosities of the Kuratowski graphs settled into the sand.
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Chapter 5

Combining Obstructions and

Properties

In this chapter we investigate the operations of union and intersection ap-

plied to obstruction sets and property sets with the aim of determining new

obstruction sets. We find we are looking for graphs which are minimal majors

of obstructions – members of the obstructions’ scrubbed step set.

5.1 Operations on Obstruction Sets

The property set of the union of two sets of obstructions G1 and G2 is the set

containing all graphs with no element of G1 as a minor and no element of G2

as a minor. These are the graphs that exhibit both P(G1) and P(G2).

Lemma 5.1.1. Let G1 and G2 be sets of graphs. Then the property set of

their union is the intersection of their property sets:

P(G1 ∪ G2) = P(G1) ∩ P(G2).

Taking the intersection of two sets of graphs, G1 and G2 is of less interest

than the union. The intersection may be empty and all that can be generally
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said about the newly generated property set is that it contains both P(G1)

and P(G2).

P(G1 ∩ G2) ⊇ P(G1)

P(G1 ∩ G2) ⊇ P(G2)

5.2 Operations on Property Sets

We turn to operations on the property sets. The work here is in determining

the obstruction set of the result.

Lemma 5.1.1 determines the obstruction set for the intersection of two

properties. The obstruction set for the union of two properties is not so easy

to identify. First we state a useful lemma.

Lemma 5.2.1. Let G1 and G2 be graphs, neither a minor of the other. Then

G = G1 ∪G2 is the largest minimal major of both G1 and G2.

Proof. The graph G is certainly a major of both. It is minimal as any minor

of G is no longer a major of both. It is the largest such graph because if

the only condition is to be a major of G1 and G2 then additional edges or

vertices are surplus to requirements.

We next introduce some terminology. We wish to develop a systematic

method of constructing minimal majors from two graphs, so that no possi-

bilities are missed. We construct a new graph G from two graphs G1 and

G2 such that G is a major of both G1 and G2. If G can be constructed from

both G1 and G2 without using the vertex splitting operation then G1 and

G2 are subgraphs of G. Consider the graph G
′ = G1 ∩G2 ⊆ G. The vertices

and edges of G′ are vertices and edges of both G1 and G2 and we say that

G1 and G2 share this number of vertices and edges.
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a

b

c a

b c2

c1

Figure 5.1: Vertex c of C3 is split to form vertices c1 and c2.

We need a similar concept for majors which are constructed using the

vertex splitting operation. The vertex splitting operation adds one vertex

and one edge, so we will label edges and vertices in a new vertex split graph

as old or new. Consider the graph C3 with the vertices labeled a, b and c.

If the vertex c is split and replaced with say vertices c1 adjacent to a and c2

adjacent to b, we consider the new edges ac1 and bc2 to be a relabeling of the

original edges ac and bc respectively and as such we call them old and treat

them as if they were edges of the original graph C3. The only new edge is

the edge c1c2 connecting the new vertices. We also arbitrarily consider one

of the new vertices to be a relabeling of vertex c and refer to it as old. We do

not identify the vertex, as we are only interested in the number of edges and

vertices shared. Thus in general, when a vertex v in a graph H is split, we

consider one of v1 and v2 to be old and the edges connecting the new vertices

v1 and v2 to the neighbours of v to be old: essentially relabeled edges of the

original graph H . Thus if G is a major of G1 and G2 and the vertex splitting

operation is used in either or both constructions, we examine the intersection

G′ = G1 ∩G2 ⊆ G and count the old vertices and edges in it. These are the

vertices and edges we count as shared.

We illustrate this technique with some example pairs of obstructions.

Example 5.2.1 (Paths Revisited).

Let G1 = {G1} = {C3} and G2 = {G2} = {K1,3}. The property P1 =
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(a) [G1] ∪ [G2] (b) [G1] ∩ [G2]

(c) [G1] ∪ [G2] = [G1] ∩ [G2] (d) [G1] ∩ [G2] = [G1] ∪ [G2]

Figure 5.2: Families of graphs resulting from combinations of two obstruction

sets.

P(G1) is the set of graphs with no cycles – the set of all forests. The property

P2 = P(G2) is the set of graphs with no branches. These graphs are disjoint

unions of paths and cycles. Let P be the property that combines these two:

P = P1 ∪ P2. This is represented by the shaded area in Figure 5.2(d). The

graphs in P are then either forests or disjoint unions of paths and cycles.

We wish to determine the obstruction set O to property P – on our

metagraph of Figure 5.2(d), the set O lies on the point of intersection of the

lines coming from the vertices representing G1 and G2. Graphs which do not

exhibit P are those that have both C3 and K1,3 as minors (Figure 5.2(b)).

Graphs which do exhibit P, then, may have one or the other as minors, but

not both. Thus the graphs in O are minimal majors of both G1 and G2 –

minimal because obstruction sets do not carry redundant information.

The graph O1 = C3 ∪ K1,3 is a minimal major, as discussed in Lemma

5.2.1. We examine graphs in which the two graphs C3 and K1,3 share edges

and vertices. For example, a graph which has C3 and K1,3 sharing a single
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Figure 5.3: The two non-isomorphic graphs with C3 and K1,3 sharing a single

vertex.

vertex certainly has both of them as minors (as C3 is transitive and Aut(K1,3)

has two orbits of vertices, there are two such graphs, up to isomorphism: see

Figure 5.3).

The question becomes which majors of G1 and G2 are minimal? We look

at graphs which have the most in common first, as these, having fewer vertices

or edges, are possibly minors of other graphs formed. In this example, the

graph which shares the most between C3 and K1,3 is T3,1 (that is, C3 with one

pendant vertex). This is the only other member of O as all others, including

the graphs in Figure 5.3, are majors of O2 = T3,1, which was tedious but

straightforward to check. Figure 5.4 summarises the results.

As an aside we note that the intersection of the two properties contains

graphs which are disjoint unions of paths and the obstruction set G to the

property P = P1 ∩ P2 is G = {C3, K1,3}.

Example 5.2.2 (Forests and Short Paths).

Let G1 = {G1} = {C3} and G2 = {G2} = {P3}. The property P1 = P(G1)

is again the set of forests. The property P2 = P(G2) is the set of graphs with

no paths of length 3 or more, so it includes unions of stars and complete

graphs on up to 3 vertices. The graphs in P = P1 ∪ P2 are either these

type of graphs, but for example the union of a forest with P3 as a subgraph

and say K3 is not in P. The graphs in the intersection of the properties are

unions of stars (if we include K1 and K2 as stars).
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(a) C3 (b) K1,3

(c) O1 = C3∪K1,3 (d) O2 = T3,1

Figure 5.4: If G1 = {C3} and G2 = {K1,3} then the obstruction set to P =

P (G1) ∪ P (G2) is O = {O1, O2}.

The graph O1 = C3 ∪ P3 is a member of O, the obstruction set to P.

Certainly O2 = T3,1 is an obstruction to P as it has both as minors and

shares more edges and vertices than other graphs formed by adding to C3.

However, the graph that shares the most is O3 = C4 which contains the entire

path P3 and is a major of C3.

In Example 5.2.1 there were exactly two graphs that were minimal minors

of the two initial graphs, but Example 5.2.2 shows us that it is not so easy to

generalise about the number of minimal majors. The next example illustrates

that there are in fact several possible complications.

Example 5.2.3.

Let G1 = P5 and G2 be the graph formed by adding two pendant vertices

to each vertex in K2 (see Figure 5.7(b)). The property P1 = P(G1) is the

set of graphs with no paths of length 5 or more. The property P2 = P(G2)

is the set of graphs that loosely speaking has at most one branch for each
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(a) C3 (b) P3

(c) O1 = C3 ∪

P3

(d) O2 = T3,1 (e) O3 = C4

Figure 5.5: If G1 = {C3} and G2 = {P3} then the obstruction set O to

P = P (G1) ∪ P (G2) is O = {O1, O2, O3}.

path, but is complex enough that it is not easily described. As the order of

G2 is 6, any graph with less than 6 vertices exhibits P2. It includes, among

other graphs, unions of trees with at most one branch, stars and cycles with

at most one pendant vertex. Figure 5.6 provides some examples of graphs

with P2. The union P = P1 ∪ P2 has a large obstruction set O which we

include to illustrate certain examples of this sharing of material that are easy

to overlook.

The union of G1 and G2 is certainly an element of O so we include it first.

The order of presentation for the other graphs is determined by the number

of vertices which the minors G1 and G2 share, followed by the number of

edges. Thus in O2, they share 6 vertices and 4 edges, in O3 and O4 6 vertices

and 3 edges, in O5, O6 and O7 5 vertices and 3 edges and in the graphs O8

and O9 they share 4 vertices and 3 edges. Any smaller number of shared

vertices and edges results in a major of one these graphs.

The graph O2 brings an important consideration to our attention. Even
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Figure 5.6: Three graphs which exhibit P2 in example 5.2.3.

though G1 is a connected graph, it is not necessary that the shared edges

in the obstruction candidate form a connected subgraph of G1. The other

noteworthy technique here is illustrated by the graphs O3, O6 and O7. As

with graph O3 from example 5.2.2, the key operation for these graphs is the

edge contraction/vertex splitting operation. When this operation comes into

play, the minors are no longer subgraphs of the constructed majors and the

graphs are harder to identify. Hence the need for a systematic approach. All

vertices of degree 2 or more of the original graph sets should be split and

the resulting graphs checked to determine whether they form obstructions,

in particular, whether they are minimal.
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(a) G1 (b) G2

(c) O1

(d) O2 (e) O3 (f) O4

(g) O5 (h) O6 (i) O7

(j) O8 (k) O9

Figure 5.7: If G1 = {P5} and G2 is the graph in part (b) then the obstruction

set O to P = P (G1) ∪ P (G2) is O = {O1, O2, O3, O4, O5, O6, O7, O8, O9}.
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Chapter 6

Conclusions and Discussion

The scrubbed step operation of Chapter 4 has not been as useful as we had

hoped. It was our intention to state Lemma 4.2.1 and Theorem 4.2.2 in terms

of the scrubbed step operation. We state them now as conjectures:

Conjecture 6.0.2. Let X be a graph, G be a minor free set and G ∈ G such

that G < X . Then there exists a graph H ∈ ss (G) such that H ≤ X .

Conjecture 6.0.3. Let G be a minor free set.

[ss (G)] = [G] ∪ G

This is more elegant than Theorem 4.2.2, as it expresses the new property

in terms of a minor free set.

The graphs in Figure 4.6 presented a problem: the graphs G andH are in-

comparable so could both be members of a minor free set G, yet G′, although

a member of step (G), would not be a member of ss (G). It is possible that

the scrub operation strips away so much that conjecture 6.0.2 does not hold.

While trying to prove or disprove the conjectures, we constructed a minor

free set G whose scrubbed step set contained no majors of a particular graph

G ∈ G. This did not appear to constitute a counterexample to conjecture
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6.0.2 however, as it was so artificially constructed around G as to effectively

have G coded in to it. This in turn makes us feel that the conjecture is likely

to be true, but a proof remains beyond the scope of this work.
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