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Abstract. In this paper, a high order extended state observer (HOESO) based a sliding mode control (SMC) is proposed 
for a flexible joint robot (FJR) system in the presence of time varying external disturbance. A composite controller is 
integrated the merits of both HOESO and SMC to enhance the tracking performance of FJR system under the time 
varying and fast lumped disturbance. First, the HOESO estimator is constructed based on only one measured state to 
precisely estimate unknown system states and lumped disturbance with its high order derivatives in the FJR system. 
Second, the SMC scheme is designed based on such accurate estimations to govern the nominal FJR system by well 
compensating the estimation errors in the states and the lumped disturbance. To verify the tracking trajectory 
performance, several simulations have been conducted on the simulated FJR plant model. In addition, a comparative 
study is carried out between the proposed method and the full state feedback linearization control (FLC) with first 
order ESO (ESO1).  

1- INTRODUCTION 
 

 Flexible-joint manipulators have received a considerable attention from the control engineers due to their 
significance in the modern manipulators. In contrast to rigid manipulators, robotic manipulators with joint flexibility 
can offer various advantages, including lower cost, smaller actuators, lightweight, larger work volume, better 
transportability and maneuverability, higher operational speed and power efficiency [1, 2]. Industrial robots are 
equipped with transamination power system such as bearings, belts, gears, and hydraulic lines in order to transmit the 
low torque from the motor to the link with high speed, thus achieving specific tasks [1]. However, the deformation of 
such harmonic devices results in the flexibility in the joints that is the main reason of the oscillations generated in the 
end effector of robots [3]. 

Empirical evidences indicate that the joint flexibility should be considered in both dynamic modeling and control 
design if high tracking performance is required. To represent the joint flexibility in the dynamic modeling, the link of 
robot is connected to the motor via a torsional spring which represents the aforementioned-above harmonic drives 
components. Interestingly, the joint flexibility consideration will reduce the potential system uncertainties, which 
should be compensated and rejected in any control design scheme. However, the introduction of joint flexibility to 
manipulators results in oscillations and natural frequencies which limit a trajectory motion accuracy of the tip’s link 
and increase a setting time and overshoot of trajectory response [4]. Furthermore, this will increase the order of related 
system to double compared to rigid manipulators and make the number of inputs less than degree of freedom to be 
controlled [5]. Thus, this complicates the equation of motions of the system and make the control design difficult task 
[1]. 

In order to tackle the above-aforementioned problems, many control schemes have been proposed and 
implemented to the FJR manipulators [6-23]. Most interestingly, SMC and disturbance observer based control 
methods [1, 22, 23] are well-known for their strong robustness to the system uncertainties and external disturbances 
in the FJRs. 

In this paper, we consider the problem of robust trajectory tracking control of the FJR manipulator subjected to 
unknown time varying disturbances. Considering the fact that the FJR system is affected by fast time varying 
disturbances and state-dependent uncertainties which may be in the form of constant, ramp and parabolic disturbances. 
For such a situation, High order ESO estimator is first constructed for estimating the unmeasurable states and time 
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varying disturbances with its high order derivatives in the FJR plant model. The reason for using HOESO here is that 
the estimation of high order derivatives of disturbance helps to improve the estimation accuracy. Based on such 
estimations, a full order SMC (FOSMC) is designed based on its full order sliding manifold in order to well achieve 
robustness by compensating the estimation errors in the states and disturbances. Finally, the simulation results on the 
FJR system are conducted to verify the benefits of proposed control which is compared with the existing feedback 
linearization control FLC with the ESO in the literature. Not that the third order ESO (ESO3) estimator used in our 
controller is designed based on the assumption of third derivative of disturbance is bounded rather than the 
boundedness of the first derivative of disturbance as in the first order ESO [1]. 

The rest of the paper is organized as follows. Section 2 describes the dynamic modeling of the FJR system. In 
Section 3, the HOESO estimator design is introduced. Section 4 presents details on full order SMC controller based 
on HOESO. In Section 5, simulation results are provided to verify the efficacy of the proposed method. Finally, the 
paper is concluded in Section 6. 

 
TABLE 1: Nominal physical values of the FJR system. 

 
Parameters            Meaning  Value R୫ Armature Resistance (Ω) 2.6 K୫ Motor Back-EMF Constant (V. s/rad) 0.00767 K୲ Motor Torque Constant (N. m/A) 0.00767 Jୟ୰୫ Total Arm Inertia (kg. mଶ) 0.0019 Jୣ୯ Equivalent Motor Inertia (kg. mଶ) 0.0021 K୥ High Gear Ratio 14:5 Kୱ Joint Stiffness (N.m/rad) 1.2485 Bୣ୯ Equivalent Viscous Damping (N.m.s/rad) 0.004 η୥ Gearbox Efficiency 0.9 η୫ Motor Efficiency 0.69 

 

2- DYNAMIC MODEL OF FJR MANIPULATOR 

The dynamical modelling of the FJR represented in the single-input single output (SISO) canonical form is given 
by [5]:  

 

(ݐ)ଵݔ̇ = (ݐ)ଶݔ̇(ݐ)ଶݔ = (ݐ)ଷݔ̇(ݐ)ଷݔ = (ݐ)ସݔ̇(ݐ)ସݔ = (ݔ)݂ + ݑ)(ݔ)ܾ + (ݐ)ݕ((ݐ)݀ = (ݐ)ଵݔ  (1) 

 where  
(ݔ)݂  = ܽଷ⃛ݔଵ + ܽଵ̈ݔଵ + ௔య௄ೞ௃ೌೝ೘  ,ଵݔ̇

 with  ܽଵ = ௘௤ܬ௦൫ܭ− + ௔௥௠ܬ௘௤ܬ௔௥௠൯ܬ ; ܽଶ = ௘௤ܬ௦ܭ  

  ܽଷ = ௚ଶܭ௠ܭ௧ܭ௚ߟ௠ߟ + ௘௤ܴ௠ܬ௘௤ܴ௠ܤ , ܾ = ௘௤ܴ௠ܬ௔௥௠ܬ௦ܭ௚ܭ௧ܭ௚ߟ௠ߟ−  

 
in which all system parameters with their physical meanings are listed in Table 1. In the FJR system dynamics (1), ݔଵ(ݐ) is a measurable link position, which is the output the FJR system. In addition, the state vector ݔ = (ݐ)ଶݔ,(ݐ)ଵݔ = ,ଵݔ̇ (ݐ)ଷݔ = ,ଵݔ̈ (ݐ)ସݔ =  ଵ் includes the link angular position, angular velocity, angular acceleration, andݔ⃛
angular jerk, respectively, (ݐ)ݑ denotes the control input, ݀(ݐ) is the matched time-varying external disturbance, 
and ݂(ݔ, ,ݔ)ܾ and (ݐ   are unknown uncertain functions, which can be generally represented as (ݐ
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,ݔ)݂ (ݐ = ଴݂(ݔ, (ݐ +△ ,ݔ)݂ (ݐ + ଵܱ(ݔ)ܾ(ݔ, (ݐ = ܾ଴(ݔ, (ݐ +△ ,ݔ)ܾ (ݐ + ܱଶ(ݔ). (2) 

As illustrated in the above functions, ݂(ݔ, ,ݔ)has a nominal linear known function ଴݂ (ݐ -an unknown state ,(ݐ
dependent uncertainty △ f(x, t) and a state-dependent nonlinearity Oଵ(x), and also ܾ(ݔ,  has the similar (ݐ
aforementioned functions. 

In the system dynamics (1), all of such impacts of system uncertainties, nonlinearities and external disturbances 
can be lumped with the nominal system dynamics ଴݂(ݔ,   as ߦ in the one variable (ݐ

 
(݀,ݑ,ݔ)ߦ  = ଴݂(ݔ) +△ ,ݔ)݂ (ݐ + (ݑ,ݔ)ܱ +△ ݑ(ݔ)ܾ +  (3) (ݐ)݀(ݔ)ܾ

with  
(ݑ,ݔ)ܱ  = ଵܱ(ݔ) + ܱଶ(ݔ)ݑ;  △ (ݔ)ܾ = (ݔ)ܾ − ܾ଴(ݔ). 

 
For simplicity, the system dynamics in (1) with the lumped disturbance (݀,ݑ,ݔ)ߦ can be rewritten as  

 

(ݐ)ଵݔ̇ = (ݐ)ଶݔ̇(ݐ)ଶݔ = (ݐ)ଷݔ̇(ݐ)ଷݔ = (ݐ)ସݔ̇(ݐ)ସݔ = (݀,ݑ,ݔ)ߦ + ܾ଴(ݐ)ݕݑ = (ݐ)ଵݔ  (4) 

 with  
 ܾ଴ = −ఎ೘ఎ೒௄೟௄೒௄ೞబ௃ೌೝ೘బ௃೐೜బோ೘  

 
where ܾ଴(ݔ,  and the values of the nominal system parameters are listed in (ݔ)ܾ is the nominal input constant of (ݐ
Table 1. Accordingly, the dynamical model (4) represents the SISO system with fourth order, which is subjected by 
the unknown time-varying disturbance ߦ. 

Based on the plant model (4), the control objective is to design a robust FOSMC such that the system output, i.e, 
the link motion trajectory ݔଵ(ݐ) is enforced to track a desired reference as quick and accurate as possible.  

 

3- HOESO ESTIMATOR DESIGN 

A HOESO estimator is here designed for estimating virtual system states and time-varying lumped disturbance 
with its high-order derivatives. In practical applications, most mechanical systems subjected to unknown time-varying 
disturbances which may be in the form of constant, ramp and parabolic disturbances. For unknown time-varying 
generalized disturbance (݀,ݑ,ݔ)ߦ, it can be modeled by the following time polynomial form 

  
ߦ  = ∑௠ିଵ௝ୀ଴ ௝ݐ௝ߛ +  (5) (ݐ)ݎ
 

where ߛ௝ > 0, (݆ = 0,⋯ ,݉ − 1)  are unknown constants, and (ݐ)ݎ  stands for an unknown residual term. 
Accordingly, it is assumed that there exists the first m time derivatives of ߦ at least and the m-th time derivatives 
of ߦ is bounded by หߦ(௠)ห = หݎ(௠)ห ≤ ࣞ where ࣞ is a positive constant, i.e, ݈݅݉௧→ஶ  ߦ௠ = 0. Based on such 
assumptions with extending ߦ௝ , ݆ = 1,⋯ ,݉ as a set of auxiliary states in the system dynamics (4), we define 
  

ହݔ  = ,ߦ ଺ݔ = ⋯,̇ߦ , ௠ାସݔ =  (6) .(௠)ߦ
 

Let us to introduce a new state vector ߯ = ,ଵݔ] … ,  ௠ାସ], the FJR system dynamics (4) can be extended by mݔ
extra states variables as in the following state-space model:  
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(ݐ)ଵݔ̇ = (ݐ)ଶݔ̇(ݐ)ଶݔ = (ݐ)ଷݔ̇(ݐ)ଷݔ = (ݐ)ସݔ̇(ݐ)ସݔ = ߦ + ܾ଴ݔ̇ݑହ(ݐ) = (ݐ)௠ାସݔ̇⋮̇ߦ = .(௠)ߦ
 (7) 

In order to estimate the FJR system states and the lumped disturbance with its high order derivatives, the HOESO 
for the extended model of FJR system (7) is constructed as follows  

 

ො̇ଵݔ = ොଶݔ + ଵݔ)ଵߢ − ො̇ଶݔ(ොଵݔ = ොଷݔ + ଵݔ)ଶߢ − ො̇ଷݔ(ොଵݔ = ොସݔ + ଵݔ)ଷߢ − ො̇ସݔ(ොଵݔ = መଵߦ + ଵݔ)ସߢ − (ොଵݔ + ܾ଴ߦݑመ̇௝ = መ௝ାଵߦ + ଵݔ)ହߢ − ݆)  (ොଵݔ = 1,⋯ ,݉ − መ̇௠ߦ⋮(1 = ଵݔ)௠ାସߢ − (ොଵݔ
 (8) 

 
where ݔො௜  (݅ = 1,⋯ ,4)  are the state estimations of ݔ௜  (݅ = 1,⋯ ,4 መ௜ߦ ,(  (݅ = 1,⋯ ,݉)  are the disturbance 
estimations of ߦ(௝ିଵ) (݆ = 1,⋯ ,݉) and ߢ௞ > 0, (݇ = 1, . . . ,݉ + 4) is the observer gains of HOESO. 

For analyzing the stability of the HOESO dynamics (8), the estimation errors are defined as:  
 

 
݁̃௜ = ௜ݔ − ො௜ݔ  (݅ = 1,2,3,4),݁̃௝ାସ = ௝ାସݔ − መ௜ߦ  (݆ = 1,⋯ ,݉) (9) 

  
By combining the system dynamics (7) and the time derivative of (9), the observer error dynamics is obtained as: 

  

 

݁̇̃ଵ = ݁̃ଶ − ଵ݁̃ଵ݁̇̃ଶߢ = ݁̃ଷ − ଶ݁̃ଵ݁̇̃ଷߢ = ݁̃ସ − ଷ݁̃ଵ݁̇̃ସߢ = ݁̃ହ − ସ݁̃ଵ݁̇̃௝ାସߢ = ݁̃௡ା௝ − ݆)  ௝ାସ݁̃ଵߢ = 1, . . . ,݉ − 1)⋮݁̇̃௡ା௠ = (௠)ߦ − .௠ାସߢ
 (10) 

The closed loop of HOESO dynamics (10) can be determined as follows  
 

 ݁̃ଵ(௠ାସ) + ଵߢ ݁̃ଵ(௠ାଷ) + ⋯+ ௠ାଷ݁̇̃ଵߢ + ௠ାସ݁̃ଵߢ = (௠)ߦ
 (11) 

 
Obviously, under the assumption of boundedness of the ݊௧௛  rate of change of the time-varying lumped 

disturbance ߦ௠, the coefficients of HOESO are selected such that the following characteristics polynomial form 
in the complex variable s 

  
(௠ାସ)ݏ  + (௠ାଷ)ݏଵߢ + ⋯+ ݏ௠ାଷߢ + ௠ାସߢ = 0 (12) 
 

is Hurwitz stable and its roots are assigned in the left half of the complex plane. Accordingly, the trajectories of 
observer estimation errors ݁̃௞  (݇ = 1,⋯ ,݉ + 4) will converge to zero when time goes infinity, i.e., ݁̃ଵ = ݁̇̃ଵ =⋯ = ݁̃(௠ାଷ) = 0. 
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4- CONTROLLER DESIGN OF FOSMC  

In this section, a FOSMC is designed to improve a tracking trajectory response of the FJR system in the presence 
of unknown time-varying matched disturbance. The tracking error trajectories are presented as 

  

 
݁ଵ(ݐ) = (ݐ)ଵݔ − (ݐ)ଶ݁(ݐ)ௗݔ = (ݐ)ଵݔ̇ − (ݐ)ௗݔ̇ = (ݐ)ଶݔ − (ݐ)ଷ݁(ݐ)ௗݔ̇ = (ݐ)ଶݔ̇ − (ݐ)ௗݔ̈ = (ݐ)ଷݔ − (ݐ)ସ݁(ݐ)ௗݔ̈ = (ݐ)ଷݔ̇ − (ݐ)ௗݔ⃛ = (ݐ)ସݔ −  (13) (ݐ)ௗݔ⃛

 
where ݔௗ(ݐ) represents the time-varying input reference, which is differentiable up fourth-order. Accordingly, the 
error system dynamics of (4) is obtained as 
  

 
݁̇ଵ(ݐ) = ݁ଶ(ݐ)݁̇ଶ(ݐ) = ݁ଷ(ݐ)݁̇ଷ(ݐ) = ݁ସ(ݐ)݁̇ସ(ݐ) = (݀,ݑ,ݔ)ߦ + ܾ଴ݑ −  (14) .(ݐ)ௗݔ⃛

 
A full-order sliding mode surface for the error dynamics (14) can be defined in the following form:  

 
(ݐ)ߪ  = ܾ଴ݑ + መଵߦ − ௗݔ⃛ + ∑ସ௜ୀଶ ௜݁̂௜ߣ +  ଵ݁ଵ (15)ߣ
 

where ߣ௜ > 0, (݅ = 1,⋯ ,4) are constants, which guarantees that the following polynomial form 
  

 ௖ܲ(ݏ) = ସݏ + ଷݏସߣ + ଶݏଷߣ + ݏଶߣ +  ଵ (16)ߣ
 

is Hurwitz stable. For the high-order uncertain FJR system dynamics (14), the proposed output feedback of full-order 
SMC (FOSMC) is given as 
  

ݑ  = − ଵ௕బ ൫ݑ௘௤ +  ௡൯ (17)ݑ
 
௘௤ݑ  = መଵߦ − ௗݔ⃛ + ∑ସ௜ୀଶ ௜݁̂௜ߣ +  ଵ݁ଵ (18)ߣ
 
௡ݑ̇  =  (19) (ߪ)݊݃݅ݏ  ߟ
 

where ݁̂ଶ = ොଶݔ − ௗݔ̇ , ݁̂ଷ = ොଷݔ − ௗݔ̈ , ݁̂ସ = ොସݔ − ߟ ௗ and the switching gainݔ⃛ > 0 ensures that the system output (ݐ)ݕ =   .ௗݔ ଵ will asymptotically converge to its reference trajectoryݔ
 

5- SIMULATION RESULTS 

In this section, some simulations are conducted to show the merits of the proposed HOESO based FOSMC 
method. To compare the efficiency of the proposed scheme, the feedback linearization based full state feedback control 
(FLC) with ESO1 [1] is also applied for the FJR system in which the ESO1 for the system (4) is designed as 

  

 

ො̇ଵݔ = ොଶݔ + ଵݔ)ଵߚ − ො̇ଶݔ(ොଵݔ = ොଷݔ + ଵݔ)ଶߚ − ො̇ଷݔ(ොଵݔ = ොସݔ + ଵݔ)ଷߚ − ො̇ସݔ(ොଵݔ = መଵߦ + ଵݔ)ସߚ − (ොଵݔ + ܾ଴ߦݑመ̇ଵ = ଵݔ)ହߚ − (ොଵݔ
 (20) 
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FIGURE 1. Response Curves of FJR system for two controllers with the external disturbance (top: link position trajectory; 
middle: link position tracking error; bottom: control input voltage) 

 

 

 
 

FIGURE 2: State estimation errors for FJR system. 
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FIGURE 3: Disturbance observation performance for FJR system. 

    
where ߚ௜ > 0, (݅ = 1,⋯ ,5) such that the roots of the following polynomial 
  

 ாܲௌைଵ(ݏ) = ହݏ + ∑௞ୀହ௜ୀଵ (௞ି௜)ݏ௜ߚ = 0. (21) 
 

are placed in the left hand side of the complex plane. The ESO dynamics (20) represents the first order ESO (ESO1), 
which is designed based on the assumption of boundedness of the first derivative of the lumped disturbance ̇ߦ for m=1. This assumption is true to be considered when the FJR system affects by either constant or slow disturbances. 
In this composite controller, the FLC law for the FJR system (4) is designed as 
  

 ܷி௅஼ାாௌைଵ = −ܾ଴ି ଵ(ߦመଵ − ௗݔ⃛ + ∑ସ௜ୀଶ ܿ௜݁̂௜ + ܿଵ݁ଵ) (22) 
 

where ܿ௜ > 0, (݅ = 1, . . . ,4)  are control gains, which are chosen such that the eigenvalues of the following 
characteristics function 
  

 ிܲ௅஼(ݏ) = ସݏ + ܿସݏଷ + ܿଷݏଶ + ܿଶݏ + ܿଵ (23) 
 

are placed in the left half of the complex plane. On the basis of HOESO presented in this paper, the boundedness of 
third derivatives of the time varying system lumped disturbances is taken into account to construct the third order ESO 
(ESO3) by selecting (m=3) as follows 
  

 

ො̇ଵݔ = ොଶݔ + ଵݔ)ଵߢ − ො̇ଶݔ(ොଵݔ = ොଷݔ + ଵݔ)ଶߢ − ො̇ଷݔ(ොଵݔ = ොସݔ + ଵݔ)ଷߢ − ො̇ସݔ(ොଵݔ = መଵߦ + ଵݔ)ସߢ − (ොଵݔ + ܾ଴ߦݑመ̇ଵ = መଶߦ + ଵݔ)ହߢ − መ̇ଶߦ(ොଵݔ = መଷߦ + ଵݔ)଺ߢ − መ̇ଷߦ(ොଵݔ = ଵݔ)଻ߢ − (ොଵݔ
 (24) 

 
in which based on (12), the observer gains ߢ௞ > 0, (݇ = 1,⋯ ,7) in accordance to the following seventh-order 
polynomial 
  

 ாܲௌைଷ(ݏ) = ଻ݏ + ∑௞ୀ଻௜ୀଵ (௞ି௜)ݏ௜ߢ = 0. (25) 
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FIGURE 4: Response curves of FJR system for two controllers under the dual external disturbance.  
 
Here, we would like to have a fair comparison, the observer and controller parameters in the proposed and 

comparative methods are equally tuned. In this particular consideration, the controller parameters in the proposed 
FOSMC with ESO3 (FOSMC+ESO3) in (17) and FLC+ESO1 in (22) are selected their polynomial equations (16) 
and (23), respectively. For simplicity of tuning process, the control coefficients in (16) and (23) are calculated as 
follows 

  
 ௌܲெ஼(ݏ) = ிܲ௅஼(ݏ) = ݏ) +  ௖)ସ (26)ݓ
 

with 
  

 [ܿଵ, ܿଶ  ܿଷ  ܿସ] = ,ଵߣ] =                            [ସߣ  ଷߣ  ଶߣ ,௖ସݓ] ,௖ଷݓ4 ,௖ଷݓ6  [௖ݓ4
 
where ݓ௖ =   30 is the bandwidth of both controllers FOSMC and FLC schemes. To obtain the corresponding 
observer gains in ESO1 (20) and ESO3 (24), their polynomial characteristics (21) and (25) are simplified as in the two 
following functions, respectively as 
  

 ாܲௌைଵ(ݏ) = ݏ) +  ௢)ହ (27)ݓ
  

 ாܲௌைଷ(ݏ) = ݏ) +  ௢)଻ (28)ݓ
 

where ݓ௢ = 200 is the bandwidth of both first order ESO1 and third order ESO3. Note that the time-varying lumped 
disturbance acting on the FJR system (4) contains the nominal system model ଴݂(ݔ) and the time-varying external 
perturbation ݀(ݐ) =  .(ݐ)݊݅ݏ2

Next, the performance of proposed controller in the existence of fast time-varying disturbances is evaluated. Note 
that we consider a sinusoidal reference in which its amplitude of 35୭ and frequency of 0.1 Hz are set. 

The simulation results under the two control schemes are demonstrated in Figures 1-3. To illustrate the simulation 
results more obviously, the zoomed figures of some profiles are given. From Figure 1, it can been clearly seen that the 
proposed control accomplishes better tracking performance in the transient and steady state error region in comparison 
with FLC+ESO1. In addition, the prediction accuracy for the system states and the lumped disturbance under the 
FOSMC with third order ESO (ESO3) is significantly better than the comparative controller FLC with ESO1 as shown 
in Figure 2 and Figure 3. Therefore, the better estimation quality nicely affects the tracking trajectory performance. 

Figures 4 show response curves of FJR system for two controllers under the dual external disturbance that is 
defined as ݀(ݐ) = (ݐ)݊݅ݏ2 +  It can be seen from Figure 4 that the proposed control scheme is better .(ݐ0.5)݊݅ݏ2.5
than the comparative FLC scheme in terms of tracking, tracking error, and the disturbance estimation. 
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6- CONCLUSION 

 In this paper, a high order extended state observer based the SMC has been proposed for the FJR in the presence 
of external disturbance. The composite controller has integrated the merits of HOESO and SMC to enhance the 
tracking trajectory performance of the FJR under time varying and fast disturbance. First, the HOESO estimator is 
constructed based on only one measured state in order to precisely estimate unknown states and lumped disturbance 
with its high order derivatives in the FJR system. Second, the SMC controller is designed based on such accurate 
estimations to govern the nominal FJR system by well compensating the estimation errors in the states and lumped 
disturbance. To verify the tracking trajectory performance, several simulations have been conducted on the simulated 
FJR plant model. In addition the comparative study is done between the proposed method and the full state feedback 
linearization control with first order ESO. In the future work, the stability analysis of the closed loop FJR system 
under the proposed work and experimental validation will by conducted. 
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