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Abstract

The aim of this project is to develop a computational model ofthe structure and function of the

ocular lens, specifically the solute and fluid transport in the lens.

The modelling framework was based on finite volume methods. The intracellular and extracel-

lular solute fluxes were modelled using the Nernst-Plank equation with an extra term to capture

solute fluxes due to advection. The modelling framework included equations describing the flux

through the Na+/K+ pumps and K+ channels in the surface membrane, and Na+ and Cl- channels in

the fibre cell membrane. The intracellular fluid flow between adjacent fibre cells was modelled by

a homogenised transmembrane fluid flow equation and the intracellular fluid flow along the fibre

cell was modelled as Poiseuille flow. The extracellular fluidflow was modelled as Couette flow

with an extra term to capture electro-osmotic flow. The fluid flow through the fibre cell membrane

and surface membrane was modelled as transmembrane fluid flow. The governing equations ac-

count for the structural properties of the lens, such as the tortuosity of the extracellular cleft, the

intracellular and extracellular volume fractions, and themembrane density.

A one-dimensional model of the Na+, K+, Cl- and fluid transport in the frog lens was developed.

This model was based on the analytic model developed by Mathias (1985b). The results were

consistent with the results from the analytic model and experimental data.

Two versions of the two-dimensional model were developed. In the first model, the parameters

were spatially constant except for the distribution of the Na+/K+ pump currents at the lens surface

and the fibre cell angles. The second model was the same, except the extracellular cleft width and

fibre cell height was spatially varied to represent the sutures and the diffusion barrier. These models

were solved and compared with each other and with experimental data.

Compared to the first, the second model predicted a significantly larger circulation of solutes

and fluid between the pole and equator. It predicted a12-20% increase in the penetration of Na+, K+

and fluid into the lens. The second model also predicted a300-400% increase in Cl- penetration and,

unlike the first model, a Cl- circulation between the poles and equator. This is significant since Cl- is

not an actively transported solute. These results highlight the strong structure-function relationship

in the lens and the importance of an accurate spatial representation of model parameters.

The direction of the current, solute fluxes and fluid flow that were predicted by the model were

consistent with experimental data but the magnitude of the surface current was a tenth to a third of
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the values measure by the vibrating probe.

To demonstrate the application of the lens model, the two-dimensional model was used to

simulate age-related changes in lens physiology. This was done by increasing the radius of the lens

to simulate growth with age. The model predicted an increasein the intracellular Na+ concentration,

Cl- concentration and potential, and a decrease in the intracellular K+ concentration with age. These

trends were consistent with those observed by Duncan et al. (1989), except for the intracellular K+

concentration, where they reported no change with age.

The two-dimensional model forms a foundation for future developments and applications.



Acknowledgements

This five year project would not have happened without the generosity of many people and organ-

isations. They have been generous with their time, knowledge and finance.

First I would like to express my gratitude to my supervisors,Peter Hunter, Paul Donaldson and

Joerg Kistler, for their patience and support. A special thanks to Peter, who always has time for

PhD students, for his support and guidance, and also for allowing me to freely explore ideas. He

has shown much patience, especially during my Spark∗ endeavours.

I am also grateful for the support and guidance Marc Jacobs and Rick Mathias have given.

Without Rick’s work on the microcirculation model, this modelling project would not exist.

I appreciate the financial support given by the Foundation for Research, Science and Technol-

ogy and Auckland Uniservices. Without financial support I could not have done this project.

I would also like to thank the Maurice and Phyllis Paykel Trust, Sir John Logan Campbell

Medical Trust, Royal Society of New Zealand and the University of Auckland Graduate Research

Fund for funding my valuable conference trips within New Zealand and to Australia, USA, and

Europe.

Many thanks, literally, to the opensource community. In theperiod of my PhD I used many

opensource packages, namely, Octave, Maxima, Gmsh, NEdit,Inkscape, Gimp, Latex, GNUPlot,

and the Sourcemage and Ubuntu Linux distributions.

This PhD certainly would not as stimulating as it has been without my friend and colleagues at

the Bioengineering Institute, the Vision Lab and the university as a whole. I have met many great

people in the five years who have supported in one way or another. I am very grateful for all for

the fun times, support and knowledge.

I am grateful to the friends and family on the other side of my life for their support and encour-

agement. And also for making my ”spare time” relaxing and enjoyable.

Finally, I would like to acknowledge three important people, my parents Kura and Roger, and

my partner Sally.

My father has a PhD in Physics and as a dyslexic kid I remember saying ”I want a DhP when I

grow up”, only to be hassled about wanting to be a ”Damn Hopeless Person”. Fortunately, I learnt

to spell and chose the better path. The point of that story is that my parents have been an inspiration

to me, they have supported me in whatever I’ve wanted to do andgave me a world where I could

v



vi ABSTRACT

play with an inquisitive mind. I am like I am because of their loving support and guidance, for

which I will alway be grateful.

Sally has spent seven of the last ten years putting up with, and supporting, a student boyfriend.

This is testament of the love, support and guidance she has given. I will alway be grateful for that.



Naku Mataora

No tai mai au te karo iakoe
Te roa i to tere

Na te Kuere, Kuere, Ku-ooo-o-i

Oki mai oki mai

Ea’a te tau i Taunganui e

E tau ora te tau i Taunganui

E tini e mano te ano maira i te moana

E Aitu kake ki te akau e
Oro mai, Oro mai e Punua e

— Chant from Ngaputoru





Contents

Abstract iii

Acknowledgements v

List of Figures xv

List of Tables xxi

Glossary of Symbols & Abbreviations xxiii

1 Introduction 1

1.1 Lens Structure and Function . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 2

1.1.1 Lens Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.2 Lens Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Thesis Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 10

1.3 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 13

2 A Mathematical Description of the Lens Structure 15

2.1 Reference Coordinate System . . . . . . . . . . . . . . . . . . . . . . .. . . . . . 16

2.2 Fibre Coordinate System . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 16

2.3 Cleft Coordinate System . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 18

2.4 Cleft-Fibre Transformation . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . 19

2.4.1 Tortuosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4.2 Derivative Transformation . . . . . . . . . . . . . . . . . . . . . .. . . . 20

2.4.3 Conservation of Volume . . . . . . . . . . . . . . . . . . . . . . . . . .. 21

2.4.4 Conservative Governing Equations . . . . . . . . . . . . . . . .. . . . . . 22

3 Solute Transport 27

3.1 Solute Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 27

3.1.1 Solution Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .27

ix



x CONTENTS

3.1.2 Transmembrane Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . .. 28

3.2 Solute Sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 31

3.2.1 Reactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2.2 Transmembrane Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . .. 32

3.3 Electroneutrality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 33

3.4 Rate of Change of Concentration . . . . . . . . . . . . . . . . . . . . .. . . . . . 34

3.5 Solute Transport in the Lens . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 34

3.5.1 Intracellular Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 36

3.5.2 Surface Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.5.3 Transmembrane Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . .. 39

3.5.4 Extracellular Solute Fluxes . . . . . . . . . . . . . . . . . . . . .. . . . . 39

3.5.5 Electroneutrality . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 41

3.5.6 Rate of Change of Concentration . . . . . . . . . . . . . . . . . . .. . . . 41

4 Fluid Dynamics 43

4.1 Navier-Stokes Equations . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 44

4.2 Stokes Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .45

4.3 Couette Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .45

4.4 Poiseuille Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 46

4.5 Darcy Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.6 Electro-osmotic Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 48

4.6.1 Electric Double Layer (Debye Shielding) . . . . . . . . . . .. . . . . . . 49

4.6.2 Electro-osmosis Between Parallel Plates . . . . . . . . . .. . . . . . . . . 52

4.7 Transmembrane Fluid Flow . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 55

4.8 Fluid Transport in the Lens . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 59

4.8.1 Intracellular Velocity . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 60

4.8.2 Surface Velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .64

4.8.3 Transmembrane Velocity . . . . . . . . . . . . . . . . . . . . . . . . .. . 65

4.8.4 Extracellular Velocity . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 65

4.8.5 Conservation of Mass . . . . . . . . . . . . . . . . . . . . . . . . . . . .68

5 Numerical Methods 71

5.1 Meshing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.1.1 Mesh Generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.1.2 Mesh Extrusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.1.3 Face Center, Normal and Area . . . . . . . . . . . . . . . . . . . . . .. . 73



CONTENTS xi

5.1.4 Element Center and Volume . . . . . . . . . . . . . . . . . . . . . . . .. 74

5.2 Finite Volume Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 76

5.2.1 Linear Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 77

5.3 Solving Static Problems . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 80

5.4 Adaptive Euler Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 84

5.5 Solution Algorithm for a Coupled Model . . . . . . . . . . . . . . .. . . . . . . . 87

6 Model Properties 91

6.1 Lens Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 92

6.1.1 Lens Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6.1.2 Fibre Cell Angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .93

6.1.3 Cell Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

6.1.4 Tortuosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6.1.5 Extracellular Cleft Width . . . . . . . . . . . . . . . . . . . . . . .. . . . 97

6.1.6 Membrane Density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.1.7 Volume Fractions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .99

6.2 Solute Transport . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 100

6.2.1 Solute Diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .100

6.2.2 Ion Channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

6.2.3 Na/K Pumps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.3 Fluid Transport . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 105

6.3.1 Membrane Hydraulic Permeability . . . . . . . . . . . . . . . . .. . . . . 106

6.4 Lens Physiological Properties . . . . . . . . . . . . . . . . . . . . .. . . . . . . . 108

6.4.1 Electrical Potential . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 108

6.4.2 Solute Concentrations . . . . . . . . . . . . . . . . . . . . . . . . . .. . 111

6.4.3 Solute Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.4.4 Fluid Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

7 The One-Dimensional Model 119

7.1 Mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

7.2 Governing Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 121

7.2.1 Solute Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.2.2 Fluid Velocities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 123

7.2.3 Conservation Equations . . . . . . . . . . . . . . . . . . . . . . . . .. . 125

7.2.4 Initial Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 125

7.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 126



xii CONTENTS

7.3.1 Electrical Potential . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 126

7.3.2 Solute Concentrations . . . . . . . . . . . . . . . . . . . . . . . . . .. . 127

7.3.3 Solute Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

7.3.4 Fluid Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

7.3.5 Hydrostatic Pressure . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 132

7.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

8 The Two-Dimensional Model 135

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 135

8.2 Mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

8.3 Governing Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 139

8.3.1 Solute Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

8.3.2 Fluid Velocities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 143

8.3.3 Conservation Equations . . . . . . . . . . . . . . . . . . . . . . . . .. . 145

8.3.4 Initial Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 145

8.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 146

8.4.1 Electrical Potential . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 146

8.4.2 Solute Concentrations . . . . . . . . . . . . . . . . . . . . . . . . . .. . 149

8.4.3 Solute Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

8.4.4 Current Density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .160

8.4.5 Hydrostatic Pressure . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 163

8.4.6 Fluid Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

8.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 166

8.6 Age-Related Changes in Lens Properties . . . . . . . . . . . . . .. . . . . . . . . 168

9 Conclusions & Future Developments 171

9.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 171

9.2 Future Developments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 173

9.2.1 Modelling Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . .173

9.2.2 Modelling the Lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .175

9.2.3 Modelling Other Biological Systems . . . . . . . . . . . . . . .. . . . . . 177

A Model Equations and Parameters 179

A.1 Model Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 179

A.1.1 Tissue Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 179

A.1.2 Solute Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

A.1.3 Rate of Change of Concentration . . . . . . . . . . . . . . . . . . .. . . . 181



CONTENTS xiii

A.1.4 Electroneutrality . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 182

A.1.5 Fluid Velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .182

A.1.6 Conservation of Mass . . . . . . . . . . . . . . . . . . . . . . . . . . . .183

A.2 Model Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 184

B Dimensional Analysis of Extracellular Fluid Flow 189

C Analytic Models 197

C.1 Cell Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

C.2 Heat Conduction Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 198

C.3 Fluid Flow Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 199

D Mesh Generation Files 203

References 205





List of Figures

1 Introduction 1

1.1 Structure of the eye . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 2

1.2 Structure of the lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 3

1.3 Cell types in the lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 4

1.4 Fibre cell morphology . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 5

1.5 Equivalent circuit model . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 7

1.6 Key components of lens transport . . . . . . . . . . . . . . . . . . . .. . . . . . 9

1.7 Original work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 12

2 A Mathematical Description of the Lens Structure 15

2.1 Lens and rectangular-Cartesian coordinate system . . . .. . . . . . . . . . . . . . 16

2.2 Fibre structure and fibre coordinate system . . . . . . . . . . .. . . . . . . . . . . 17

2.3 Fibre angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 17

2.4 Lens tissue, extracellular cleft, and cleft coordinatesystem . . . . . . . . . . . . . 18

2.5 Transformation from a tortuous to linearised cleft . . . .. . . . . . . . . . . . . . 19

2.6 Gradients along a tortuous and linear cleft . . . . . . . . . . .. . . . . . . . . . . 21

2.7 Extracellular cross-sectional surface area in the tortuous and linearised blocks . . . 23

2.8 Particle transit times in a tortuous and linear cleft . . .. . . . . . . . . . . . . . . 25

3 Solute Transport 27

3.1 Solute transport through membranes . . . . . . . . . . . . . . . . .. . . . . . . . 28

3.2 Transmembrane solute fluxes between the intracellular and extracellular space . . . 32

3.3 Ion fluxes and transport proteins in the lens model. Note:this figure is a copy of

Figure 1.6, reproduced for convenience. . . . . . . . . . . . . . . . .. . . . . . . 35

3.4 Ion fluxes , fluid velocity and the dependent variables, potential and pressure, in

the lens model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.5 Intracellular fluxes in the fibre and cross-fibre directions . . . . . . . . . . . . . . 36

xv



xvi L IST OF FIGURES

3.6 Extracellular solute fluxes . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . 40

4 Fluid Dynamics 43

4.1 Chapter layout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 43

4.2 Fluid velocity profile between parallel plates . . . . . . . .. . . . . . . . . . . . . 45

4.3 Fluid velocity profile in a tube . . . . . . . . . . . . . . . . . . . . . .. . . . . . 47

4.4 The electric double layer . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 49

4.5 The potential and charge density between parallel plates . . . . . . . . . . . . . . . 54

4.6 The pressure and electo-osmotic driven fluid velocity between parallel plates . . . . 55

4.7 Adjacent fibre cells separated by a semipermeable membrane . . . . . . . . . . . . 56

4.8 Transmembrane fluid flow between fibre cells . . . . . . . . . . . .. . . . . . . . 57

4.9 Pore density in a membrane . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 58

4.10 Fluid flow and transport proteins in the lens model. . . . .. . . . . . . . . . . . . 59

4.11 Ion fluxes , fluid velocity and the dependent variables, potential and pressure, in

the lens model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.12 The intracellular fluid flow in the fibre and cross-fibre directions. . . . . . . . . . . 61

4.13 Poiseuille flow along fibre cells . . . . . . . . . . . . . . . . . . . .. . . . . . . . 61

4.14 Transmembrane flow between adjacent fibre cells . . . . . . .. . . . . . . . . . . 63

4.15 Lens tissue and the extracellular cleft. . . . . . . . . . . . .. . . . . . . . . . . . 66

5 Numerical Methods 71

5.1 Extruding a face in the mesh . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 72

5.2 Element extrusion about thex-axis . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.3 Approximation of field values and gradients . . . . . . . . . . .. . . . . . . . . . 77

5.4 Alternative approximation of field values and gradients. . . . . . . . . . . . . . . 78

5.5 Approximation of the field gradient at the boundary . . . . .. . . . . . . . . . . . 80

5.6 Model of the fluid flow through a tube . . . . . . . . . . . . . . . . . . .. . . . . 80

5.7 Tube pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 85

5.8 Tube fluid velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 85

5.9 Solution algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 88

6 Model Properties 91

6.1 Elliptic cross-section of the lens . . . . . . . . . . . . . . . . . .. . . . . . . . . 92

6.2 Cell types in the lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 93

6.3 Three dimensional fibre cell structure of the lens . . . . . .. . . . . . . . . . . . . 94



L IST OF FIGURES xvii

6.4 Fibre angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .95

6.5 Fibre cell morphology . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 95

6.6 Fibre cell invaginations at the suture lines . . . . . . . . . .. . . . . . . . . . . . 96

6.7 Spatial variation cleft width . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . 98

6.8 Structure of the sutures . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 99

6.9 Na+/K+ pump model at the equator . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.10 Na+/K+ pump model at the anterior pole . . . . . . . . . . . . . . . . . . . . . . . 104

6.11 Maximum Na+/K+ pump rate at the lens surface . . . . . . . . . . . . . . . . . . . 104

6.12 Immunostaining of AQP0 and AQP1 in the mouse lens . . . . . .. . . . . . . . . 106

6.13 Gap junction structure . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . 108

6.14 Intracellular and extracellular potentials in the frog lens . . . . . . . . . . . . . . . 110

6.15 Graph of the age-related intracellular potential for human lenses . . . . . . . . . . 110

6.16 Extracellular potassium concentration predicted by the analytic model . . . . . . . 112

6.17 Measured currents at the surface of the lens . . . . . . . . . .. . . . . . . . . . . 113

6.18 Extracellular hydrostatic pressure and fluid flow predicted by the analytic model . . 114

6.19 Ussing-chamber used to measure the fluid movement in therabbit lens . . . . . . . 115

6.20 Ussing-type chamber used to measure the fluid movement in the bovine lens . . . . 116

7 The One-Dimensional Model 119

7.1 The region of the lens represented by the model . . . . . . . . .. . . . . . . . . . 119

7.2 Mesh representing the one-dimensional model . . . . . . . . .. . . . . . . . . . . 120

7.3 The dependent variables, solute fluxes and fluid velocities in the one-dimensional

lens model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.4 Mesh convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 126

7.5 Intracellular Na+ concentration convergence . . . . . . . . . . . . . . . . . . . . . 127

7.6 Graph of the modelled and measured potentials . . . . . . . . .. . . . . . . . . . 128

7.7 Graph of the modelled concentrations . . . . . . . . . . . . . . . .. . . . . . . . 129

7.8 Graph of the modelled Na+ and Cl- fluxes . . . . . . . . . . . . . . . . . . . . . . 130

7.9 A graph of the predicted fluid flow velocity . . . . . . . . . . . . .. . . . . . . . 131

7.10 A graph of the hydraulic pressure . . . . . . . . . . . . . . . . . . .. . . . . . . . 132

8 The Two-Dimensional Model 135

8.1 Slice of the lens represented by the two-dimensional model . . . . . . . . . . . . . 136

8.2 Mesh representing the two-dimensional model . . . . . . . . .. . . . . . . . . . . 137

8.3 Fibre angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .137



xviii L IST OF FIGURES

8.4 Spatial variation of the cell height and cleft width . . . .. . . . . . . . . . . . . . 138

8.5 Spatial variation of the membrane density . . . . . . . . . . . .. . . . . . . . . . 139

8.6 Spatial variation of the volume fractions . . . . . . . . . . . .. . . . . . . . . . . 139

8.7 Ion fluxes , fluid velocity and the dependent variables, potential and pressure, in

the two-dimensional lens model . . . . . . . . . . . . . . . . . . . . . . . .. . . 140

8.8 Maximum Na+/K+ pump rate at the lens surface . . . . . . . . . . . . . . . . . . . 143

8.9 Spatial variation of the intracellular hydraulic conductivity . . . . . . . . . . . . . 144

8.10 Spatial variation of the extracellular hydraulic conductivity and electro-osmotic

coefficient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

8.11 Modelled potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 148

8.12 Modelled and measured radial potential profiles . . . . . .. . . . . . . . . . . . . 148

8.13 Modelled Na+, K+ and Cl- concentrations . . . . . . . . . . . . . . . . . . . . . . 150

8.14 Radial profiles of the intracellular Na+ concentration . . . . . . . . . . . . . . . . 151

8.15 Modelled Na+, K+ and Cl- fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

8.16 Modelled net Na+, K+ and Cl- fluxes . . . . . . . . . . . . . . . . . . . . . . . . . 156

8.17 Surface Na+, K+ and Cl- flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

8.18 Na+, K+ and Cl- penetration into the lens. . . . . . . . . . . . . . . . . . . . . . . 159

8.19 Current density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 161

8.20 Net current density and flow . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 161

8.21 Surface current. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 162

8.22 Modelled hydraulic pressure . . . . . . . . . . . . . . . . . . . . . .. . . . . . . 163

8.23 Modelled fluid velocity . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 164

8.24 Net fluid velocity and flow . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 165

8.25 Fluid velocity at the lens surface predicted by Model A and Model B. . . . . . . . 165

8.26 Fluid penetration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 166

8.27 The age-related change in potential and Na+ and K+ concentrations in the human lens168

8.28 Modelled change in potential with lens growth. . . . . . . .. . . . . . . . . . . . 169

8.29 Modelled change in Na+, K+ and Cl- concentrations with lens growth. . . . . . . . 169

A Model Equations and Parameters 179

A.1 Fibre angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .185

A.2 Cleft width and cell height . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 186

A.3 Membrane density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 186

A.4 Intracellular and extracellular volume fractions . . . .. . . . . . . . . . . . . . . 186

A.5 Maximum Na+/K+ pump rate at the lens surface . . . . . . . . . . . . . . . . . . . 187



L IST OF FIGURES xix

A.6 Intracellular hydraulic conductivity . . . . . . . . . . . . . .. . . . . . . . . . . . 187

A.7 Extracellular hydraulic conductivity and electro-osmotic coefficient . . . . . . . . 187

B Dimensional Analysis of Extracellular Fluid Flow 189

B.1 Fluid velocities along the extracellular cleft . . . . . . .. . . . . . . . . . . . . . 189

B.2 Extracellular cleft approximated by parallel discs . . .. . . . . . . . . . . . . . . 190

C Analytic Models 197

C.1 Donnan equilibrium of a passive cell . . . . . . . . . . . . . . . . .. . . . . . . . 198

C.2 Analytic and modelled solutions for heat conduction . . .. . . . . . . . . . . . . 199

C.3 Fluid flow in a tube . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 200

C.4 Analytic and modelled velocity profiles for fluid flow in a tube . . . . . . . . . . . 201

C.5 Analytic and modelled pressure profiles for fluid flow in a tube . . . . . . . . . . . 201





List of Tables

6 Model Properties 91

6.1 Lens geometry and fibre cell dimensions . . . . . . . . . . . . . . .. . . . . . . . 93

6.2 Properties of the Na+/K+ pumps . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.3 Membrane water permeability and hydraulic conductivity for fibre and epithelial

cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.4 Measured lens potentials . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 109

6.5 Computed intracellular ion concentrations . . . . . . . . . .. . . . . . . . . . . . 111

6.6 Summary of fluid flow studies . . . . . . . . . . . . . . . . . . . . . . . . .. . . 117

7 The One-Dimensional Model 119

7.1 Mesh parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 121

7.2 Tissue properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 121

7.3 Solute transport properties . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . 124

7.4 Fluid flow parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 125

7.5 Initial conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 126

7.6 The mean modelled and measured concentrations . . . . . . . .. . . . . . . . . . 128

8 The Two-Dimensional Model 135

8.1 Mesh parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 136

8.2 Tissue properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 138

8.3 Solute transport parameters . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . 142

8.4 Fluid flow parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 144

8.5 Initial conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 145

8.6 The mean modelled potentials . . . . . . . . . . . . . . . . . . . . . . .. . . . . 146

8.7 The mean modelled and measure concentrations . . . . . . . . .. . . . . . . . . . 149

8.8 Mean modelled hydraulic pressure . . . . . . . . . . . . . . . . . . .. . . . . . . 163

xxi





Glossary of Symbols & Abbreviations

Scalar Symbols

Symbol Description

a fibre cell height
A area
b fibre cell width
c cross-fibre direction
C concentration
D diffusion coefficient
e electron charge

Eα Nernst potential
f fibre direction
F Faraday constant
F body force
g membrane ion conductance
h linearised extracellular cleft width

Imax maximum Na+/K+ pump current density
Ip Na+/K+ pump current density

jα,m cell membrane flux
jα,s lens surface flux
Jw fluid mass flow
k electro-osmotic coefficient
kB Boltzmann constant
K hydraulic conductivity

K 1

2
α half-maximal concentrations

Lm transmembrane hydraulic permeability
Lp intercellular hydraulic permeability
Ls surface membrane hydraulic permeability
Os osmolarity
N0 Avagadro number
p pressure

Pm membrane solute permeability
R radius

xxiii



xxiv L IST OF TABLES

Symbol Description

s source
T temperature
V volume
Vm transmembrane potential
z valency
α solute species
ε0 permittivity of vacuum
εr dielectric constant
ζ zeta potential (cell membrane potential)
η fibre coordinate system
η̃ cleft coordinate system

λD Debye length
Λe extracellular volume fraction
Λi intracellular volume fraction
µ dynamic viscosity
ν kinematic viscosity
ξ wiggle factor
ρ mass density
ρc charge density
ρm membrane density
σ membrane reflectance
τ tortuosity
φ potential



L IST OF TABLES xxv

Vector & Matrix Symbols

Symbol Description

i current density vector
j solute flux vector
n unit normal vector
u fluid velocity vector

Abbreviations

Abbreviation Description

AP Anterior Pole
AQP Aquaporin
EDL Electric Double Layer
EQ Equator
FVM Finite Volume Methods
PP Posterior Pole




